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TOPOLOGICAL ENTROPY, SETS OF PERIODS AND
TRANSITIVITY FOR GRAPH MAPS

LLUIS ALSEDA, LIANE BORDIGNON, AND JORGE GROISMAN

ABSTRACT. Transitivity, the existence of periodic points and positive
topological entropy can be used to characterize complexity in dynamical
systems. It is known that for graphs that are not trees, for every € > 0,
there exist (complicate) totally transitive maps (then with cofinite set of
periods) such that the topological entropy is smaller than ¢ (simplicity).
First we will show by means of three examples that for any graph that
is not a tree the relatively simple maps (with small entropy) which are
totally transitive (and hence robustly complicate) can be constructed so
that the set of periods is also relatively simple. To numerically measure
the complexity of the set of periods we introduce a notion of a boundary
of cofiniteness. Larger boundary of cofiniteness means simpler set of
periods. With the help of the notion of boundary of cofiniteness we can
state precisely what do we mean by extending the entropy simplicity
result to the set of periods: there exist relatively simple maps such that
the boundary of cofiniteness is arbitrarily large (simplicity) which are
totally transitive (and hence robustly complicate). Moreover, we will
show that, the above statement holds for arbitrary continuous degree
one circle maps.

1. INTRODUCTION

Transitivity, the existence of infinitely many periods and positive topolog-
ical entropy often characterize the complexity in dynamical systems. This
paper aims at showing that totally transitive maps on graphs, despite of be-
ing complicate in the above sense can have somewhat simple sets of periods
(simplicity with respect to topological entropy was already known). To be
more precise and to state the main results of the paper we need to introduce
some basic notation.

Let X be a topological space and let f: X — X be a map. A point
x € X is called a periodic point of f of period n if f*(x) = x and n is the
minimum positive integer with this property. The set of all positive integers
n such that f has a periodic point of period n is denoted by Per(f). A set of
periods is called cofinite if its complement (on N) is finite or, equivalently,
it contains all positive integers larger than a given period.
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Let X be a compact space and let f: X — X be a continuous map. The
topological entropy of f is defined as in [I] and denoted by h(f).

Definition 1.1. Given a topological space X, a continuous map f: X — X
is called transitive if for every pair of open subsets of X, U and V, there is
a positive integer n such that f™(U) NV # .

It is well known that when X has no isolated point, transitivity is equiv-
alent to the existence of a dense orbit (see for instance [16]).

A map f is called totally transitive if all iterates of f are transitive. 0O

We are interested in totally transitive maps on graphs. A (topological)
graph is a connected compact Hausdorff space for which there exists a finite
non-empty subset whose complement is the disjoint union of a finite number
subsets, each of them homeomorphic to an open interval of the real line. A
tree is a graph without circuits or, equivalently, a uniquely arcwise connected
graph. A continuous map from a graph to itself will be called a graph map.

A transitive graph map has positive topological entropy and dense set
of periodic points [12, 13}, [4, 5], with the only exception of an irrational
rotation on the circle. Thus, in view of [9] every transitive map on a graph
is chaotic in the sense of Devaney (except, again, for an irrational rotation
on the circle). Moreover, from [3, Main Theorem| we have

Theorem 1.2. Let G be a graph and let f be a continuous transitive map
from G to itself which has periodic points. Then the following statements
are equivalent:

(a) f is totally transitive.
(b) Per(f) is cofinite in N.

Thus, totally transitive maps on graphs are complicate since they have
positive topological entropy, are chaotic in the sense of Devaney and have
cofinite set of periods.

However, from [2] we know that for every graph that is not a tree and for
every € > 0, there exists a totally transitive map such that its topological
entropy is positive but smaller than . Thus, transitive maps on graphs
may be relatively simple because they may have arbitrarily small positive
topological entropy.

Remark 1.3. This result is valid only for graphs that are not trees since
from [6] we know that for any tree 7" and any transitive map f: T — T,

log 2
M) 2 gy

where E(T") denotes the number of endpoints of 7. o

The aim of this paper is to study whether the simplicity phenomenon
described above, that happens for the topological entropy, can be extended
to the set of periods. More precisely, is it true that when a totally transitive
graph map has small positive topological entropy it also has simple set of
periods (and in particular small “cofinite part” of the set of periods)?

To measure the size of the set of periods and, in particular, of its “cofi-
nite part” we introduce the notions of strict boundary of cofiniteness and
boundary of cofiniteness.
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In what follows, given L € N, the set {k € N: k > L} will be denoted by
Succ(L).

Definition 1.4. Let f be a graph map whose set of periods is cofinite. The
strict boundary of cofiniteness of f is defined as the smallest positive integer
n such that Per(f) D Succ(n). The strict boundary of cofiniteness of f will
be denoted by StrBdCof (f). o

Observe that, despite of the fact that the strict boundary of cofiniteness
of f is a good measure of the size of the cofinite part of the set of periods
of f, it does not measure at all the simplicity of the whole set of periods.
Indeed, it could happen that the set of periods of graph map f is precisely
N\{StrBdCof (f)—1}; which cannot be called simple at all. Thus, a simplicity
measure of a cofinite set of periods, apart from a measure of the size of
the cofinite part of the set of periods, should incorporate a measure of the
simplicity of the periods smaller than the strict boundary of cofiniteness.
This is achieved by imposing low density of the periods lower than the
boundary of cofiniteness. To this end we introduce the notion of boundary
of cofiniteness.

Definition 1.5. Given a graph map f whose set of periods is cofinite con-
sider the set

sBC(f) := {L € Per(f): L>2, L —1¢ Per(f) and
Card({1,...,L — 2} N Per(f)) < 2log, (L — 2)}.

Let L € Per(f), L > 2, be such that L — 1 ¢ Per(f). The periods of f
which are smaller than L are called the L—low periods of f, and the density
of the L—low periods of f is defined by

~ Card({1,...,L — 2} NPer(f))
- L—2 '

DensLowPer (L) :

Then,

sBC(f) = {LG Per(f): L >2, L —1 ¢ Per(f) and

21 L—-2
DensLowPer (L) < M}

L—-2

Observe that every L € Per(f), L > 2, such that L — 1 ¢ Per(f) must
satisfy L < StrBdCof (f). Hence, sBC(f) C {1,2,...,StrBdCof (f)} and,
thus, sBC(f) is finite.

When sBC(f) # () we define the boundary of cofiniteness of f as the num-
ber BdCof (f) := maxsBC(f) (which is well defined thanks to the finiteness
of sBC(f)). (1]

The idea behind the above definition is explained in the following remark.

Remark 1.6 (on the definition of boundary of cofiniteness).
e Since the set sSBC(f) could be empty, BdCof (f) may not be defined.
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e BdCof (f) < StrBdCof (f) whenever BdCof (f) is defined. Moreover, as we
will see in the examples below, StrBdCof (f) may not belong to sBC(f)
and, hence, BdCof (f) may be strictly smaller than StrBdCof (f).

e The fact that BdCof (f) < StrBdCof (f) implies that the cofinite part of
Per(f) is small (relative to BdCof (f)) whenever BdCof (f) is large.

e On the other hand,

DensLowPer  (BdCof (f)) < 2log, (BdCof (f) —2)

BdCof (f) —2
is also small (relative to BdCof (f)) whenever BdCof (f) is large. Moreover,
2log, (L —2)
lim ——22 2 =
L1—>I£10 L—-2 0

e Observe that every element of sBC(f) verifies the above two statements.
The reason for defining BdCof (f) as the maximum of sBC(f) is that, since

21
the ma 210, (=) is decreasing for x > 2, this number gives the smallest
possible bound of the cofinite part of the set of periods and of the density
of the set of low periods of f simultaneously.

Summarizing, large boundary of cofiniteness implies simple set of periods.
o

Now we can state precisely what do we mean by extending the entropy
simplicity phenomenon described above to the set of periods: is it true that
there exist totally transitive (and hence dynamically complicate) graph maps
with arbitrarily large boundary of cofiniteness?

We start by illustrating the above statement with three examples for
arbitrary graphs which are not trees.

The rotation interval of a circle map of degree one is a fundamental tool
to determine its set of periods. We will define this object in Section [2, where
will describe in detail its relation with the set of periods of the map under
consideration. In what follows we will denote the set of all liftings of all
continuous circle maps of degree one by Ly, and the rotation interval of
Fel by ROt(F).

Example 1.7 (the dream example). For every positive integer n > 3 there
exists f,, a totally transitive continuous circle map of degree one having

a lifting F,, € Ly such that Rot(F,) = [ﬁ,%], Per(f,) = Succ(n)

and lim, . _ h(f,) = 0. Hence, BdCof (f,) = StrBdCof (f,) = n and, conse-
quently, lim _,_ BdCof (f,) = oc.

Furthermore, given any graph G with a circuit, the sequence of maps
{fn}r125 can be extended to a sequence of continuous totally transitive self

maps of G, {9, },=5, such that Per(g,) = Per(f,) and lim,_,__ h(g,) = 0.

Remark 1.8. In this example there are no BdCof (g, )—low periods. Hence,
StrBdCof (g,,) is enough to control the complexity of the set of periods. H

Example 1.9 (with persistent fixed low periods). For every positive integer
n € {4k + 1,4k — 1 : k € N} there exists f,, a totally transitive continuous
circle map of degree one having a lifting F, € Ly such that Rot(F,) =
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[%’ nQ—J;LQ] ’ limnﬁoo h(fn) = 0’
Per(f,) = {2} U{q odd: 2k +1 < g <n — 2} USucc (n)

and BdCof (f,) exists and verifies 2k + 1 < BdCof (f,) < n (and, hence,
lim BdCof (f,) = o0).

Furthermore, given any graph G with a circuit, the sequence of maps
{fn}nz7,n . Can be extended to a sequence of continuous totally transitive self
maps of G, {gn}ny’n oaa» Such that Per(g,) = Per(f,) and lim,,_, _ h(g,) = 0.

Remark 1.10. The above example is different from the previous one since
for every n there exist BdCof (f, )—low periods and, moreover, every map f,
has a constant BdCof (f, )—low period 2.

On the other hand, StrBdCof (f,,) = n # BdCof (f, ). In this example this

is due to the fact that the set of periods which are smaller than StrBdCof (f,)
is very large relative to the value of StrBdCof (f, ). More concretely,
k+1 . _

DensLowPer, (StrBdCof(f,)) = {4’“];1 ?f n=dk+l,

n s ifn=4k -1

So, for large n,

DensLowPer (StrBdCof (f,)) ~ >
2log,(n —2)  2log,(StrBdCof (f,) —2)
n—2 B StrBdCof (f,,) — 2

and, hence, the strict boundary of cofiniteness does not belong to sBC(f,).
Furthermore, the differences StrBdCof (f,) — BdCof (f,,) are unbounded be-

cause

21 BdCof -2
DensLowPerfn (BdCof (f,)) < Oggjcof((?fn()fn_)g :

converges to zero as n goes to infinity (so, if the differences StrBdCof (f,) —
BdCof (f,) are bounded, then DensLowPer, (StrBdCof(f,)) also converges
to zero as n goes to infinity; which contradicts the previous estimate). This is
a concrete new motivation of our definition of boundary of cofiniteness. 0O

Example 1.11 (with non-constant low periods). For every n € N, n > 3
there exists f,, a totally transitive continuous circle map of degree one having
a lifting F,, € L1 such that

Rot(Fn):[zn’l 2n+1]: [l_L ;+#]’

2n2 7 2n?2 n 2n2’n
lim h(f,) =0 and

Per(f,) = {n} U
{tn+k:te{2,3,....v—1}and — L <k <% keZ}U
Succ (nv+1—%)

with

n—1 1ifn is odd.

Moreover, StrBdCof (f,) = nv + 1 — & and BdCof (f,) exists and verifies
n < BdCof (f,) <nv—1—% (and hence, lim,_,  BdCof (f,) = 00).

{n if n is even, and
UV =
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Furthermore, given any graph G with a circuit, the sequence of maps

{f. 122, can be extended to a sequence of continuous totally transitive self
maps of G, {g,}°2,, such that Per(g,) = Per(f,) and lim, _,__ h(g,) = 0.

Remark 1.12. This example is different from the previous two examples
since for every n there exist BdCof (f,)—low periods but there is no constant
BdCof (f, )—low period.

Moreover, as in the previous example, StrBdCof (f,) # BdCof (f,,),

DensLowPer, (StrBdCof (f,)) ~ 1
and the differences StrBdCof (f,) — BdCof (f,) are unbounded. (1]

Remark 1.13. In all three examples we still have lim, ,__ h(g, ) = 0 despite
of the fact that h(g, ) is slightly larger than A(f,) for every n. 1]

Finally, we state the main theorem of the paper that shows that the
above examples are not exceptional among circle maps of degree one. On
the contrary, a sequence of totally transitive circle maps that unfolds an
entropy simplification process also must unfold a set of periods simplification
process:

Theorem A. Let {f, }, . be a sequence of totally transitive circle maps of
degree one with periodic points such that lim, ., h(f, ) = 0. For every n let
F. € Ly be a lifting of f,. Then,

e lim, . len(Rot(F,)) =0,

o there exists N € N such that BdCof (f) exists for every n > N, and
e lim  _ BdCof(f,) = oc.

This paper is organized as follows. In Section [2] we introduce the defini-
tions and preliminary results for the rest of the paper; the construction of
the Examples [L7, [L9 and [LTT] is done in the very long Section Bl Finally,
Theorem [Al is proved in Section [

2. DEFINITIONS AND PRELIMINARY RESULTS

In this section we essentially follow the notation and strategy of [g].

2.1. Basic definitions. In the rest of the paper we denote the unit circle
{zeC: |z|=1} by SL

A topological graph (or simply a graph) is a connected compact Hausdorff
space X for which there exists a finite (or empty) set V(X), called the set
of vertices of X , such that either X = S' and V(X) = 0 or X \ V(X) is the
disjoint union of finitely many open subsets of X each of them homeomorphic
to an open interval of the real line, called edges of X, with the property that
the boundary of every edge consists of at most two points which are in
V(X). A point z € V(X) is an endpoint of X if there exists an open (in
X) neighbourhood U of z such that X N U is homeomorphic to the interval
[0,1) being z the preimage of 0. A circuit of a graph X is any subset of X
homeomorphic to a circle. A tree is a graph without circuits.

Let X be a topological space and let f: X — X be a continuous map.
When iterating the map f we will use the following notation: f° will denote
the identity map (in X), and f™ := fo f*~! for every n € N, n > 1. For a
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point = € X, we define the f-orbit of x (or simply the orbit of x ), denoted
by Orb,(z), as the set {f"(z):n >0}. A point z € X is called a periodic
point of f if f"(x) = x. In such case Orb, (z) is called a periodic orbit of f
and Card (Orbf (m)) is called the period of © (or f-period of x if we need
to specify the map). Observe that if x is a periodic point of f of period n,
then f*(z) # x for every 1 < k < n and if P is a periodic orbit of f, then
P = Orb,(z) for every x € P.

The set of all positive integers n such that f has a periodic point of period
n is denoted by Per(f).

2.2. Rotation theory and sets of periods for circle maps of degree
one. We start by introducing the key notion to work with circle maps:
the liftings. Let e: R — S! be the natural projection which is defined by
e(z) := exp(2miz). Given a continuous map f:S! — S!, we say that a
continuous map F: R — R is a lifting of f if e(F(z)) = f(e(x)) for every
x € R. For such F, there exists d € Z such that F(x + 1) = F(z) + d for all
x € R, and this integer is called both the degree of f and the degree of F'.
If G and F are two liftings of f then G = F + k for some integer k& and so
F and G have the same degree. We denote by L, the set of all liftings of
circle maps of degree d.
Next we introduce the important notion of rotation interval for maps from
Lq. Let F € £; and let x € R. The number
n
pp(x) :=limsup )=z

n— o0

will be called the rotation number of x. Moreover, the set

Rot(F) i= {p,.(z) : & € R} = {p, () : 2 € [0, 1]}

will be called the rotation interval of F. 1t is well known that it is a closed
interval of the real line [15].
If I € L1 is a non-decreasing map, then

. F(z) -2
pp(@) = lim ===
for every z € R and, moreover, it is independent on x (see for instance
[8]). Then this number (p,(z) for any € R), will be called the rotation
number of F. For every F' € L1 we define the lower map F,: R — R by
(see Figure [I] for a graphical example)
Fi(z) =inf{F(y) : y > =}
and the upper map F,: R — R by
F,(x) =sup{F(y) : y < x}.

It is easy to see (see e.g. [§]) that F), F, are non-decreasing maps from £;.
The next theorem gives an effective way to compute the rotation interval
from the rotation numbers of the upper and lower maps.

Theorem 2.1 ([8, Theorem 3.7.20]). For every F' € Ly it follows that
Rot(F) = [p(F)), p(F,,)]-
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0 1

FIGURE 1. An example of a map F' € £ with its lower map
F,

. in red and its upper map F), in blue.

u

It is well known that the rotation interval of a lifting /' € £1 can be used
to obtain information about the set of periods of the corresponding circle
map. To clarify this point we will introduce the notion of lifted orbit.

Let f be a continuous circle map of degree d and let F' € L4 be a lifting of
f. A set P C R will be called a lifted orbit of F' if there exists z € S such
that P =e~'(Orb,(z)) and f(e(x)) = e(F(x)) for every x € P. Whenever z
is a periodic point of f of period n, P will be called a lifted periodic orbit
of F of period n. We will denote by Per(F) the set of periods of all lifted
periodic orbits of F. Observe that then, Per(F') = Per(f).

Remark 2.2. Let F' € £; and let P be a lifted periodic orbit of F' of period
period n. Set
P={ .z, ,x,,x,2,,...}
with , < z; if and only if ¢ < j. The fact that P = e~'(Orb,(2)), in this
case, gives
Card (PN [r,r+1])=n
for every r € R and, hence,

T +k

xkn-ﬂ' = i
for every i, k € Z.
Moreover, there exists m € Z such that F"™(z,) = z, + m = z,_ ., for

every x, € P. Consequently,

33

Pr (xz) =
for every x, € P. 1]

From the above remark it follows that if P is a lifted periodic orbit of
F € L4, then all the points of P have the same rotation number. This
number will be called the rotation number of P (or F-rotation number of
P if we need to specify the lifting).

A lifted periodic orbit P of F' € L1 such that F‘P is increasing will be
called twist.
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Remark 2.3. Let
P={..x Ty TyyTyyenn }

be a twist lifted periodic orbit of F' € £; of period n and rotation number
m/n labelled so that x; < z, if and only if i < j. By [8, Lemma 3.7.4 and
Corollary 3.7.6] we have that m and n are coprime and

F(z,) ==

@ i+m?

for all 7 € Z. o

x

—27¥ -1

The next theorem due to Misiurewicz (see [17, [8]) already makes the
connection between Rot(F') and Per(F'). To state it, we still need to recall
the Sharkovskii Ordering.

The Sharkovskii Ordering g,> (the symbols g,>, <g, and <g, will also
be used in the natural way) is a linear ordering of N, := NU{2*} (we have
to include the symbol {2°°} in order to ensure the existence of supremum
of every subset with respect to the ordering g;,>) defined as follows:

3> 9> Tsn>9an> - sp>
2-34>25g>2-Ten>2-9gp> - gp>
4-3 >4 -5g>4-Tg>4-9g,> - gn>

2”.3Sh>2”.5Sh>2n.78h>2n.gsh>...Sh>

2% > gy > 2" > > 16 > 8 g >4 g > 2 > 1
We introduce the following notation. Given ¢,d € R, ¢ < d we set
M(c,d) :=={n € N: ¢ < k/n < d for some integer k}.
Let F € L1 let ¢ be an endpoint of Rot(F'). We define the set

Qr(0) = {@ ot

{sk:keNandk <g,s,} ifc=r/swithr,s coprime

and s, € Ny, is defined by the Sharkovskil Theorem on the real line. Indeed,
since ¢ = r/s and r and s are coprime, the map F** —r is a continuous map
on the real line with periodic points. Hence, by the Sharkovskii Theorem
there exists an s, € Ng, such that the set of periods (not lifted periods) of
F*$ —ris precisely {s e N: s <g, s,.}.

Theorem 2.4. Let f be a continuous circle map of degree one having a
lifting F' € L. Assume that Rot(F) = [c,d]. Then

Per(f) = QF(C) U M(Cv d) U Qp(d)

2.3. Markov graphs, Markov maps and sets of periods. Take a finite
set V= {v,,v,,...,v,}. The pair G = (V,U) where U C V x V is called a
combinatorial oriented graph. The elements of V' are called the vertices of
G and each element (v,,v,) € U is called an arrow from v, to v,. An arrow
(v;,v;) will also be denoted by v, — v,, which allows us to give a graphical
representation of an oriented graph. A path of length k is a sequence of k+1
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vertices v,,v,,...,v, with the property that there is an arrow from every
vertex to the next one. A path is denoted as v, — v, — v, — -+ — v,
A loop of length k is a path of length k where the first and last vertex
coincide: v, — v, — v, — - —> v, | — ;.

Let X be a topological graph. Every subset of X homeomorphic to the
interval [0,1] will in turn be called an interval of X. The preimages of 0
and 1 by the homeomorphism will be called the endpoints of I and the set
of (both) endpoints of I will be denoted by 9I. Note that if I NV(X) =0,
then I\ 0I = Int([).

Let X be a topological graph and let f: X — X be a continuous map.
A set Q@ C X will be called f-invariant if f(Q) C Q. A Markov invariant set
is defined to be a finite f-invariant set Q O V(X) such that the closure of
each connected component of X \ @, called a Q-basic interval, is an interval
of X. Observe that two different @-basic intervals have disjoint interiors
(here interior means the topological interior in X which is the whole Q-
basic interval minus those of its endpoints which are not endpoints of the
graph because @ D V(X)).

The set of all Q-basic intervals will be denoted by B(Q).

Definition 2.5 (Of monotonicity over an interval). Let X be a topo-
logical graph, let f: X — X be a continuous map and let I be an in-
terval of X. The map f will be said to be monotone at I if the set

(f‘l)_l(y) = {zxel: f(x) =y} is connected for every y € f(I). Clearly,

since I is an interval, ( f | I)_l(y) is either a point or an interval for ev-
ery y € f(I). Moreover, a simple exercise shows that the subgraph f(I),
in turn, must be either a point or an interval. Finally, let g: X — X
be another continuous map, and let J be another interval of X such that
f(I)Nint(J) # 0 and g is monotone at J. A first year calculus exercise

shows that (f],)(J) = {z € I () € J} is an interval and g| o f|, i
monotone at (f‘j)fl(J). (1]

Remark 2.6. The above definition of monotonicity over an interval is equiv-
alent to the usual one: f(I) is a point or an interval and, in the second
case, the map ( o f{l 0&:[0,1] — [0, 1] is monotone as interval map, where
€:[0,1] — I and ¢: f(I) — [0,1] are homeomorphisms (which exist be-
cause [ and f(I) are intervals). We prefer the more intrinsic definition
given above because it is independent on the choice of the auxiliary home-
omorphisms and on whether they are increasing or decreasing. This will
be specially helpful when studying compositions of monotone maps over
intervals like in the rest of this subsection and Subsection 1]

Let X be a topological graph, let f: X — X be a continuous map and
let @ C X be a Markov invariant set. We say that f is Q-monotone if f
is monotone on each ()-basic interval. In such a case, () is called a Markov
partition of X with respect to f and f is called a Markov map with respect
to Q.

Next we introduce the very important notion of f-covering that allows us
to get a combinatorial oriented graph from a Markov partition of a Markov
map.
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Let X be a topological graph, let f: X — X be a continuous map and
let @ be a Markov partition of X with respect to f. Given I, J € B(Q), we
say that I f-covers J if f(I) D J. The Markov graph of f with respect to
Q@ (or f-graph) is a combinatorial oriented graph whose vertices are all the
@-basic intervals and there is an arrow I — J from the vertex (Q-basic
interval) I to the vertex (Q-basic interval) J if and only if I f-covers .J.
The Markov matrixz of f with respect to () is another combinatorial object
that describe the dynamical behaviour of a Markov map f and is associated
in a natural way to the Markov graph of f with respect to Q. It is a
Card(B(Q)) x Card(B(Q)) matrix M = (m, ;) such that

I,7eB(Q)

1 if I f-covers J
m, = .
hJ 0 otherwise

The next lemma shows the relation between loops of Markov graphs and
periodic points. Essentially it is [8, Corollary 1.2.8] extended to graph maps.

Given a tree T (which is uniquely arcwise connected) and a set A C T,
we denote by (A), the convex hull of A in T, that is, the smallest closed
connected set of T that contains A. Also, given g € N, the congruence classes
modulo ¢ will be {0,1,...,¢— 1}.

Lemma 2.7. Let X be a topological graph, let f: X — X be a Markov map
with respect to a Markov partition QQ of X and letav =1, — I, — --- —
I, — 1, be aloop in the Markov graph of f with respect to Q. Then, there

exists a fized point x € I, of f™ such that f'(z) € I, fori=1,2,...,n— 1.

The next result compiles |8, Lemma 1.2.12 and Theorem 2.6.4] extended
to graph maps. To state it we need to introduce some more definitions.

Given two paths a = v, — v, — v, — -+ — v, and 8 = w, —
w, — w, — --- — w, in a combinatorial graph such that the last
vertex of the first path is the first vertex of the second one (i.e., v, = w,),
the concatenation of o and 3 is denoted by af and is the path

Vg =V, —FVy —> - r = U, —> Wy —> W, —> Wy —> -+ —> W, .

Clearly, the length of the concatenated path is the sum of the lengths of
the original paths. A loop is an n-repetition of a (shorter) loop « if n > 2
and it is a concatenation of o with itself n times. Such a loop will be called
repetitive. A loop which is not repetitive will also be called simple.

The shift of a loop o = vy — v, — v, — -+ —> v, — v, is
defined to be the loop

1

S(a) =v, — v, — - —v,_, — U, — V.

Iteratively, we set S°(a) := a and, for every m € N, we define the m-shift
of a, denoted by S™(«), as the loop

vm (mod k) vm+1 (mod k) e vm«Hcfl (mod k) vm (mod k) *

Let X be a topological graph, let f: X — X be a Markov map with
respect to a Markov partition, let « =1, — I, — --- — I | — I,
be a loop in the Markov graph of f and let P be a periodic orbit of period
m of f. We say that o and P are associated to each other if there exists
an x € P such that f¥(z) € I, for k =0,1,...,m — 1. Observe that if « is
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associated to a periodic orbit, then so is S¥(«) for every k € N (by replacing
x by f¥(z) in the above definition).

Next we will define the notion of negative and positive loop in a Markov
graph of f with respect to a Markov partition. Given a loop a = I, —
I — - — 1 — 1, we inductively define a sequence of intervals

m—1

{U,}7, as follows. We start by setting U,, = I,. Then, for every positive
integer kK = m — 1,m — 2,...,1,0, we take U, to be the unique interval
contained in I, such that f(Int(U,)) = Int(U,,,) (such intervals exist due

to the monotonicity of f at I, and because I, f-covers Ly o my 2 Uc.1)
The continuity of f implies that f sends U, bijectively to oU, , for every
k = 0,1,...,m — 1. Denote the endpoints of U, as u" and ug (this is
equivalent to define a linear ordering in /; namely the orientation that gives

u’ < ug) Now we label the endpoints of I, as r° and 7“3 in such a way that

(r, u® ), NU, = {u®} and (r9,uf ), MU, = {u? }. Putting all together, f™
is monotone at U, f™(Int(U,)) = Int(I,) and f™ sends {u° ,u?} bijectively
to {r?, 7“2}. There are two cases:
o f™u’)=r" and fm(u?r) = 7“2, and we call the loop « positive, and
o fMu’) = T?r and fm(ug) = 7% in which case we call the loop «
negative.
Note that in the positive case f"* sends U, to I, preserving the linear ordering
compatible with u® < ug, while in the negative case f"* sends U, to I, by
reversing this linear ordering.

Proposition 2.8 ([8, Lemma 1.2.12 and Theorem 2.6.4]). Let X be a topo-
logical graph and let f: X — X be a Markov map with respect to a Markov
partition Q of X. Then, the following statements hold:

(a) Assume that P is a periodic orbit of f disjoint from Q. Then, there exists
a loop « in the Markov graph of f with respect to Q which is associated
to P, and any other loop in the f-graph of Q) associated to P is of the
form S*(a) with k € N.

(b) Let o be a loop from the Markov graph of f with respect to Q which has
a periodic orbit associated to it. Then « is either a simple loop or a
2-repetition of a simple negative loop.

2.4. Markov graphs modulo 1 for circle maps of degree one. As we
have seen, when the topological graph is the circle S' and we are dealing
with maps of degree one it is better to work with liftings instead of with the
original maps, specially to avoid problems with ordering (the circle does not
have a linear ordering). In what follows we adapt the definitions related to
Markov graphs to this approach.

Let f be a continuous circle map and let @ C S! be a finite f-invariant set
with at least two elements (in fact, since V(S') = 0, Q is a Markov invariant
set). Let F' € L1 be a lifting of f. Then the set Q = 6_1(@) is F-invariant,
is a partition of R and each interval produced by this partition will be called
a QQ-basic interval. Again the set of all ()-basic intervals will be denoted by
B(Q). If the restriction of F' to each @-basic interval is monotone (as a map
from the real line to itself), we say that F' is Q-monotone, @ is a Markov
partition with respect to F, and F is a Markov map. Given I,J € B(Q), we
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say [ is equivalent to J and denote it by I ~ J if [ = J + k for some k € Z.
The equivalence class of I, {I +k: k € Z}, is denoted by [I].

Now we define the Markov graph modulo 1 of F with respect to Q. 1t is a
combinatorial oriented graph whose vertices are all the equivalence classes
of Q-basic intervals and there is an arrow [I] — [J] from [I] to [J] if and
only if there is a representative J + k of [J] such that F(I) D J + k. Recall
that, since F' € Ly, F(I +/¢) = F(I) + ¢ for every ¢ € Z. Therefore, the
Markov graph modulo 1 of F' with respect to @) is well defined. Moreover,
two different liftings of f have the same Markov graphs modulo 1 with
respect to Q.

Remark 2.9 (On the projection of a Markov graph modulo 1 to the
circle). Since the kernel of e is Z (that is, e(z + k) = e(x) for every z € R
and k € Z), it follows that e(I) = e(K) for every K € [I]. So, e([1]) := e(I)
is well defined. Moreover, since é has at least two elements, it follows that
every (Q-basic interval has length strictly smaller than 1. Hence, if I € B(Q),
e([1]) € B(e(Q)) (that is, e([I]) is a e(Q)-basic interval in S! — recall that
e(Q) = Q is a Markov invariant set of S! with respect to f ). Additionally,
since f(e(I)) = e(F(I)), e([I]) f-covers e([J]) if and only if there is an
arrow [I] — [J] in the Markov graph modulo 1 of F.

However, the @-monotonicity of F' implies the e(Q)-monotonicity of f
provided that the length of the F-image of every Q-basic interval is smaller
than 1 (otherwise there exists I € B(Q) such that f(e(I)) = e(F(I)) = S! is
not an interval). In other words, @ is a Markov partition of S' with respect
to f (and f is a Markov map with respect to @) whenever () is a Markov
partition with respect to I’ and the length of the F-image of every ()-basic
interval is smaller than 1. 1]

This remark motivates the following definition: Let F' € £1 be a lifting
of f and let Q be a Markov partition with respect to F. A Q-basic interval
will be called F-short if the length of the interval F(I) is strictly smaller
than 1. Then, @ will be called a short Markov partition with respect to F
whenever every Q-basic interval is F-short.

With this definition Remark 2.9 immediately gives the following result
that relates Markov partitions in the circle with short Markov partitions
with respect to liftings from L.

Proposition 2.10. Let f be a continuous circle map and let F € L1 be a
lifting of f. Let @ C R be a Markov partition with respect to F. Then, the
following statements hold:

(a) e(Q) is a Markov partition with respect to f if and only if Q is short.
(b) When Q is short, the Markov graph of f with respect to e(Q) and the

Markov graph modulo 1 of F with respect to QQ coincide, provided that
we identify [I] with e([I]) for every I € B(Q).

2.5. Markov graphs and entropy. The Markov graph of a map is very
useful to obtain information about the dynamics of graph maps. The next
result, due to Block, Guckenheimer, Misiurewicz and Young [11] (see also [8],
Theorem 4.4.5]), relates the topological entropy of a Markov map with the
spectral radius of its associated Markov matrix. We recall that the spectral
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radius of a matrix M is the maximum of the moduli of all the eigenvalues
of M and it will be denoted here by o(M).

Proposition 2.11. Let X be a topological graph, let ¢: X — X be a
Markov map with respect to a Markov partition Q@ of X and let M be a
Markov matriz of ¢ with respect to Q). Then,

h(¢) = logmax{c(M),1}.

To compute the spectral radius of a Markov matrix we will use the rome
method proposed in [11] (see also [§]). To this purpose we will introduce
some notation.

— ; : — l

Let M = (m,;) be a k x k Markov matrix. Given a sequence p = (pj)j(:’;)

of elements of {1,2,...,k} we define the width of p, denoted by w(p), as the
number Hfg’? m, - If w(p) # 0 then p is called a path of length ¢(p). A
- =177

loop is a path such that Pyy = Do L. that begins and ends at the same
index. The words “path” and “loop” in this setting are inherited from the
analogous notions in the Markov graph.

A subset R of {1,2,...,k} is called a rome if there is no loop outside R,
i.e. there is no path (pj)f:0 such that p, = p, and {pj :0<5< 6} is disjoint
from R. For a rome R, a path (p, )f:o
and p, ¢ R for i = 1,2,...,¢ — 1. Of course, we can define a rome using
the vertices in the Markov graph associated with the matrix instead of the
matrix itself.

If R={r,,ry,...,r,, }is arome of a matrix M then we define an m x m
matrix M (z) whose entries are real functions by setting M () := (a,, (7)),

is called simple if p, € R for i = 0,/

where a,;(z) == > w(p) - 2 %P) | where the sum is taken over all simple
paths starting at r, and ending at r;.

Theorem 2.12 ([I1, Theorem 1.7]). Let I be the identity matriz of size
m X m. If R is a rome of cardinality m of a k X k matriz M then the
characteristic polynomial of M is equal to

(=D)Fmgk det(M,, (z) - 1,,).

2.6. Transitivity and Markov matrices. The aim of this subsection is
to establish and prove the following result:

Theorem 2.13. Let X be a topological graph and let f: X — X be a Q-
expansive Markov map with respect to a Markov partition @ of X. Then
f is transitive if and only if the Markov matriz of f with respect to Q is
wrreducible but not a permutation matriz.

This result is well known when X is a closed interval of the real line and
the map is piecewise affine (see [10, Theorem 3.1]) but we aim at extending
it to the general setting of graphs. Its proof in this more general case goes
along the lines of the one from [10] for the interval but we will sketch it here
for completeness.

In any case we need to recall the definition of irreducibility and establish
what we understand by a piecewise expansive graph map.
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A k x k matrix M is called reducible if there exists a permutation matrix
P such that
M

11 O >
M21 M22
where M,,, M,, and M,, are block matrices, and 0 is a block matrix whose
entries are all 0. A matrix P = (pij)k is a permutation matrix whenever

PTMP = (

1,j=1
p,; €10,1} for all 0 <4,j <k and in Jeach row and in each column there is
exactly one non-zero element. Observe that if P is a permutation matrix,
then P~ = PT.

The matrix M is called irreducible if it is not reducible or, equivalently
(see [14)), if for every 0 < 4,j < k there is a natural number n = n(i, j) such
that the ¢, j-entry of M™ is strictly positive. In the case of a Markov matrix
of a Markov partition of X, if we set M" = (mz(;‘))szl, then mgl) is the
number of paths of length n in the Markov graph Sta’rting at the vertex v,
and ending at the vertex v,. In this context, M is irreducible if and only if
there exists a path from the vertex v; to the vertex v, for every 0 <4,5 < k.
In particular f(I) is a (non-degenerate) interval for every basic interval I.

To define the notion of )-expansive graph map we need to define a dis-
tance on basic intervals of graphs.

Let X be a topological graph and let Q C X be a finite set such that
@ D V(X) and the closure of every connected component of X \ @, called a
Q-basic interval, is an interval of X (formally the notion of Q-basic interval
is only defined for Markov partitions of graph maps but we use it here
by abusing of notation for simplicity). Every @Q-basic interval I can be
endowed in many ways with a distance d, verifying that the length of I,
defined as max, ., d,(7,y), is 1. For instance, we can fix a homeomorphism
w,: I —[0,1] and set d,(x,y) := |u,(z) — p,(y)| for every x,y € I. Given
a connected set W C I we define the length of W by

Wi, := max {d,(z,y): z,y € W}.

From above it follows that ||I||, = 1 and ||W]|, < 1.
Now we are ready to define the notion of:

Definition 2.14 (piecewise expansiveness). Let X be a topological graph
and let f: X — X be a Markov map with respect to a Markov invariant
set Q.

We say that f is ezpansive on I if f(I) is not a point and
e when f(I) € B(Q): f verifies

df([)(f(x)7 TW) =X\d,(z,y) =d,(z,y)

with X\, =1 for every z,y € I;
e when f(I) contains more than one Q-basic interval: there exists
A; > 1 such that

d,(f(x), f(y)) = A d, (x,y)
for every x,y € I such that (f(x), f(y)),.,, C J € B(Q).

Observe that when f is expansive on [ then f ‘ ; 1s one-to-one.
We say that f is Q-expansive if it is expansive on every Q-basic interval.

£
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Proof of Theorem [213. First we will perform the simple exercise of proving
that if f is transitive then the Markov matrix of f with respect to @ is
irreducible but not a permutation matrix.

First we assume that the Markov matrix of f with respect to Q) is a
permutation matrix. This is equivalent to say that we can label the set of
all @Q-basic intervals as I, 1,,...,I _, sothat f(I,) = I and f|,

> Lm—1 i+1 (mod m)?
is monotone for every ¢ = 0,1,...,m — 1. In these conditions f cannot have
a dense orbit and thus it cannot be transitive.

On the other hand, by transitivity, the image of every @Q-basic interval
is different from a point (otherwise, again, we get a contradiction with the
existence of a dense f-orbit). Consequently, since f is Markov with respect
to a Markov partition @ (in particular @ is f-invariant), it follows that for
every I € B(Q), f(I) is an interval which is a union of @-basic intervals
and f { ; is monotone. It follows inductively that f¥(I) is a union of Q-basic
intervals for every k > 1.

Now we choose two arbitrary intervals I, J € B(Q). Since f is transitive
there exists a positive integer n such that

() Nint(J) D f(Int(I)) N Int(J) # 0.

Since f™(I) is a union of Q)-basic intervals and two different @Q-basic intervals
have disjoint interiors, f™(I) O J. This means that there exists a Q)-basic
interval J,_, C f"~Y(I) such that J,_, f-covers J. Analogously, there exists
a Q-basic interval J,_, C f?~2(I) such that J, _, f-covers J _ . Iterating
this argument we obtain apath [ — J, — J, — -+ — J | — J
from I to J in the Markov graph of f with respect to ). Consequently, the
Markov matrix of f with respect to @ is irreducible. This ends the proof of
the “only if part” of the theorem.

Now we prove the “if part” following the ideas of [10]. So, we assume
that the Markov matrix of f with respect to @ is irreducible but not a
permutation matrix. The fact that the Markov matrix of f with respect to
Q is not a permutation matrix tells us that

{I: 1€ B(Q) and I f-covers at least two basic intervals} # (.
Hence,

A, :=min{\, : I € B(Q) and I f-covers at least two basic intervals} > 1.

f

We claim that U N (Uk>0f_k(Q)) # () for every connected non-empty
open set U C X. To prove the claim assume by way of contradiction that
fHU)N Q = 0 for every k > 0. Then, there exists a sequence of Q-basic
intervals {J, }°° such that U C Int(J,) and f*(U) C Int(J,) C f(J,_,) for
every k > 1. Moreover, from Definition 2.T4] we have

|t @il 2 2ol = a8, e, =

Te—1
(2.1) k
>l IT A,
=0

for every k > 0.
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Assume that A, > A, > 1 for infinitely many indices . Then, since A, > 1
for every I € B(Q), the sequence

),

k=0

is non-decreasing, and hence

k
lim| 1 @), =1, Jim H A, = o,

k— oo

This is a contradiction because, for every £ > 0, J, ., is a Q- basic interval and

FERW) € I, © )5 which fmplies [ A1 @), <]l -t
41

k:+1

From the part of the claim already proven, there eletS m € N such that
A, =1 (that is, f(J,) € B(Q)) for every k > m. Thus, f(J,) = J,_, for
every k > m because J, , C f(J,). Since the number of Q-basic intervals is
finite, there exist £ > m and t > 1 such that J, = Y

We already know that there exists a basic interval I € B(Q) that f-covers
at least two basic intervals. So, I ¢ {J,,J,.,,...,J,,, .}, and in the Markov
graph of f with respect to Q there does not exist any path starting in a Q-
basic interval from {.J,,J,,,,...,J,,,_,} and ending at I. This contradicts
the irreducibility of the Markov matrix of f with respect to @) and ends the
proof of the claim.

Since for every non-empty open set V' there exists I € B(Q) such that
V N int(I) # 0, to prove that f is transitive it is enough to show that for
every non-empty open set U C X and every I € B(Q) there exists a positive
integer n such that f*(U) D Int(I).

Let J € B(Q) be such that U N Int(J) # 0. By the above claim with U
replaced by a connected component of U N Int(J), it follows that there exists

€ (UNInt(J)) N (U,oof ¥(Q)) . So, again by the claim for a connected
component of (U NInt(J)) \ {z} instead of U, we obtain that

Card <(U Alnt(J)) N <Uk20f_’“(Q)>) > 9.
Therefore, there exist z,y € U N Int(J) with z # y and k,,k, € N such

z7 Vy
that (z,y), CUNInt(J), 1 <k, < k:y, f*=(z), f¥ (y) € Q, and, concerning
the preimages of Q, (U NInt(J)) N f~%(Q) =0 for k= 0,1,...,k, — 1 and
(UntIN\{zH) N frQ)=0for k =k, k, +1,....k, —1.
Consequently, as in the proof of the above claim and using the fact that
f is @-monotone, it follows inductively that there exist ()-basic intervals

Jy=J4J,..., J’“y* such that
(,y), < UnNnt(J),
(), ) = (5 @). FH @), © Int() Tor k= 1,2k, — 1 and

7* (s, \ ) = (@), @), \ @) € ne(,)
fork=%k, k,+1,....k —1

x ) Vx y
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(recall that f(Q) C Q and, hence, f*(z) € Q for every k > k). Moreover,
fky ((xa y>"o) = <fk1/ (CU), fky (y)>f<‘]ky—1) C f(Jky—1>

with f*(z), ff(y) € Q. On the other hand, from above it follows that
@), f*(y) € J, for k = 0,1,...,k, — 1, and from Definition 214} f|J
k

» My
is one-to-one. Hence, f*(z) # f*(y) for k = 0,1,... ,k,, and consequently
there exists J, € B(Q) such that
Y

Jky C (fFv(x), fru (y)>f(‘] ) and  f*v ((m,y>J0) D Jky.

k'y—l

Since the Markov matrix of f with respect to @ is irreducible there exists
a path of length r > 0 from Jky to I in the Markov graph of f with respect

to Q. Then, from the definition of path and f-covering it follows that
fr (Jk ) D I. Consequently,
Yy

FrR ) 5 40 (), ) £ (0,
This ends the proof of the proposition. O

)D 1.

Y

3. EXAMPLES

This section is devoted to construct the Examples [I.7], L9 and [LTTl For
clarity, each example will be dealt in a subsection. Moreover, we will start
with to additional subsections: the first one being introductory to explain
the philosophy of the constructions that we make, while the second one is
devoted to introduce a couple of specific technical auxiliary results.

3.1. Philosophy and introduction: on how to explicitly specify the
families of circle maps in the examples. We have to construct examples
of totally transitive graph maps with arbitrarily small topological entropy
and an arbitrarily large boundary of cofiniteness.

To do this we start with circle maps that verify these properties and,
with the help of the result from the next subsection, we extend these circle
examples to any graph that is not a tree while keeping the stated properties.

A natural idea to define these circle maps is: start by fizing a family of
non-degenerate intervals, and for each of them take the circle map of degree
one with the prescribed interval as rotation interval and having minimum
entropy among all maps with these properties. Indeed, the appropriate choice
of the rotation interval and the fact that we take minimum entropy maps
should guarantee that that the boundary of cofiniteness goes to infinity
(because the rotation interval for these maps completely determines the
set of periods), that the entropies converge to zero and, finally, the total
transitivity should be inherited from the non-degeneracy of the rotation
interval.

Les us see with more detail how this can be achieved. In particular this
will explain the “mysterious” assumptions in the examples.

In this discussion and survey on minimum entropy maps depending on
the rotation interval we will follow the approach from [7, [§].
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For ¢,d € R, ¢ < d and z > 1 we define

Rcyd(z) = Z 274,

gEM (c,d)

Then, one can show that R_,(z) = 1 has a unique solution B.,and B, , > 1.

The following result is what makes possible the strategy proposed above.

Theorem 3.1. Let f be a circle map of degree 1 with rotation interval [c, d]
with ¢ < d. Then h(f) > log B, ;. Moreover, for every c,d € R, c < d there
exists a circle map of degree 1, f, ,, having rotation interval [c,d] and entropy

h(fc,d) = log /Bc,d'
From the proof of this theorem it follows that the circle map f, , has as
a lifting (see Figure 2] for an example with ¢ = % and d = 1—70)
ﬁc’d:c%—b if0<z <u,
G () =98 ,01-2)+b+1 ifu<a<l,
Goalz—lz])+[z] ifz¢[0,1],

where |-| denotes the integer part function,

bi= (B, ~ 1Y Inel 577,

+1
and the continuity of G, gives u := ﬁg’ﬁd
’ c,d
Remark 3.2. For c € R, ¢ > 0, and z > 1 we define
o n
T.(z):= Zz_bJ,
n=0

and, for definiteness, we set T (z) = 0. Then, for ¢,d € R, ¢ < d, c € [0,1),
and z > 1 we define

Qe =2+ 142 (2 - 10 -1,

(observe that if [c,d] is a rotation interval then, by replacing the lifting F'
used to compute the rotation interval by F' — |c¢|, we get the new rotation
interval [c— [c],d — |c]] with ¢ — [¢] € [0,1); this is the reason that the
assumption ¢ € [0,1) above is not restrictive).

Concerning the map (), one can show that

Qc,d(z) = (Z - 1) (1 - 2Rc,d(z)) *
Hence, S, , is the largest root of the equation @, ,(z) = 0. This observation
gives a much easier way of calculating the numbers 3, ,. 1]

Remark 3.3 (On when lim 3, ; = 1). The numbers 3, , have the follow-

ing important properties:
elfc<a<b<dand {ab} # {cd}, then 8,, > S, ,. This im-
plies that if we have a decreasing sequence of intervals {[c,,d,]}°°

whose lengths do not converge to 0, then the sequence {3, , }*° 'is
bounded away from 1.
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1
e Assume that ¢ < g < d with p and ¢ coprime. Then, §,, > 34.

This implies that given a sequence of intervals {[c, ,d,]}°° for which
there exist M such that min M (c,,d, ) < M for every n (for instance

1
["2—;1,"2—21] = [% — %,%—i— %]), then 3, , > 3M and, hence, the

sequence {ﬁcn’ dﬂ};’io is bounded away from 1.

Summarizing, if we want to achieve lim = 1 for a given sequence

n—oo /Bc d
of intervals {[c,,d,]}°° , then we need (as necessary but not sufficient con-
ditions) that the lengths d, — ¢, of the intervals converge to zero, and

{min M(c,,d,)}>  is unbounded. o

Taking all the above comments and results into account, Theorem [B.1]
gives the following procedure to build our examples:

» Choose, a sequence of closed intervals of the real line {[c,,d, ]}°° ~with
rational endpoints such that:
e lim,, B, , =1 (see Remark3.3), and
e the boundary of cofiniteness of M (c,,d, ) (defined as the boundary
of cofiniteness of a map f but replacing Per(f) by M(c,,d,)) exists
and goes to infinity with n.
» Compute the numbers 8, , , b and u defined above to get the map f,
determined. Observe that we automatically have o

lim h(fc a ): lim log, , =loglim 8, , =0.

» Check that Per(f, , )= M(c,,d,) and compute this set to get

[ . n?'n
lim BdCof (f, , ) = lim BdCof (M(c,,d,)) = co.

» Show that the map f, , is totally transitive for every n, if that is the
case.

This method, while giving an effective procedure to construct the se-
quences of maps that we are looking for, has two serious drawbacks: First,

in this setting it is very difficult to show that the map fcn’ 4, 18 totally tran-
sitive and to compute Per( fcn’ dn) and 5%, a, for every n (essentially, we only
can do it numerically). Second, we cannot extend these models to graphs in
such a way that we can also extend the study of the transitivity, Per( f% dn)
and h( fcn’ dn) from the circle (indeed, for graphs there is no analogous to
the theorem stating that the topological entropy of a piecewise linear circle
map such that the absolute value of its slopes is constant, is precisely the
logarithm of this number).

To solve all these problems it is much better to find a Markov partition

for every map f, , and use it to prove that it is totally transitive and

to compute Per( fcn’ dn) and 5% 0, - Moreover, this also gives a good tool to
extend the circle models to graphs while keeping the transitivity, the sets of

o
periods, and the fact that {h( fo g )} converges to zero (despite of the
et ) p=o

fact these entropies increase a little bit).

To find these Markov partitions we note that the maps G are

Cnvdn|[0,1]
bimodal, and monotone on the intervals [0,u] and [u, 1]. So, every Markov
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o vz | Yo T1 up Y8 wy¥4d Yo 1+
Yg Y5 Yo o

FIGURE 2. The graph of the map G, , used in Example[[.9]
as a model for the map F,. To better show the dynam-
ics of the orbits, in this picture they are labelled so that
Gév%(%) = xz,, G%u%(xl) =z, + 1, G%u%(yi) =1+y,,
for i € {0,1,2,4,5,7,8}, G, , (y,) = v,,, for i € {3,6} and

G, , (y,) =y, (observe that, for the points y,, this labelling

is different than the linearly ordered one introduced below).
partition must include {0,u}. Moreover, the existence of such a partition
depends on the finiteness of the orbits of e(0) and e(u) (on the circle). It
follows that if ¢, = f}i with p, and g, relatively prime (respectively, d, = ==

with r, and s, relatinvely prime), then e(0) (respectively e(u)) is a periodic

point of f, , of period g, (respectively s, ) and @, = e ! <Orbf ) (e(O)))

(respectively S, =e! <Orb i (e(u)))) is a twist lifted periodic orbit with
rotation number Z—Z (respectively :—Z) Hence, @, US, D {0,u} is a Markov

partition with respect Gcn (see Figure [2]). Notice also that

Card (Q, N[0,1]) = Card (@, N[0, u]) = q,,,
Card (S, N[0,1]) = Card (S, N[0, u)) = s,

and G, dﬂ! 0 ( . dn‘ g ) is determined by Remark 23] and the

numbers p, and g, (respectively r, and s, ). So, to determine the Markov
partition @, U S, and G, dn{ 0.us, it is enough to determine the relative

positions of the points from @, N[0, u] and S, N[0, u|. It turns out that if the

respectively G
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endpoints of the rotation interval are appropriately chosen, then there is a
formula for the relative positions of the points from @, N[0, u| and S, N[0, u]
that depends solely on n. For instance (to fix ideas), in Example [[L9 we
consider the family of liftings with rotation interval [%, "2—;2] and minimum
entropy relative to the rotation interval. Then, Card (Q, N [0,u]) =2and Q,,
is a twist lifted periodic orbit with rotation number 3, Card (S, N [0,u]) = 2n
and S, is a twist lifted periodic orbit with rotation number %2, Without
loss of generality we can write @, N [0,u] = {z,,z,} with z, =0 < z, and
S, 0 [0,ul =Yy, Yys-+-sYs, 1} With y, <y, < -+ <y, _, = u. Then, by
explicitly computing some particular examples of this family (as it is done in
Figure[2for n = 5), one can see that that the 2n+2 points of (Q,, US,,)N|0, u]

are organized in the following way:
Ty =0<y, <y, < <Yy <X <Yy < Yoy <on <Yy = U

(notice that the number n — 3 in the above formula is, indeed, the number
s, —r,—1l=2n—(n+2)—1).
Summarizing, the numbers p,, ¢, , r, and s, and the relative positions

of the points of the lifted periodic orbits with rotation numbers Z—” and

2 in [0, u] specify in a totally explicit way the Markov partitions of the

sn

functions fcn’ 0, (and hence, by linearity, the maps f% 0, themselves) in a
way that easily give the totally transitive of these maps, Per( Jo 4 ) and
B, . - Moreover, we can easily extend the circle models to graphs while

keeping the transitivity, the sets of periods and the fact that h( fcn’ dn) still
converges to zero.

3.2. Two technical auxiliary results. The following lemma is analogous
to [2, Lemma 3.6] with the additional assumption that the number of ele-
ments of the partition must be even. It will be our main tool to translate
the examples from S! to any graph that is not a tree (see Figure [3). Due
to the additional assumption about the parity of the number of elements of
the partition we will include the proof for completeness.

Lemma 3.4. Let X be a topological graph which is not an interval and let
a,b € V(X) be two different endpoints of X. Then, there exist a partition of
the interval [0,1], 0 =s, < s, <---<s, =1, withm =m(X,a,b) > 5 odd,
and two continuous surjective maps ¢, ,: [0,1] — X and ¢, ,: X — [0,1]
such that the following statements hold:

(a) cp;i(W) ={s,:1€{0,1,...,m}}, where

W:=¢,  ({s :i€{0,1,...,m}}) D V(X),

and ¢, ,(0) = a and ¢, , (1) =b.
(b) For everyi=0,1,...,m—1, @a,b{[si s

1" ]
i+1
is an interval which is the closure of a connected component of the punc-

tured graph X \ W.

(c) If Pab (81) = (Pa,b(sj) then i =j (mod 2).

(d) ¥, ,(p,,(s;)) = 0 if i is even and ¥, ,(¢,,(s;)) = 1 if i is odd (in
particular, ¥, ,(a) =0 and 1, ,(b) = 1).

is injective and @, , ([s;, 5,,,])
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FI1GURE 3. A sketch of a topological graph X and the maps
from Lemma [3.4] (top picture). The map ¢, , o ¢, , is shown
in the bottom picture.

is injective and ¥, , (¢, ,([s;,5,.,])) = [0,1]

i) “i41

e) The ma
() P Vurlo, (lssn))
for everyi=0,1,...,m — 1. In particular, the map (wa’b o ‘Pa,b)

|[8'L i1l
1s strictly monotone.

In what follows the closure of a set A C X will be denoted by Clos(A).

Proof. The existence of a surjective map v, , which satisfies (d-e) follows
easily from the existence of the partition 0 = s, < s, < --- <, =1 and
a map ¢, , which satisfy statements (a—c) of the lemma. In particular, (d)
can be guaranteed by using (c), and (e) by (b) and (d). So, we only have
to show that there exist a partition 0 =5, <s, <--- <5, =1withm >5
odd, and a continuous surjective map ¢, , such that (a—c) hold.

Since X is not an interval and a and b are endpoints of X, there exist
v e V(X)\ {a,b} and an interval J C X with endpoints v and b such that
JNV(X) = {v,b}.

Let C be an edge of X (i.e. a connected component of X \V(X)). Clearly,
Clos(C) is either an interval or a circuit which contains a unique vertex of
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X. For every C such that Clos(C) is a circuit we choose a point v, € C
(that will play the role of an artificial vertex). Then we set

V(X):=V(X)U{v, : Cis an edge of X such that Clos(C) is a circuit} .

Observe that the closure of every connected component of X \ V(X) is an
interval and J NV (X) = JNV(X) = {v,b}. Moreover, since {a,b,v} C
V(X) € V(X) and a and b are endpoints of X, X \ V(X) has at least three
connected components and 4 vertices. So, Card (V(X )) > 4.

Since a topological graph is path connected there exists ¢, , : [0,1] — X,
a path from a to b, which is continuous and onto (i.e., visits each point from
X going several times trough the same edge, if necessary) and a partition
of the interval [0,1], 0 = s* < 57 < --- < s* = 1, such that the following
statements hold:

() {575 €401, b} = ¢ L (VIX)) with ,,(57) = ,,(0) = q

Yus(si_,) =vand @, (s%) =,,(1) =0,
(ii) for every j = 0,1,...,n -1, ¢, ,

[ ] is injective and, hence,
s*, 8%

VAR

*

gpa’b( [5;‘, Ch 1]) is an interval which is the closure of a connected com-
ponent of X \ V(X),
(iii) gpa_:(b) = s* and go;;(l] \ {v}) = (s:_l,S:].

Let € be the set of all connected components of X \ V(X) which are
different from J \ {b,v}. Then, for every C € £ we choose an arbitrary but
fixed point o, € C. By (i) and (iii),

eiiagCegl) (s I\ {srje . n-2}}.

We claim that for every j =0,1,...,n — 2,
Card <g0;: ({a.:Ce&})n (s:,sjﬂ)) =1

To prove the claim note that, by (i-ii),

(3.1) &= {soa,b((sj,sjﬂ)) :je{0,1,...,n— 2}}.

Hence, forevery j = 0,1,...,n—2, a%,b ((s;,s; 1)) € goayb((sj, 8;1)), implies

0 +# goa_i <awa,b((s;73;+1))) N(s},s7.,) C Spa_; ({ap:Ce&})n (s:,sjﬂ).

Assume that s!,s? € 1 ({a, : C € E}) N (s;k,s;kﬂ). By BI) and the defi-
nition of the points o,

Pas (s}),gpa’b (s?) €Y., ((S:,sjﬂ)) N{a,:Ceé}= {a@avb((s?sjﬂ)) }

Consequently, 82,1 = 5? by (ii). This proves the claim.
Now we set m = m(X,a,b) := 2n — 1 and by the above claim we define
the partition

— ¢f — oo e — g* — ¢*f —
So =8, =0<5, <8y <8, ,<S, =8, ,=5_,<s,=s =1
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of the interval [0, 1] by:

R *
2 =5, and

is the unique point of <pa_; {a.: Ce&})n(st,s,))

PR

s

S2j+1

for every j = 0,1,2,...,n — 2. With these definitions and (i), the set

{S4s8yy---,8,,} is the union of two disjoint sets:

{80y S9s--38,, 1,8} = {S;k :je€{0,1,... ,n}} = goa_i(f/(X)) and
{81, 845-.0,8, o} = cp;i({ac :Ce&}).

By definition m = m(X,a,b, M) is odd, ¢, ,: [0,
and surjective and, by (i), ¢, ,(0) = a and ¢, (1) =
map ¢, , is onto,

(3.2)

1] — X is continuous
b. Moreover, since the

n+ 1 = Card <{sj :7€{0,1,... ,n}}) = Card (w;i(?(X))) >
Card(‘N/(X)) >4,

and hence, m =2n — 1 > 5.

On the other hand, by (3.2,
W=g,,({s :i€{0,1,...,m}})
= o (V) ) U, (47 (o s C e €D))
=V(X)U{a,:Ce&}DV(X),
and
e W) =¢ (VOO Ug  ({ag: C e €)) = {s,si € {01, m}}.

Thus, (a) holds.

Statement (b) follows from (ii), Statement (a) and the fact that every
interval [s,,s,, ] is contained in an interval [sj, ST, e

To end the proof of the lemma it remains to prove (c). Assume that
©.,(5,) = ¢,,(s;) (or, equivalently, that there exists a € W such that
5,8, € go;i(oz) C goa_i(W)) Since

cpa_i(W) = cpa_i(V(X)) U(p;;({ac :C ¢ E}) and V(X)ﬂ{ac :Ce&r=10,
by [B2)), it follows that either

5,8, € goa_i(f/(X)) ={S0sS0s--+yS,, 1,5, } OF

5,8, € 30;5({&0 :C€&}) ={s1,8;,- .15, s}

On the other hand, by (iii), s, = s* = ¢ 1(b) ¢ {s,,s,}. Consequently,
either 7,5 € {0,2,4,...,m —1} or 4,5 € {1,3,5,...,m — 2}, and (c) holds.
U

The next lemma will be useful in dealing with piecewise expansiveness and
in making possible to use Theorem 2.13] to obtain transitive graph maps.
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Lemma 3.5. Let X be a topological graph and let f: X — X be a Markov
map with respect to a Markov invariant set @ such that f(I) is a (non-
degenerate) interval for every I € B(Q). Then there exists a Q-expansive
(Markov) map g: X — X such that g|Q = f|Q and g(I) = f(I) for every

I € B(Q). In particular, the Markov graphs of f and g with respect to Q
coincide.
Proof. The requirement that g‘ 0= f | 0 implies that it is enough to define g| s
for every I € B(Q) so that g‘l is expansive, g‘al = f‘al and g‘I(I) = f(I).

Let I € B(Q). The monotonicity of f on I implies that f(I) is an interval
that it is the union of n > 1 Q)-basic intervals. Thus there exists a partition
tyst,,...,t, of I with

(ot ) N {tg,ty, sty ={t, .t} for i=0,1,...,n—1

(in particular, {t,,t,} = 0I) and such that

f(<t07t1>1) = <f(t0)7f(t1)>f(1)7f(<t17t2>1) = <f(t1)7f(t2)>f(1)7 )
f((tn—l’tn>1) = <f(tn—1)?f(tn)>f(1)

are pairwise different basic intervals. Clearly, for every ¢ € {0,1,...,n— 1},

i bigt i Vil

i27i+1

d (Z7f(t1)) HFAAS f((ti7ti+1>1) = [07 1]
(i)
because f((t,,t,.,),) € B(Q), and hence
df(<ti,ti+1)1) (f(ti+l)’ f(tz)) = ”f((ti?ti+1>1)
Then, for i € {0,1,...,n—1} and x € (,,1,,,), we define g|<t

be the unique point from (f(¢,), f(ti+l)>m) that verifies
1

z), f(t)) = ——

f(<t¢¢¢+1>1) g‘<ti’ti+1>1( ) F(E) dl(ti?ti+1)

Observe that this formula defines
g‘<ti’ti+l>1 (tl) - f(tl) and g‘<ti,ti+1>1 (t¢+1) = f(ti+1)‘

Hence g{ ; is well defined and continuous and g‘ I
0

) 17"'7tn} o f‘{t07t17...7tn}.

particular, g|al = f‘al' Moreover, for every i € {0,1,...,n — 1}, g|<twt~+1>z

|f(<ti’ti+1>1) =

() to

itip1)

d d,(z,t,).

Ve

In

is one-to-one (and hence monotone), and

g|j(<ti7 ti+1>1) = <f(tz)7 f(ti+l)>f(1) = f((ti7ti+1 >1)
Consequently g{I(I) = f(I).
To end the proof of the lemma only it remains to show that g‘ ; 1s expan-

sive. By using appropriately the triangle inequality and the monotonicity of

g| is not difficult to see that
<t¢7t¢+1>1

d y i@ gl ) =5 ——d,(z,0)

I(ti7ti+1)
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for every x,y € (t,,t,, ), withi € {0,1,...,n—1}. Thus, in the special case

i Yi+1

when n =1 (that is, when I = (¢,,t,), € B(Q) and f(I) € B(Q)), we have
dyi (9], (2), 9] () = d; (z,y)

for every x,y € I, because d, (t,,t,.,) = ||7]], = 1. Hence g‘l is expansive on
1.
When n > 1 then g‘ ; also is expansive on I by setting
— mi 1 .
)\I —mln{m e {O,l,,n—l}} > 1.

O

3.3. Example with persistent fixed low periods. This subsection is
devoted to construct and prove

Example For every positive integer n € {4k + 1,4k — 1 : k € N} there
exists f,, a totally transitive continuous circle map of degree one having a

lifting F,, € Ly such that Rot(F,) = [, %22], lim,_,__ h(f,) =0,

Per(f,) ={2}U{p odd: 2k +1 < p <n — 2} USucc (n)

and BdCof (f,) exists and verifies 2k + 1 < BdCof (f,) < n (and, hence,
lim BdCof (f,) = o0).

Furthermore, given any graph G with a circuit, the sequence of maps
{fo b astm oaa Can be extended to a sequence of continuous totally transitive self
maps of G, {gn}nzm ouqs Such that Per(g,) = Per(f,) and lim,,_, _ h(g,) = 0.

Example [L9 will be split into Theorem which shows the existence of
the circle maps f, by constructing them along the lines of Subsection B.1],
and Theorem [B.7] that extends these maps to a generic graph that is not a
tree. The proof of Theorem [3.6, in turn, will use a proposition that computes
the Markov graph modulo 1 of the liftings F),.

The auxiliary Figure [ illustrates the construction of the orbits P, , @,
and the map F from the next theorem in a particular case.

Theorem 3.6. Let n € {4k + 1,4k —1: k € N} and let
Q,=1{. ..,z ,,x,,2,,2,,...} CR, and

Pn = {' ° 'y—l?y07y1’y2’ A ’an—l’an’y2n+1?' A } C R
be infinite sets such that the points of P, and Q, are intertwined so that

O=2, <y, <y, < -y, s <2, <Y, o, < <Yy , <z, =1,

and x,,,, =z, + L and y, ,., =y, + L for every i,l € Z.

We define a lifting F,, € Ly such that, for everyi € Z, F,(x,) = x,,,
and F,(y,) = Y, p.a> and F, is affine between consecutive points of P, UQ,,.
Then, Q, (respectively P, ) is a twist lifted periodic orbit of F,, of period 2
(respectively 2n) with rotation number % (respectively "2—22) Moreover, the
map F, has Rot(F,) = [%, "2—‘;2] as rotation interval.

Let f,: St — S! be the continuous map which has F, as a lifting. Then,

f., is totally transitive, lim, , _ h(f,) =0,
Per(f,) = Per(F,) ={2} U{q odd : 2k +1 < ¢ <n — 2} U Succ (n)
and BdCof (f,) exists and verifies 2k + 1 < BdCof (f,) < n.
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FIGURE 4. A possible choice of the points of (P,UQ,)N[0, 1]
from Theorem and Proposition B.8] and the graph of the

corresponding map F,. The lower map (F.

and the upper map

Theorem 3.7. Let G be a graph with a circuit. Then, the sequence of maps
{f. ot n oaa from Theorem[38l can be extended to a sequence of continuous
such that Per(g,) = Per(f,)

totally transitive self maps
and lim,_,__ h(g,) = 0.

Before proving Theorem [3.0, in the next proposition, we study the Markov
graph modulo 1 of the liftings F (see the auxiliary Figured). Given m € Z
and ¢ € N, to simplify the notation, we will denote m (mod gq) by {m},.

Proposition 3.8 (B(P, UQ, ) and the F -Markov graph modulo 1). In the

(F,), in blue.

Of G7 {gn}n27, n odd’

assumptions of Theorem we set

Jy = [xo’yo]a J, = [yn—3’x1]a

and

I =

i [y{n+1+i<n+2>}2n Yint2timi2)ta,

J, =

Then the following statements hold:

(a) We have,

B(P,UQ,)={I+(:i

€ {0,1,...

['CL‘I ’ yn—Q]’

for i€{0,1,..

. ), is drawn in red

.,2n — 3},

,2n — 3}, L € Z} U
(J +0:i€{0,1,2,3}, LeZ}.

and JS = I:y2n—1’x2]’
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and, in particular,

(U)oU) =bu

i=0 7=0

(b) When n =4k — 1 for some k € N, the Markov graph modulo 1 of F, is:

[Id]] — [Id+1]] | [12:1:“ I I [Izd-uﬂ I [[Igd]]

where d := 2k — 1. Otherwise, when n = 4k + 1 for some k € N, the
Markov graph modulo 1 of F,, is:

| |[Id—2ﬂ I I [[Id—l]] I | |[I2d—2ﬂ

— [l ]

_’| [75a-1]

]

where d := 2k + 1.
(c) h(f,) =logp,, where p, > 1 is the largest root of the polynomial
3n+1 n+3

T (x)=a*(2®-1) -2z 2 —22"" —22 2 —2? -1

Proof. 1t is obvious from the assumptions that J,, J,,J,,J, € B(P, UQ,)
and Card((P, UQ,)N[0,1]) = 2n+ 3. Hence, there are 2n—2 P, UQ, -basic
intervals contained in the interval [0, 1] different from J,,J,,J, and J,. On
the other hand, n + 2 and 2n are coprime and, hence, there exist 2n — 2
pairwise different intervals I,. Thus, to prove (a) it is enough to show that
all the intervals I, are P, U (@, -basic. This amounts showing that
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L = Wiy Yinsosiusma,) 1 €401, 20 =3}

{wo> 0. s Uads - s Wais Yns)s W Y ) Wi U ds -+ s [Yons Yo ] }-

More concretely, we have to see that
{{n+1+iln+2)}m:i€{0,1,....2n =3} } N{n—-3,2n -1} =0

because {n + 2 +i(n +2)}a, = {n+ 1+ i(n+ 2)}2, + 1 provided that
{n+1+i(n+2)}ey #2n—1.

Assume by way of contradiction that there exist i € {0,1,...,2n — 3},
¢ e€Z and a € {n — 3,2n — 1} such that

n+l+in+2)=a+02n <<= i(n+2)=20—1)n+ (a—1).

Then, since n € {4k + 1,4k —1: k € N} is odd, it follows that i has the
same parity as a. So, there exists ¢ € {0,1,...,n — 2} such that i = 2t when
a=mn—3,and ¢ = 2t + 1 when a = 2n — 1. In any case,

in+2)=20—1)n+(a—1) <= 4dt=2n{l—t—1)+ (2n—4).
Since 0 < 4t < 4n — 8 it follows that 4t = 2n — 4 (that is, £ — ¢ — 1 must

be 0) which implies § — 1 =t € Z; a contradiction. So, the intervals I; are

P UQ,-basic and, hence, (a) holds.
Now we will compute the Markov graph modulo 1 of F, to prove (b)
Recall that, by definition,

Yivone = Y, +4= y{i+2n[}2n +¢ and Fn (yz) = Yitnio

for every ,¢ € Z. For convenience we set TZ = [ynHH(HQ),yn+2+i(n+2)] for
every i € {0,1,...,2n—2}. Hence, by the part of the lemma already proven,
for i € {0,1,...,2n — 3} we have [I,] = [[Z]] I e B(P,UQ,), and

(33) Fn <Iz> = [Fn (yn+1+¢(n+2))’ Fn (yn+2+i(n+2))] = Ii+1

because Fn| p Is increasing and F| is affine on P, U @, -basic intervals.
Moreover,

Fn (IQn—S) = IQn—Q = [yn73+2n(n+1)’yn72+2n(n+1)j| =
(J, +(n+1)U(J,+(n+1)).
Consequently, the Markov graph modulo 1 of | has the following subgraph:

Al
(3'4) [[Io]] — [[Il]] — T [[I2n 3]]

To completely determine the Markov graph modulo 1 of F, we still need to
compute the images of the intervals J;, J,, J, and J,. We have z,_,, = x, +/
and F, (z,) = z,,, for every i,/ € Z and, hence,

(1) Fn(JO) - [xuyn-u] = Jz U [yn_z,yn-u];
(ii) Fn(Jl) = [an—laxz] = J3§
(iti) F,(J,) = [%;,9,,] = J, +1; and
(iV) Fn(JS) = [xs’y3n+1] = I:xl’yn-l»l] +1= (‘]2 + 1) U ([yn_zayn-H] + 1)'
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We will end the proof in the case n =4k — 1 and d =2k — 1 = . The
proof in the other case follows analogously.
In this case we have 2n — 3 = 4d — 1. Moreover, for £ > 1 we have

d(n +2) =dnl + 2dl = 2knl — nl + (4k — 1)l — £ = kf2n — L.
Hence,
{n+1+ldn+2)}en ={n+1—~0+kl2n}s, =n+1—{, and
{n+2+ldn+2)}om ={n+2—-L+kl2n}s, =n+2— L.
So, I

Ay = Wi o> Ynyoo) for £=10,1,2,3 (observe that the interval I, is not
defined because 4d > 2n — 3 and, on the other hand, [y, ,,¥, ., ,] With
¢ =41isnot P, UQ,-basic). Consequently, from ([3.4]) and (i-iv) above we
get that the Markov graph modulo 1 of F) is the union of the following two
subgraphs:

—>[[J]]

[[IO]] - [[Il]] L 1

[7]

7] § 1]
4] = 1]
T [r.]

This ends the proof of (b).
To prove (c) we will use Propositions 2.10] and 2T, and Theorem
First notice that (83) and (i-iv) above imply that P, U @, is a short

Markov partition with respect to F,. Then, Propositions 2.0 and 2.1T],
imply that f, is a Markov map and

h(f,) =logmax{c(M,),1}
where M, is the Markov matrix of f, with respect to e(Pn U Qn). More-
over, we can identify the set B(e(P, UQ,)) with the set of all equivalence
classes of P, U@, -basic intervals (i.e. the set of all vertices of the Markov
graph modulo 1 of F,). Then, the matrix M, coincides with the transi-
tion matrix of the Markov graph modulo 1 of F, which, by definition and
Proposition 2.10] is a Card (B(e(Pn U Qn))) x Card (B(e(Pn U Qn))) matrix

M, = (M 1) pescer, ua,y Such that

)1 if [I] f-covers [J]
My = '

«—[[J]]

0 otherwise
To compute o(M, ) we will use Theorem with
Rom, = {r, = [[Jo]]’r2 = [[J3]]}
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as a rome (being their elements marked in the statement with a box with
double border and sloping lines background pattern). Moreover, recall that
Mg, (z) = (a,(x)) is the matrix such that a,,(z) = > 2z~ 4P) | where the
sum is taken over all simple paths starting at r, and ending at r, (since
M, is a matrix of zeroes and ones the width of every path is 1). Then, the

matrix M, (z) is:

Rom,,

22 4 a2 a(x) p—dd-2 | a(x) when 7}12 4k —1 and
H d = %5= for some

7"+ afz) a(@)) L eN,and
22 p a2 o () 22 o(n) when 7}”:1 4k+1 and
H d = 5= for some

7%+ o) @) e N,
where
p—3d=2 4 ,—2d-2 4 ,—d-2 when n = 4k — 1 and d = 25}
for some k € N, and
a(r) =

when n = 4k 4+ 1 and d = 2L
for some k € N.
By Theorem 2.12] the characteristic polynomial T, (z) of M, is

1.73d +x72d _i_m.fd

T, (z) = (=1)*"2*"*2 det(My,, (z) —1,) =

n

3n+1 n+3

2 (2? —1) 20 2 —22" -2 2 —a2? 1,
where I, is the unit matrix 2 x 2.

By direct inspection of the Markov graph modulo 1 of F, (see (b)), given
any two vertices [K] and [L] in the graph, there exists a path from [K] to
[L]. This means that the transition matrix M, of the Markov graph modulo
1 of F, is non-negative and irreducible. Then, by the Perron-Frobenius
Theorem, o(M,) > 1 is the largest eigenvalue of M, . Hence, o(M,) is the

n

largest root (larger than one) of T),. O

Proof of Theorem[3.4. Since y
1,0 € Z, it follows that

an(yz) = Yironnizy — Y tF 2
for every i € Z. Moreover, let j € {1,2,...,2n — 1} and assume that

=y, +Cand F (y,) =y, for every

i+2nl

F,z(yz) Y T Yk Y T tel.

Then, y, .00 = Y + ¢ = Y,\,,, and, thus, j(n +2) = 2nl; a contradiction
because n+2 and 2n are relatively prime. Hence, P, is a lifted periodic orbit
of F of period 2n and rotation number ”2—;2 Moreover, F, ‘ p Is increasing
and, thus, P, is a twist lifted periodic orbit of F, of period 92n and rotation
number "2‘;2. In a similar manner, ), is a twist lifted periodic orbit of F,
of period 2 and rotation number %

Now we will show tat Rot(F,) = [%, "2—*1'12] by using Theorem 211 To this
end we need to compute the rotation number of the lower map (F),), and of
the upper map (F,), (see Figures[I and ). Observe that

Fn(an—5) =Yg s =Yp s T1<z, +1<y, ,+1=y,, ,= Fn(an—4)'

n
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Hence, there exists a unique u!" € (y,,_5,¥,,_,) such that F, (ul") =z, + 1
So,

(F,),(x) = mf{F,(y) : y > 2} =
inf[F, (z),400) = F,(z) for z € [0,u}],
inf[gzc1 +1, —i—oo) =z, +1 forze [ul", 1],
(F),(x—|z]|)+ |z] if x ¢ [0,1].
On the other hand, F, (z,) =z, <Y, < ¥Y,., = F,(y,), which implies that

there exists a unique u" € (z,,y,) such that F, (v*) =vy,,, = F, (y,,_,) — L.
So,

(F,).(2) =sup {F,(y) : y <z} =

sup[ o0 yn+1) yn+1 for LS [O,u:],
Sup[ ) = Fn(.’E) fOI' S [uZ’an—l]’
sup[ y2n 1)) =Ynta +1 forxe [y2n—1’ 1]’
(F,). (96 - LOCJ) Ed if z ¢ [0,1].

To compute p((F,),) observe that

P, N[0,1] C [u",y,,_,] and, hence, (F

n)u‘Pn = Fn‘Pn'

So P( ) ) = (Pn) = "—*;Lz In a similar way, @, N [0,1] C [O’uln]’
|Q =F, | and p((F,),) = pr, (Q,) = 5. Hence, Rot(F,) = [3, %3]

by Theorem D:El
Next we will compute Per(f,). By Theorem 2.4 we have

Per(F,) = Qy (3) U (%%—T?)UQF("Q—*,?)-

We will compute separately the sets QFR(%) and M( ) U QF ( o ) ,
starting with QFn(%) .
To compute Q) (%) we will use Proposition 2.8 with X and f replaced by

S' and f,, respectively. Hence, we will use the Markov graph of f, . However,
from the proof of Proposition B.8 we already know that P, U@, is a short
Markov partition with respect to F, and, by Proposition2.10] f, is a Markov
map with respect to the Markov partition e(Pn UQn). Moreover, the Markov
graph of f, with respect to e(Pn U Qn) and the Markov graph modulo 1 of
F, with respect to P, U@, coincide, provided that we identify [/] with
e([1]) for every I € B(P, U Q,). Thus, to perform our arguments we will
use Proposition B.8 and the Markov graph modulo 1 of F, with respect to
P, UQ, instead of the Markov graph of f, with respect to e(P, UQ,).

By Proposition 3.8} in the Markov graph modulo 1 of F, there is no simple
loop of length 4 and the only repetitive loop of length 4 is the 2-repetition
of [J,] — [J,] — [J,]- Since
F, (xl):x2 =z, +1<y,+1=y,, = F (yn72) and

n n

Fn(x()) =T <Ypyo = Fn(y0)7
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[J,] — [J,] — [J,] is a positive loop. Then, 4 ¢ Per(F)) D QF( ) by
Proposition2.8(b). Therefore, with the notation from the definition of Q. (¢c)
in Subsection 2.2 we have s = 2 and $,,» = 1. Consequently, QFn(%) ={2}.

Now we compute M (%, ”Tf) U QF (”;2) Since ”2—22 — % = %, it follows
that for every all ¢ € N, ¢ > n, there exists p € Z such that 1 < < "2}?.

On the other hand, since n is odd, (n +1)/2 € Z and 1 < W < iz,
Summarizing,

M (3,"2) D Succ(n) D {2nf: £ € N} D Q, (%)

Thus,
M (3, 52) UQy (57) = M (3, %7) =
Succ(n)U{qge M (3,%2) : g <n}.
Now we need to compute {q eM (%, ”Q—f) 1 < n} . To this end, assume

that%<g<"2—';2withpeZandqu,qgn—l.Weclaimthatqisodd

Otherwise, ¢ = 2¢ < n — 1 with ¢ € N. Then, the expression % < 4§ < "2;2
is equivalent to

20 -1
l<p<tt <o+ cpqn,
n n

a contradiction. This proves the claim.
Now assume that ¢ = 20 + 1 < n — 2 with £ € N (recall that n is odd).
We have,
1 p n-+2

2<2€+1< 2n

which is equivalent to

1 20+1 n(20+1)+2(20+1)
— = 2 <
£+2 2 <(£+2) 2n(l + 2) -
(£+2)n(2€+1)+2( -2) _ e+ 2)2n€+3n—4<€+2.

2nl + 4n
Consequently, p = ¢ + 1 and, hence,
L_ (41 _n+2

2 2041 2n
The second inequality is equivalent to

2nl+2n=2n(l+1) < (n+2)(20+1) =2nl +n+2(20 +1).
Thus, since n = 4k + 1 with k£ € N, this is equivalent to

n+1 4dk+r

2412 = :2k+g with 7 € {0,2}.

2nl + 4n

Hence, since ¢ = 2¢ + 1 is odd,
20+1>2k+1.
Summarizing, we have seen that

{aeM(5,%2) :qg<n}={20+1:/eNand2k+1<20+1<n—2}
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and, consequently,
Per(f,) = Per(F,) = Q, (3) UM (3, %5%) U Qr, (57)

= {2} USucc(n) U {q e M (3,%2) : ¢ <n}

={2}USucc(n)U{godd:2k+1<qg<n-—2}.

Moreover, StrBdCof (f,) = n and 2k + 1 € sBC(f,). So, BdCof (f,) exists
and verifies 2k + 1 < BdCof (f,) < n.

Next we will show that f, is totally transitive by using Theorem [2.13]
We already know that f, is a Markov map with respect to the Markov
partition e(Pn U Qn), and the transition matrix of the Markov graph of
f,, with respect to e(Pn U Qn) coincides with the transition matrix of the
Markov graph modulo 1 of F, with respect to P, U @, . From the proof
of Proposition B.8(c), it follows that this transition matrix is non-negative
and irreducible. By direct inspection (see Proposition B8(b)) it follows that
the vertex [J,] of the Markov graph modulo 1 of F, is the beginning of
4 arrows. That is, the transition matrix of the Markov graph of f with
respect to e(Pn U Qn) has a row with 4 non-zero elements and, thus, it
cannot be a permutation matrix.

To use Theorem 2.I3] we also need to know that f, is a e(P, UQ,)-
expansive Markov map in the sense of Definition .14l Since we already
know that f, is a Markov map we have to show that f, is expansive on
every e(Pn U Qn)—basic interval. To do this we need two ingredients, a
distance d, on every e(Pn U Qn)—basic interval I and an appropriate way of
writing the fact that the maps F, are affine on every basic interval.

Let [a,b] € B(Pn U Qn) The fact that Fn‘[a,b] is affine can be written as

Fy(@) = E,(y)| _ |y —al
()~ F,0)]  b-a

(3.5)

for every x,y € [a,b].

A distance d, on every basic interval I € B(e(P, UQ,)) can be defined
as follows. Write I = e([z,,y,]) where [z,,y,] is a P, UQ,-basic interval.
Then, for every z,y € [z,,y,], we define

dy(efo). ) = 2
Observe that I = e([z,,y,]) implies
fn(I) = e(Fn([xI7yI])) = e(<Fn(x1)7Fn(y1)>»)'

Consider first the case f,(I) € B(e(P, UQ,)) (which is equivalent to
(F,(z,),F,(y,)). € B(P,UQ,)). Hence, since F, is affine on [z,,y,],

n

dfn(l) (fn(e(x)),fn(e(y))) f (1)( e(F, (z)),e(F, (y ))) =

|F.(x) - F,.(y)] _ |z—yl ) e
’F( ) ”(yl)‘ Y, — T, dl( ( )’ (y))

Now assume that f,(I) = e((F,(z,),F,(y,)),) contains more than one
e(Pn U Qn)—basic interval and let z,y € [z,,y,] be such that

(f(e(@)), f. (@), o) € J =e(lz,,y,]) with [2,,y,] € B(P,UQ,).
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In this case we set

A= min{M Hzg.y,) € B(P,UQ,) and

Yy=%;

[2,,5,] C (F.(z,), F, <y,>>(},

and we have

(e(F, (), e(F,(y) =
F () = F(y)l_|F, () - F,(y)|

Yy — 2, Y, — 2, \F(z,) = F,(y,)| —
ly — |
=\d .
A y —z, Ad,(e(z),e(y))

So, we have proved that f, is e(Pn UQn)—expansive, and thus, f, is transitive
by Theorem[2.T3l Moreover, since Per(f,) D Succ(n), Per(f,) is cofinite and
f,, is totally transitive by Theorem

To prove that lim, , _ h(f,) = 0 we will use Proposition B.8(c) which
states that h(f,) = logp, , where p, > 1 is the largest root of the polynomial

3n+1 n+3
T (x)=a*(2®-1) -2z 2 —22"" —22 2 —2? -1

q,(z) = 2™ (2® - 1),

+1 nts 2
t,(z):=2r 2 422" +22 2 4+2°+1, and
) )
X r 2 (x° —
£, () = (@) = | —3nt3 _ 3ntl for z > 0.
24227 2 4 2xntlpapT 2 4o 2

With this notation, the expression 0 =T (p,) = g, (p,.) — .. (p,.) is equiv-
alent to &, (p, ) = 1. Observe that, for z > 1,
(3.6)

n—1
r 2 (22 -1) v 2 (22 —1)
£, (x) = —n+tl —3n+3 il = 3 )

and

Now we remark that
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8
z2—1
ing on (1,+00), lim_
lim, , . =2 =0.
(ii) For every n odd and every z > 1, the
n—1

map T — T is strictly increasing and
e

1
T 2 |m:1:: L.

(iii) For every n,m € N, n,m odd, n < m and
n—1 m—1
r>l,z 2 <ax 2

Then, for each n odd, there exists a unique real

(i) The map = — is strictly decreas-

8
i+ 7207 = too and

n—1 n—1
number 7y, > 1 such that v 2~ = %, r 2 > 12871 for every = > v, the

sequence {7, }, is strictly decreasing and lim .+, = 1. Hence, by (3.0)

n—1
r 2 (22 -1)
ey > 2D

for every = >, . Consequently, p, <, for every n odd and, thus,

>1

lim log p,, < lim log~, = 0.

n— 00 n—o00

O

Next we prove Theorem [B.7/by “exporting” the maps F), from Theorem 3.6]
to any arbitrary graph.

Proof of Theorem[3.7. If G = S! then there is nothing to prove since The-
orem [3.6] already gives the desired sequence of maps. So, we assume that
G # St

Let n > 7 odd, and let F, P, @, and f, be as in Theorem and
Proposition 3.8 Recall also that I,, 0 < ¢ < 2n — 3 and Jj, 0<j5<3
are P, U (@, -basic intervals which generate all the equivalence classes of
P, U@, -basic intervals.

Next we fix the general notation to be used in this proof: Let C be a
circuit of G, let I C C be an interval such that I N V(G) = 0 and let
n: S — C be a homeomorphism such that

2n—3
15| I |une® uq,) and C\Int(I)=1,
iz
where I, := n(e(I,)) for i € {0,1,...,2n—3}. Clearly, X := G\Int(I) D I, is
a subgraph of G (see Figure [[). Observe that Zg, 212 € I are endpoints (and
thus vertices) of X but they cannot be vertices of G because I NV (G) = 0.
Moreover, V(X) = V(G) U {22, 22}.
Recall that, for every ¢ € {0,1,...,2n — 3}, the endpoints of I, are

Yintibitnioto, < Yintoritnio)ia, " Then, for j = 0,1 we set

2; = U(e(y{n+j+1+un+2ﬂzn))

so that, I, = {z,7'}.
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FIGURE 5. A topological graph G and the definition of g,,.
The circuit C' (with apple shape) is drawn in blue. Then,
the interval I is the (thin) path in C from 22 to 2 counter-

clockwise (81 = {72, 72}) and the interval C'\ Int(I) = I, is

0771
the thick path in C from 212 to 23 clockwise.

Under the assumptions of Theorem with n > 7 odd we have

0=, <¥y <Yy <Y <Ys <Ypys <Ypys < Yo < L.
Hence,
Il = [y3ay4], Iz = [yn+5’yn+6] and IS = [ywys]

are pairwise disjoint and, consequently, so are fl, TQ and fg

To define the maps g,: G — G for every n odd, n > 7, we will use
Lemma [3.4] for the subgraph X with a replaced by 23 and b replaced by 212
(see Figure B)).

We define the map g, : G — G (see Figure () by:

Yoo 52 (g(x)) if z € I~1§
g () = C(wggj% (2)) if x € X;
(no f,on N(x) ifael\Int(l).
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Recall that 1:1, ]; and 12 are pairwise disjoint and, for every ¢ € Z and

7 €101} e(y{n+j+1+l(n+2)}2n) - e(yn+j+1+l(n+2)) because y,,,, =y, + ¢ for
every i,/ € 7. Hence, by Lemma [3.4],

=2 (5(11)) = Paz () = 52 n(e(yn+]‘+1+2(n+2)))

n(e(Fn( n+]+1+(n+2)))) = 77(fn (e(yn+j+l+(n+2))))
n(f.(n” ( (W, sirren))))) =m0 fom (Z]), and
C(wzg,zg( )) =) = ( (yn+j+1+3(n+2)))
n(e(
n

(e Fn( n+]+1+2(n+2)))) = 77(fn (e(yn+j+l+2(n+2))))
(L (07 (e (Wisirsain))))) =m0 Fron™ ()

for j € {0,1}. So, g, is continuous because the maps ¢_, _, O§|; GOV, |X
25,27 1 2571

and no f, o _1‘ (~1) are continuous.

N\Int (I
To be able to compute and use a Markov partition for the map g, we
introduce the following notation. Set

51_1 = f_l(si) fori=0,1,...,m, and
(37) R, = n(e(Q,uP))u{s :ief0,1,...,m}}u

{go%’sf (s;):i€{0,1,... ,m}}
and observe that

n(e(Q.UP,)) =
1(e(Q,)) U {z] i€ {0,1,...,2n— 3} and j € {0,1}} c

I\ Int(1,),
{s!:ief0,1,...,m}} c I, and

{%3’2%( ) :ie{0,1,..., }} c X.
Moreover, by Lemma B.4{a),
R, D { 0., ,(8,)1 1€ {0,1,...,m}} D V(X) 2 V(G).
0’71

Hence, R, will be a Markov invariant set provided that it is g, -invariant
and the closure of each connected component of G \ R, is an interval in G.
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Fix a point € R,. Then, g, (z) is
(£, (17 (n(e(1))))) = n(f.(e(t)

n(el
if x =mn(e(t)) EI\Int(I1
(here we use Theorem [3.6]),

58 1Paa€@) =eg e o briic 0L m)

):
E,(t))) € n(e(@, U P,))
)WlhtGQ UP,

ifﬂ:zsilefwithie{Ol m},
C<1/}2(2)2% ((‘023,2% (81)>) € C({O 1}) - {zo’ 1} € 77( (Qn U Pn))
fo=p, ,(s)€X withie{0,1,...,m}

(here we use Lemma [3.4](d)).

In either case, g, (x) € R, and, consequently, R is g,-invariant.

n

Let K be a connected component of G\ R, . Since [ is an interval with end-
points {zo, 72} C R, either Clos(K) C I or Clos(K) C X. In the first case,
Clos(K) is clearly an mterval Now assume that K C Clos(K) C X. Clearly,

K is a connected component of X\ R, = X\{gpg2 L(s,)1e€{0,1,... ,m}}
0°°1

Since the map ¢_, _, : [0,1] — X is surjective and
07°1

0,

ke, 40 i 01 m

0’
by Lemma B&(a), ¢_, ,((s,,s,,,)) = K for some i € {0,1,...,m — 1}.
0°°1
Hence, by Lemma B.4(b), Clos(K) = ¢_, ,([s,,s,,,]) is an interval. This
0°1

17 Ti41
shows that R, is a Markov invariant set for g, .
The R, -basic intervals are:

-[0513514 I2n 3 CI\Int( )
To=n(e(7)) CT\Int(T) for j=0,1,23
L, := sil,sl,l+1 i

) =€ Ys,,s 1+1])CI for ¢1=0,1,...,m—1, and
L)X for i=0,1,...,m—1.

Moreover, unlike other R, _-basic intervals, the elements of

{(pz‘%,z‘% ([$i7si+1]) :1€{0,1,...,m— 1}}

may coincide. The (pairwise different) elements of this set will be denoted
by U,,U,,...,U, with r <m —1, so that

{U,,U,,...,U,} = {9052’5% ([si,siﬂ]) RS {0,1,...,m—1}} cX

0

Next we will show that g, is a Markov map with respect to R, and we
will compute the Markov graph of g, with respect to R, . More precisely, we
will show that g, is monotone at every basic interval and derive the Markov
graph of g, with respect to R, from the Markov graph of f with respect to
e(Pn U Qn) which, by the proof of Theorem [B.6], coincides with the Markov
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graph modulo 1 of F, with respect to P, U @, (see Proposition B.8(b))
provided that we identify [I] with e([I]) = e(I) for every I € B(P, UQ,,).

We start by observing that if K € {Z),E,E,...,172”73,170,171,{7;,{7;)},
(that is, K € B(R,) with K  I\Int(1,)), then ' (K) € B(e(Q,UP,)) and
9, (K) = (nof,)(n ' (K)), which is equivalent to n~ (g, (K)) = f, (n~}(K)).
Consequently, g, is monotone on K because f, is a Markov map with re-
spect to e(P, UQ, ) (see the proof of Theorem B.6) and, for every interval
Le {E,E, E, . ,1;,173, jo, jl, 172, @}U{Iﬁ}, it follows that K g,-covers L if
and only if n~}(K) f,-covers n~1(L). With the help of Proposition[B.8(b) this
gives the Markov graph of g, on the intervals J € B(Rn) with J C I'\Int (171)
and shows that fo g,-covers L, for i =0,1,...,m —1 (to illustrate this fact

see Figure [6] which shows the Markov graph of g, in the case n = 4k —1 and
d =2k — 1 with k£ € N).

F1GURE 6. The Markov graph of g, in the case when n =
4k —1 and d = 2k — 1 with k£ € N (being the other case when
n =4k+1 and d = 2k+1). The part of the Markov graph of
g, with respect to R, which differs from the Markov graph
of f, with respect to e(P, UQ,) is shown inside a grey box
with a zigzag border (see Proposition B.8(b)). The arrows
between the intervals L, and U, are just illustrative.

Now we consider the intervals L,. Clearly, by Lemma B.4(b),
gn(Li) = @5(2)75% (g(Lz)) = @5(2)’5% ([Si’ Si+1]) e{U,,U,,...,U,}

and g, is monotone on L,. This shows that in the Markov graph of g, every
interval L, g,-covers a unique interval U, but different intervals L, can g,,-
cover the same interval U, (see again Figure [).
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Finally, we consider the intervals U,. Clearly, by Lemma [3.4(e),

gn(Uj) = C(lbsg’gf (U])) = C(lbgg’gf (905375% ([Sij ) 5¢j+1]))) = ¢([0,1]) = I,

and g, is monotone on U;. This shows that in the Markov graph of g, every

interval U, g,-covers a unique interval 12 (see once more Figure [@]).

We just have seen that g, is a Markov map with respect to R, such
that f(K) is a (non-degenerate) interval for every K € B(R,). Then, by
Lemma [B.5] the map g, can be modified without altering g, | r and g, (K)

for every K € B(R,) in such a way that g, becomes R, -expansive. So, we
can use Theorem [ZI3] to prove that g, is transitive. The Markov graph of
g, (see Figure [6] and Proposition B.8(b)) tells us that the Markov matrix
of g, with respect to R, is not a permutation matrix because there is at
least one basic interval which g, -covers more than one basic interval (for
instance the interval jo that g, -covers 4 different intervals). Moreover, by
direct inspection of the Markov graph of g, , given any two vertices Tand J
in the graph, there exists a path from I to J. This means that the transition
matrix of the Markov graph of g, is non-negative and irreducible. Thus, g,
is transitive by Theorem 2131

Next we will show that Per(g, ) = Per(f, ) (which will also be helpful in
showing that g, is totally transitive).

In what follows, given ¢ € N and A C N we will denote the set {¢f: ¢ € A}
by ¢ - A.

Observe that, by Theorem 3.6 g € Per(f, ), ¢ # 2 implies ¢ > 2k+1 > 3.
Thus, for every ¢ € N\ {1}, g > n and, hence, ¢q € Succ(n) C Per(f,).
Consequently, again by Theorem B.6]

Per(f)= {200 |J a¢{}c{nu |J oN=

q€Per(f,) q€Per(f,,)
q7#2 q7#2
Per(f,) U U q- (N \ {1}) C Per(f,) USucc(n) = Per(f,).
qePer(f,,)
q72

So, to prove that Per(g, ) = Per(f,) it is enough to show that

Per(g,) = {2} U U q-N.

q€Per(f,,)
q7#2

First we will show that 2 € Per(g,). Recall that, by Theorem B.0] @,
is a lifted periodic orbit of F, of period 2, which implies that e(Qn) is a
periodic orbit of f, of period 2. Moreover, n(e(Qn)) c I\ Int(fl) and,

hence, g, (y) = (no f,on')(y) for every y € n(e(Q,,)) (here and in the rest
of the proof that Per(g, ) = Per(f,) we use the fact that g, ‘R has not been

modified). Thus, n(e (Qn)) is a periodic orbit of g, of period 2.

Let Y be a periodic orbit of g, of period p # 2. We have to see that p = {q
with ¢ € N and ¢ € Per(f,), ¢ # 2. In the same way as before, n(e(P,)) is
a periodic orbit of g, of period 2n, and e(Pn) is a periodic orbit of f, of
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period 2n. So, if Y = n(e(Pn)), p € Per(f ), p # 2 and we are done in this
case.

In the rest of the proof we assume that ¥V # n(e (Pn)) Then, YNR, = 0.
Indeed, otherwise,

D#g>(YNR,)Cg(Y)Ng?(R,) C
Z2(V)Nn(e(Q, UP,)) =Y 1 (n(e(@,)) Un(e(P,)))

by B2) and BX). Thus, Y Nn(e(Q,)) # 0 because Y # n(e(P,)) implies
YN n(e(Pn)) = (). Then, since both Y and 77(e (Qn)) are periodic orbits of
g, it follows that Y = n(e (Qn)); a contradiction because we are assuming
that p # 2. Therefore we have shown that Y is disjoint from R, . Conse-
quently, by Proposition 2.8 there is a loop A = K, — K, — -+ —
K, , — K, in the Markov graph of g, of length p associated to Y.

Now we define a projection 7: B(Rn) — B(e (Pn U Qn)) from the set of
basic intervals of g, to the set of basic intervals of f, in the following way.
For every K € B(R,) we set:

nUK) ifKcI\I;
m(K) = < e(l,) if K I
e(I,) ifKcCX.

It is clear by construction (see Figure[fl and Proposition [3.8(b)) that if there
is an arrow J — L in the Markov graph of g,, then there is an arrow
m(J) — w(L) in the Markov graph of f,. Moreover, since A is a loop of
length p in the Markov graph of g, , the projection of A

(A =7n(K,) — n(K,) — - — W(Kpil) — 7(K,)

is a loop in the Markov graph of f, of the same length. By Lemma[2.7] there
exists z € m(K,) such that fi(z) € m(K,), 0 <i <p—1and fP(z) = z.
Then, the f -period of z is ¢, a divisor of p, so that p = ¢q with £ € N and
q € Per(f,). To end the proof that Per(g,) = Per(f,) only it remains to
show that q # 2.

By way of contradiction we assume that ¢ = 2 (so that the f, -orbit of x
is {z, f, (x)}). Clearly, in this case, £ > 2 (and, hence, p > q) because p # 2.
On the other hand, as it it has been already justified after enumerating
the R, -basic intervals, the Markov graph of f, with respect to e(P, UQ,,)
coincides with the Markov graph modulo 1 of F, with respect to P, U@,
provided that we identify [I] with e([/]) = e(I) for every I € B(P, UQ,,).
Consequently, Proposition B.8(b) gives the Markov graph of f, with respect
toe(P,UQ,).

First we consider the case when {z, f, (z)} Ne(P, UQ,) = 0. By Propo-
sition [Z.8/(a), there exists a loop associated to {z, f, (z)} in the Markov
graph of f . By Proposition B8(b), {z, f, ()} is associated to the loop
e(J,) — e(J,) — e(J,), which is the unique loop of length 2 in the Markov
graph of f,. Moreover, since {z, f, (z)}Ne(P,UQ,) =0, and f(z) € n(K,)
for 0 < i <p-—1and fP(x) = x, it follows that m(\) is an ¢-repetition of
e(J,) — e(J,) — e(J,). Hence, in view of the definition of 7, we have
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that 771(7()\)) = A and, thus, A is an f-repetition of the loop
Jo=me(dy) — Ty =7 (el ) — Jy =7 (e( ;).

By Proposition Z8(b) applied to A it follows that £ = 2 and J, —» J, — J,
must be negative. However, with the notation of Proposition B.g| it follows
that F, | ; and F, | ;. are strictly increasing and

0 2

Fn(Jo) = [xl7yn+2] 2 [x17yn—2] = J2 and Fn(JQ) = [w27y2n] = Jo + 1.

Thus, the loop jo — i — jo is positive; a contradiction.

Now we consider the case when {z, f, (z)} Ne(P, UQ,) # 0. Clearly,
since {z, f, (z)}, e(Q,) and e(P,) are periodic orbits of f,, we have either
{z, [, (@)} =e(Q,) or {z, f,(x)} = e(P,). Furthermore, since the f, period
of e(P,) is 2n, it follows that {z,f,(z)} = e(Q,). On the other hand,
observe that the only intervals of B (e (Pn U Qn)) containing a point from
e(Q,) are e(J,), e(J,), e(J,) and e(J,) (see Proposition B.8). Thus, since
fi(z) €e(Q,) Nm(K,) for 0 <i<p-—1, it follows that

m(K,) € {e(J,),e(J,),e(J],),e(J;)} for 0<i<p-—1.

Moreover, as it can be checked in Proposition B.8(b), e(JJ,) is not f, -covered
by any of these four intervals. So, e(.J,) cannot appear in 7(A). In a similar
way, since e(J,) is not f, covered by e(.J,) and e(.J,) and is f, -covered only
by e(J,) which, as we already know, does not take part in w(X), e(J,) does
not appear in 7(A). Consequently, 7(K,) € {e(J,),e(J,)} for 0 <i<p—1
and, as in the previous case, 7~ !(7(\)) = . So,

K, e {J, =ne(],)), ], =7 (e(J,))} for 0<i<p-—1.

We recall that the only loop in the Markov graph of g, consisting only on
intervals J, and J, is J, — J, — J, (see Figure [)) and that this loop
is posmve Thus, either A = J — j — J or A is an f-repetition of
JO — J — J In view of Proposition 2.8(b), this last option is not
possible because, in that case, A would be a repetition of a positive loop and
hence A\ = jo —J, — jo and p = 2; a contradiction. This ends the proof
that Per(g,) = Per(f,).

On the other hand, since Per(g, ) = Per(f,) D Succ(n) and g, is transi-
tive, it follows that Per(g,) is cofinite in N and g, is totally transitive by
Theorem []

To end the proof of the theorem we will estimate h(gn) in a similar way
as in Proposition B8 So, we choose Rom, = {.J,,.J,} as a rome in both
cases: n =4k + 1 and n = 4k — 1. Then, the matrix Mg, (x) is:

22 +ma2 L a(z) ma? + alz) when n= 4k —1 and
_9 d = "5 for some
%+ o) a(z)

k € N, and

d = ”TH for some

k eN,

(x‘z +ma™? L a(z) ma4T? 4 oz(x)) when n = 4k+1 and



ENTROPY, PERIODS AND TRANSITIVITY 45

when n = 4k — 1 and d = 2%
for some k € N, and

when n = 4k + 1 and d = 2L
for some k € N.

Finally we are ready to compute the characteristic polynomial P, (z) of the
Markov matrix of g, with respect to R, by using Theorem As in

Proposition 3.8 it turns out that it is the same in both cases: n = 4k — 1
andd:"T_1 orn=4k+1 andd:"T‘H.Weget

p3d-2 4 p—2d-2 4 (—d-2
a(z) =
30 4 p2d 4 g—d

3n+1

P (z) = 2™ (2% — 1) — 2z~ 2

. 2"t 22" e —m

and h(g,) = log p, where p, is the largest root (larger than one) of P, .
The polynomial P, is very similar to the polynomial 7/, in Proposition 3.8

Thus, reasoning as at the end of the proof of Theorem B.6l we conclude

that, for each m odd, there exists a real number v, > p, such that the

sequence {7, }, is strictly decreasing and lim, , -+, = 1. Consequently,

lim h(g, ) = 0 by Proposition 2111 O

n— o0

3.4. Example with low non-constant periods. This subsection is de-
voted to construct and prove

Example [I.11l For every n € N, n > 3 there exists f,, a totally transitive
continuous circle map of degree one having a lifting F,, € L1 such that

Rot(F,) = (4 ] = [} — b+ g

2n2 7 2n2 n
lim h(f,) =0 and

Per(f,) ={n} U
{tn+k:t€{2,3,...,y—1} and —%<k§%, kGZ}U
Succ (nl/+1—§)

with
n if n is even, and
UV =
n—1 1ifn is odd.

Moreover, StrBdCof (f,) = nv + 1 — & and BdCof (f,) exists and wverifies

n < BdCof (f,) <nv —1— % (and hence, lim,_,_ BdCof(f,) = c0).
Furthermore, given any graph G with a circuit, the sequence of maps

{f.}22, can be extended to a sequence of continuous totally transitive maps

g, G — G such that Per(g, ) = Per(f,) and lim,_,__ h(g,) =0.

As in the previous subsection, Example [[.TT] will be split into Theorem [3.9]
which shows the existence of the circle maps f,, by constructing them along
the lines of Subsection 3.1 and Theorem B.10] that extends these maps to a
generic graph that is not a tree. The proof of Theorem [3.9] in turn, will use
a proposition that computes the Markov graph modulo 1 of the liftings F, .

Theorem 3.9. Letn €N, n >3, p=2n—1,r=2n+1 and g = 2n?, and
let

Q,=1{.v_ 2, ,2,,...,0,_,2,0,,,...} CR, and
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P, :{"'y—layoayuyw---,yq_quay,ﬁu"'} CR

be infinite sets such that the points of P, and Q, are intertwined so that

z,=0<2;, <--- <z, _; <

, << wm < Yo < < oy, <
Zpin <-~-<z2p+n71< Yt1 << Yon < Yy <0 - < Yrin <
Toptn << T4, 00 < Ygprr <0< Yio, < Yy <0< Ygy, <

<< o< : << : < 1< < <
Zptn < < Zopin1 <Ym—2yrtnt1 < <Ym—oyrtron <Ym-1r < <Ym—1yrgn <

Tq

andx, =z, +Landy, , =y, +{ for everyi,l € Z.

We define a lifting F,, € Ly such that, for everyi € Z, F, (x,) = z,,, and
F.(y,) = Y., and F, is affine between consecutive points of P, UQ,,. Then,
Q, and P, are twist lifted periodic orbits of F,, both of period q such that @,

has rotation number g and P, has rotation number 5. Moreover, the map

F, has Rot(F) = [g, g] as rotation interval.

Let f,: St — S! be the continuous map which has F, as a lifting. Then,
£, is totally transitive, lim, ., h(f,) =0,
Per(f,) = {n} U
{tn+k:te{2,3,....v—1}and —5<k<i keZ}u
Succ (nu+ 1-— %) .

Moreover, StrBdCof (f,) = nv + 1 — & and BdCof (f,) exists and verifies
n < BdCof (f,) <nv—1—% (and hence, lim,_,  BdCof (f,) = 00).

Theorem 3.10. Let G be a graph with o circuit. Then, the sequence of
maps { f,, }°°, from Theorem[3.9 can be extended to a sequence of continuous
totally transitive self maps of G, {g, }°°,, such that Per(g,) = Per(f,) and
lim, . h(g,) =0.

Before proving Theorem we will study the Markov graph modulo 1 of
the liftings F,.

Proposition 3.11 (B(P, UQ,) and the F -Markov graph modulo 1). In
the assumptions of Theorem [T.9 we have

(a) The Markov graph modulo 1 of F, is the one shown in Figure[7, where
the double arrows arriving to the the boxes in grey mean that there is an
arrow arriving to each class of basic intervals modulo 1 in the box.

(b) h(f,) =logp,, where p, > 1 is the largest root of the polynomial

T, () = @) (5204 1) 4, ()20 — 2(a — 2271 41),

I{2($) _ x4n _ 2x3n _ x2n+1 _ 2,172” _ 3272”_1 ) + 1,
and

K, (x) = 4% + 22" 4 42 4 227 4 4,
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=0

i=0
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Wi i}

n
U [¥nsir Ui f—— lz, .. vl s]
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I]::E2p+’n.71 ’ yn+1]]

[y, 2,01
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p+n—2 2p+n—2
U [[wi,xiﬂ]] U U [[xi,:viﬂ]] U “
i=p i=p+n

[[yq*/l:’ xq]]
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< U [[yi7 Yisa ) U U IIym Yita
i=0

i=n+1

FI1GURE 7. The Markov graph modulo 1 of the map F,, from
Theorem B9l The double arrows arriving to the the boxes in
grey mean that there is an arrow arriving to each interval in
the box.

Proof. We start by proving (a) but before it is helpful to introduce a new
auxiliary definition. Let a = [[,] — [I,] — [L] — -+ — [1,] be a
path in the Markov graph modulo 1 of F, with respect to P, U@, . We say
that « is a road if [[Il]] only F| -covers [[Ii+1]] fori=0,1,2,...,k—1 (that is
[.] — [Z,..] is the unique arrow beginning at [/,] in the whole Markov
graph modulo 1 of F, with respect to P, U@, ) and [[I k]] I -covers more
than one equivalence class (modulo 1) of P, U @, -basic intervals. In the
trivial case when k = 0 a road consists on a single class (modulo 1) which
F -covers more than one equivalence class.
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The Markov graph modulo 1 of F, with respect to P, U (@, can be de-
composed in the following roads:

(3.9.2) [z, .. 2,] — [2sp_1. 25, ] — - —
Hx(q—n)l)—l ) x(q—n)p:” = Hxnfl ’ xn:ﬂ
is aroad of length ¢—n—1 which is formed by all the ¢—n equivalence

classes (modulo 1) of P, U@, -basic intervals having both endpoints
in @, . More concretely,

{[ze_1 2] : €€{1,2,...,q—n}} =
(3.9) {[zp2,,] : €€{0,1,...,qg =13\
{ip+n—-1:9ie{1,2,...,n}}}.

(3.9.b) The class [z,_,,,] F,-covers [[xn_prp,yo]], [y, 2,,,] and all the
classes [y,,y,,,] fori=0,1,...,n—1.

(3.10.&) [[yr717y7‘:|:| — H:y2r717y27‘:|] —
Hy(qfn)rfl’y(qfn)rj” = Hy(nfl)r’ y(nfl)rﬁ»l:”
is a road of length ¢ — n — 1 which is formed by all the ¢ — n
equivalence classes (modulo 1) of P, U @, -basic intervals having
both endpoints in P,. More concretely,

{[[ylrﬂ’yzr]] L e {1,2,...,q—n}} —

(3.10) {Myeva] - €€40,1,...,q—1}\
{ir+n:ie{0,1,...,n—1}}}.

(3.10.b) The class [[y(nfl)r,y(nfl)rﬂ]] F -covers [[yn,an]], [[%anl,ynﬂ]]
and all the classes [[3: L . ]] fore=0,1,...,p— 2.

ptn+i? pt+ntitl
(3.11.a) [[yn,an]] — [[yr+n,x2p+n]] —_— e —

[[yn 1)r+n’ nP‘Hl]] [[yq l’x ]]
is a road of length n — 1 which is formed by all the n equivalence
classes (modulo 1) of P,UQ,, -basic intervals verifying that each class
has a representative basic interval whose first endpoint belongs to
P, and the second one to @,,.

(3.11.b) Theclass [y,_,,z,] (negatively) F,-covers [z,,. ., 4] [¥n:2,en]

nl?n

[[x2p+n_l,yn+1]], and all the classes
[[xi,xiﬂ]] for i=p,p+1,...,p+n—2,
p+n,p+n+1,...,2p4+n—2, and
lv,,y,.,] for i=0,1,...,n—1,
n+1ln+1,....2n—1=r—2.
(3.12.a) [z,.._.,y,] is a trivial road.
(3.12.b) The class [z, ..,
[[ynﬂ.,ynﬂ.ﬂ]] fori=1,2,...,n
(3.13.a) [[%anl,ynﬂ]] — [[%anl,y”nﬂ]] S —

[[xanﬁnfl ? y(n—2)r+n+1:|]
is a road of length n — 2 which is formed by all the n — 1 equivalence
classes (modulo 1) of P,UQ, -basic intervals verifying that each class

]] F -covers [[x2p+n_1,yn+l]] and all the classes
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has a representative basic interval whose first endpoint belongs to

@, and the second one to P, except for [[xp +n_1,y0]], which gives

the previous trivial road.
(3.13.b) The class [[xnp+n71,y(n72)r+n+l

classes [[x x ]] fori=-1,0,1,...,n — 2.

]] F -covers [[xp+n71,y0]] and all the

ptir Uprita
We will prove Statements (3.12.a,b). Statements (3.13.a) through (3.16.b)
follow analogously. We will start by proving that

[[x(q*n)pfl’x(qfn)p]] = [[xn—l’x"]]
and (B.9), which shows that the path from (3.12.a) is formed by all the
g — n equivalence classes (modulo 1) of P, U@, -basic intervals having both
endpoints in @,,.

To do this we will use the following facts (which are easy to check) about
the numbers n, p, rand g: np=q—n, nr=qg+n, rp = —1 (mod ¢) and
(p,q) = (r.q) =1

Observe that (p,q) = 1 implies {fp}, € {1,2,...,q — 1} for every ¢ €
{0,1,...,¢ — 1} and, hence, {¢p — 1}, € {0,1,...,¢ — 2}. Summarizing,

(3.14) {tp}g ={lp—1};+1 whenever (e {l,2,...,q—1}.

Since np = ¢ — n, we have (¢ —n)p —1 = g(p — 1) + (n — 1). Hence,
{(¢g—n)p—1};=n—1, and [[m(q_n)p_l,x(q_n)p]] = [[35%17%]]-

Now we will prove (89)). Fix ¢ € {1,2,...,¢ — n}. From BI4]) it follows
that [xz T ] and {x [3: T ] — LEJE are basic

p—1°Vep p—1° Vep q
w1 and z, in the first case and
Ty, and Ty in the second one) are consecutive in P, U@, . In view
of the crucial assumption on the relative positions of the points of P, U Q,,
from Theorem B.9] this happens whenever {¢p — 1}, # ip + n — 1 with
i €{1,2,...,n}. By way of contradiction assume that {{p—1}, =ip+n—1
for some 7 € {1,2,...,n}. By using again (3.I4) this is equivalent to

{ep—l}q’x{ep—l}qﬂ} =
intervals provided that their endpoints (z

{tp}ty=ip+n <<= {U—i)p+kg=n
for some k € Z. The last equality holds if and only if
(C—ik)e{(g—n+tqgl—p—tp):teZ}
(recall that np = ¢ —n). Since 1 < ¢ < g—n and 1 <i <n, it follows that
l-n<fl—i=q—n+t¢g<g—n-—1;
a contradiction because ¢g—n+t¢g<l—nfort <Oandg—n+tg>qg—n—1
for t > 0. So, we already know that the path from (3.12.a) is formed by all
the ¢ — n equivalence classes (modulo 1) of P, U @, -basic intervals having
both endpoints in @, . To see that this path is a road and to prove (3.12.b)
we need to compute the images of the corresponding P, UQ), -basic intervals.
Since F, (v,) = x,, and z,, , = x, +{ for every i,{ € Z; and F,, is mono-
tone on every interval from B (Pn U Qn) (bearing in mind the assumption on
the relative ordering of the points of P, U @, in Theorem B.9) we see that

LThis equality follows from ¢p—1 = ¢- VPTAJ +{¢p—1}4and z,, , = z, + £ for every
ile .
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F, ([%p_p%p]) = {x(Hl)p_l,x(Hl)p] for{ =1,2,...,g—n—1. On the other
hand,

F, ([xnfl,xn]) = [xnflﬂﬂxnﬂ?] =
[mn,1+p,y0] U (

Thus, Statements (3.12.a,b) hold.

To end the proof of Statement (a) (Figure[T]) observe that there are exactly
2q P, U Q,-basic intervals in the interval [0, 1] and, hence, there exist 2¢
equivalence classes (modulo 1) of P, U@, -basic intervals. So, the above list
of roads given in Statements (3.12-16.a) displays all vertices in the Markov
graph modulo 1 of F, with respect to P, UQ,, (classified according to roads).
The arrows between vertices in this Markov graph are those given by the
previous roads and the arrows beginning at the last class of every road given
in Statements (3.12-16.b) All these vertices and arrows between them are,
precisely, the ones packaged in Figure [71

To prove (b), as in the previous subsection, we will use Propositions 210l
and 2Z.T1] and Theorem Notice that Statements (3.12-16.a,b) above
imply that P, U@, is a short Markov partition with respect to F),. Then,
as before, f is a Markov map, the Markov matrix M, of f with respect
to e(Pn U Qn) is non-negative and irreducible and, by Propositions 2.10]
and 211 h(f,) = logo(M,) where, by the Perron-Frobenius Theorem,

n

o(M,) is the largest eigenvalue of M, and, hence, the largest root (larger
than one) of the characteristic polynomial of M, . So, to end the proof of
the proposition we need to compute the characteristic polynomial of M .

As before, we identify the set B(e(P,UQ,)) with the set of all equivalence
classes of P, U@, -basic intervals (i.e. the set of all vertices of the Markov
graph modulo 1 of F),). Then, the matrix M, coincides with the transition
matrix of the Markov graph modulo 1 of F, given in Figure [7l

To compute T, we will use Theorem [2.12] with

n—1

[yi7yi+1]> U [ymmn-t-p] :

=0

Rom, = {rl = [[a:n_l,:cn]],rQ = [[:cp+n_l,y0]],

r3 - Hxnp+n71 ’ y(n—2)r+n+l]:| ’

to = (Yo Yoniesa o5 = [[yq_l,:vq]]}

as a rome (being their elements marked in Figure [[l with a box with dou-
ble border and sloping lines background pattern). Then, we recall that
Mg, (x) = (a,;(x)) where a,;(z) =3 2~ 4?) | and the sum is taken over all

Rom,, (%)
simple paths starting at r; and ending at r, (since M, is a matrix of zeroes
and ones the width of every path is 1). From (a) and Figure [l we have

0 r1 0 a,(x) ="

0 0 2= g, (x) 0

M,, ()= |ays(@@) =' 0 0 0
! a,(x) 0 z=(D 0 x"

a5 (z) a7t @m0 ag(x) 2
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where (recall that p = 2n— 1, n+np =q, r =2n+ 1, nr = ¢+ n and
pr=2q—1):

n—1 n—1
_ Zx—{n-i-ip}q _ Zx—(n—kz’p) _ x—n(l + a(x));
i=0 i=0

ay, (x) = Zx_{”“"”)p}q = Z g7 =27 + a(z);

i=1 =1

n—2 n—2
Qg (x) = Z x*{n+2+(p+i)r}q = xf("JrlJrq*T) + Z x*(”‘l’l‘l’i?‘)

1 =0
— p(ntligr) 4 x_("H)B(x) =2~ D (270 4 B(a));

p—2

a, (.%') _ Z —{n+2+(p+n+i)rtq _ Z - {(i+1D)r}q

=0

— Z —(z+1)r+ Z ((i4+1)r—q)

=0 i=n—1

— 7r18 + Z T ((n+i)r—q) frﬁ + Z x*(ﬂ*f’lr

= (¢7" 2" ")ﬂ(l‘);
a,, (z) = (ay (z) — x*(”ﬂﬂﬂ)) +a,(z)= (xf("ﬂ) + 27"+ xfn)ﬁ(x);
a5, (%) = a,,(2) + (ay,(2) —27") = 27" (1 + a(z)) + ()

=z "+ (1 + x_")a(x);

—np _ 4—p  p—(n=1)p _1

n—1
a(z) = Zx_i” _ = , and

zP—-1 1—aP

—(n=1)r _1 wf(nf2)r T

n—2
)= 2" =y =

r—1 1—2ar
Next we explain the above computations for the matrix Mg, (z). All entries
in this matrix can be easily deduced from Figure [1 except for the entries
a,,(z), a,(x), ay (), a, (x), a,,(r) and a,,(x) (these “complicate” terms
of M, (x) are determined by the partition of the Markov graph modulo 1
of F in | roads and the fact that we have chosen the last vertex of each road
to be a member of the rome). They correspond to simple paths of the form

(see (B9) and (BI0)) either

ri,— [[xmxzﬂ]] = [[pr 1 ep]] - [['I(Z+l)p71’l‘(z+l)p:[| —r

[[x(q—n)p—l’x(q—n)p]] =", or

I’j — [[yiay¢+1 = [[yer—vyzr]] - [[y(l+1)r—1’y(l+1)r]] —r

|:|:y(q—n)1"—l7y(q—n)7‘:|:| - r47
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for some j € {1,2,3,4,5}. We claim that the length of the first one of the
above paths is {n + 2 + ir}, and the length of the second one is {n + ip},.

Then, entry a,,(z) can be obtained as follows: Statement (3.12. b) tells us
that r, = [[xn 1 n]] F -covers all the classes [[y yﬂ]] fori =0,1,...,n—1,

and (BI0) sows that [[yl,yz+1 (9, 1+ 9., ] for some £ € {1,2,...,q —n}.
Hence, every of such paths is a simple path from r, to r, and, by the claim,

it contributes 2~ {"*+%®} to the entry a,, (x). Thus,

n—1 n—1
=3 ptntike = §7 (ki)
i=0 i=0

because n +ip < n+ (n —1)p < ¢ — p and, hence, {n +ip}, = n+ip. The
other “complicate” entries: a,,(z), a4, (), a, (z), a;, (z) and a,,(z) can be
justified analogously.

Now we prove the first statement of the claim; the second one follows
analogously. The path

[0 20] = [£o 02 ] — [Forny e Tisn,] — -
- [[x(q—n)p—ﬂx(q—n)p]] = [[xnfuxn]]

can also be written as

1) Vi1 ]] —

i+p? 1+1+p
— [[mi+dp7x¢+1+dp]] = [[ n—1> n]]

which clearly has length d for some d € {0,1,...,¢g — 1}. We have to show

that d = {n + 1 +ir},. Since np = ¢ —n and rp = —1 (mod q),

i+ (n+1+ir)p=i+q+(p—n)+irp=q+i(l+rp)+(n—1) =n—1 (mod q).

So, the path

r, — [[xi’xi+l]] = erp 1 Zp]] — [[x(z+1)p71’ z+1)p]] —"
[[x(q—n)p—ﬂ (q—n)p]] - [[mnflfxn:”

has length {n +1+ir}, +1 = {n+ 2 +ir}, because, according to (3.12.a),
the length of the path is {n +1+ir}, < ¢—n —1 < ¢ — 1. This ends the
proof of the claim.

By Theorem 2.12] the characteristic polynomial (ignoring the sign) of M,
is

:l: 'I2q det( Rom,, - 15) =

Ky (2)2%1 + K, (2)20t" + K,y (z) — 2(2* — 2272771 + 1)
(z2n=1 — 1) (221 — 1) -

T, (x)

n

(xQn—l _ 1) (x2n+1 _ 1) ’

Clearly, the largest root (larger than one) of the characteristic polynomial
of M coincides with the largest root (larger than one) of the numerator of
+a?0 det(M,,, — 1) which is T, (2). a
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Proof of Theorem[Z.9. In a similar way to the proof of Theorem we see
that @, and P, are twist lifted periodic orbits of F) both of period ¢ such
that @, has rotation number g and P, has rotation number g.

The proof that Rot(F),) = {g f} also follows as in Theorem [3.6] with the

)
q
following differences. There exists a unique u;' € (xnp+n—1’y(nf2)r+n+l) with

E, (uzn) =z, +1="F,(z,)+1(F, ([xnp+n—1’y(nf2)r+n+1]> =1+ [xp—l’yo])
such that
(F,),(z) =inf{F, (y) : y >z} =
F (z) for z € [
x, +1 for x € [u:‘,l],
(F,)(z = [x]) + [«] ifz ¢[0,1];
and a unique u” € (z,,,_,,y,) with F, (v*) =y,, =y,_, = F,(y,_,) — 1
(Fn([xp+n71,y0]) = [x2p+n71,yT]) such that

(F,). () =sup{F,(y) : y <a} =

Yo, for z € [O,UZ],
Fn (1’) fOI' (S [u27 yQ*l]’
Yy, + 1 for x € [yq,l, 1],

(F) (x—|z])+ =] ifx¢]0,1].
In this situation we have P, N [0,1] C [u”,y, ], (Fn)u‘Pn = F"‘Pn and,
hence, p((F,),) = P, (P,) = . In a similar way, @, N [0,1] C [0,u]],
(Fn)l|Qn = F"‘Qn and, hence, p((F,),) = pr, (Q,) = %. Consequently,
Rot(F,) = [g, g] by Theorem 211
To compute the set Per(f,) we will start by computing M(g, g) We

claim that
M(g, g) = {n} U
{tn+k:te{2,3,...,v—1}and —L<k<i keZ}u
Succ (nv+1—%)
with
n if n is even, and
v {n—l if n is odd.
In what follows, to simplify the notation, we will denote

K,={1-%5,2—-%,...,0,1,...,n— 5 }.
Taking into account that nv — § =n(v —1) + <n - %) and

N={1,2,...,2n— %} USucc (nv+1-%)U
{tn+k:te{2,3,...,v—1}, ke K},

the claim follows directly from
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)m{1,2,...,2n—g}:{n},
)DSucc(ny—i—l—%),and
>ﬂ{tn+k:te{2,3,...,u—1} and k€ K, } =
{tn+k:te{2,3,...,.v—1}and — L <k<i keZ}.

—

—_

N~—
/N
[ISEEESY S
Q3 QS

3

—~
e
=
=
N—
VS
Qs

Moreover, to prove these three statements note that the elements of M <£ f)

q’q
are those m € N for which there exists £ € N such that
2n—1 < ¢ 2n+1

3.15
( ) 2n? m 2n?

Simple computations show that
2n—-1 1 2n+1
1 2
0<mm= oz S n S Topz Stk
for every k € {1,2,...,n — 1}. Thus (i) holds.
To prove (ii) we write
Succ (nv+1-%)={tn+k:teN, t>vand keK,}

(recall that nv—§ = n(v—1)+(n—v/2)). Moreover, (B.I5) with m = tn+k
is equivalent to

1
<%

(3.16) (2n — 1)k —tn < 2(0 —t)n* < (2n + 1)k + tn.
Assume first that either n is even or k¥ < n — % — 1. In this case (3.10)
with £ =t holds because t > v, 1 — 5 <k <n— g and

(2n — 1)k —tn <

n — %) when n is even
(2n —1)

—vn =
n—%—l) when n is odd and kK <n — 5 —1

2n—-1)5—-vn=—-5<0<2n+1-5%=

(2n—|—1)<1— %) +vn < (2n+ 1)k + tn.

Thus, tn + k € M(%, 2) in this case. Now we assume that n is odd and
k =mn — %. Then, (3I6) with £ = ¢ + 1 holds:

(2n—1)k—tn§(2n—1)(n—%>—Vn:%<2n2<

2n2+<n—%) :(Qn—{—l)(n—%)+1/n§(2n+1)k:+tn,

and (ii) follows.
Next we prove (iii). First notice that when n = 3, then v = 2 and, hence,

{tn+k:te{2,3,...,v—1}and ke K } =
{tn+k:te{2,3,...,.v—1}and — L <k<i keZ}=0.

So, (iii) holds trivially in this case.
In the rest of the proof of (iii) we assume that n > 4 and we will again

use (B.16). Observe that
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—om? <P om(n+d-v) 4 (5-1) =@n-1)(1-%) ~(w-1n <
(2n — Dk —tn <200 —t)n® < 2n+ Dk +tn <
(2n—i—1)(n—%>—|—(V—1)n:2n2—§<2n2

because t € {2,3,...,v —1} and 1 —
and, then, ([BI6]) becomes

2n—1k—tn <0< (2n+ 1)k +tn,

5 <k <n—g. This implies £ — ¢t =0

which is equivalent to

_2nt11< <2n_1 and kel .
Observe that, for every ¢t € N,
ety b
2 2n+1 2 2n—1

To prove (iii) we will show that the following three statements hold:

0 o () - £y 3125
(iii.2) 5 (20 (-5

z 1))

1—1% iftiseven
. t]) = 2
(iii.3) mln(Zﬂ( 2"+1’2D_{ L 45 odd }G/Cn.

First we will show that (iii) follows from the above statements and then
we will prove them. From (iii.3) we immediately get that

t . .
. ) -3 if ¢ is even -
i <Zﬂ < 2"“’ 2]) 1= { —% if ¢ is odd } = '

SN[+

=1
2

wlw-

H.

DO+

Consequently, by (iii.1-3),

tn t tn t
zn(-—2— L=k, n(-—2- 2 d
< 2n—|—1’2] " < 2n—|—1’2} o

t tn t in
ZN|—=,— =7 = = 0.
ﬂ( 2’ 2n+1} m(2’2n—1> 0
So, since K, C Z,

t t tn tn tn tn
ZzZN|{——=,=-|=ZNn|{———, —— K Nn(-— _—
( 2’2} < 271—}—1’271—1)D n ( 27’L—i—1’2n—1>D
tn t tn t t t
LKNn|{-———.,=-|=ZN|—-———,=| =ZN | —=, =
" < 2n+1’2} ( 2n+1’2] < 2’2}’

272] =K, ﬂ( 2n+1’2n 1
the claim, provided that (iii.1-3) are verified.

We start by checking that (iii.1) holds. The fact that

t . .
n t]\_J) 3 if ¢ is even,
maX(Zm( 2n+1’2D_{ L if ¢ s odd,

which gives Z N ( > Thus, (iii) holds and hence
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is obvious. So, we have to see that max (Z N (
2n > 2n — 1 > 2v — 1 and thus,

<” <n—§—maXIC

2n+1, 2D € K,,. Note that

because t < v — 1. So, since 0 € K, and 0 < max <Zﬂ < 2n+1, 2D , the

statement (iii.1) holds.
To show (iii.2), again since t < v — 1 we have

2tn <2tn+ 2n—v) <2n(t+1)—(t+1)=2n—1)(t +1)

which is equivalent to

tn <t+1
m—1" 2
So, by (iii.1),
in t+1 ‘
2n — 1 <T<1+max<zm< st s)).

Now we prove (iii.3). By assumption we have t < v —1 < n — 1. Hence,

Cn+1)(t+1)> 2n+ 1)t >2nt >2nt —2n+n >
t-1)+(t-1)=2n+1)(t—-1) > 2n+1)(t —2).

This gives
t t t 2—1t
- =< = n <1— - = —— when t is even, and
2 2n+1 2 2
t+1 1—-1t tn 1—-1
— = 1< - —— when t dd,
5 5 < 2n—|—1< 5 when ¢ is o

which proves that

if ¢ is even

: 1-1 ,
mm<Zm< 2n+1’5]>:{ =t it s odd,

Zm(— tn De/c Ift=p—1,

Furthermore, we need to show that min 3
n+1’ 2

since v is always even we have

min<Zﬂ<—t7n E})zl_tzl_(y_l)zl—%élcn.

2n+1"2 2 2

When t < v — 2,

2—v t tn
<-—Z<-— .

2 = 2 2n+1

Consequently, (iii.3) holds as before because

min (20 (-5, 4] ) <0ek,.

This ends the proof of (iii) and the claim with it.
Finally are ready to compute the set Per(f,) by using the above claim.
By Theorem [2.4]

Per(£,) =@y, (2)unt(.2) U@, (1)

and, from the above claim,

Qr, (g) UQy, (2) C gN C Succ (2n2) CSucc(nv+1-%)C M(g z)

min K, =
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because, independently of the parity of n, nv +1 — 5 < n? +1 < 2n
Consequently, Per(f ) = M <§, Z), which, together with the claim, proves
the statement about the set Per(f, ).

Notice that 2% < n implies £ — n < —%. Hence, since v is always even
2 2 2 9 y )

max{tn—i—k:t€{2,3,...,u—1}and—%<k§ kEZ}:

t
2
(y—l)n—i—"T—Z:I/n—i—(%—n)—1§un—%—1.

Then, vn — § ¢ Per(f,) and thus, StrBdCof (f,) = nv +1 — 5. On the other
hand, n € sBC(f,) and therefore, BdCof (f,) exists and verifies

n < BdCof (f,) <nv—1-%.

Next we show that f, is totally transitive. As in the previous example we
have that P, U@, is a short Markov partition with respect to F, . Then, f,
is an expansive Markov map with respect to the partition e(Pn U Qn), and
the transition matrix of the Markov graph of f, with respect to the partition
e(Pn UQn) coincides with the transition matrix of the Markov graph modulo
1 of F, with respect to P, U @, . Moreover, this transition matrix is non-
negative and irreducible, and from the proof of Proposition B.ITl(a) (see
also Figure [M) it follows that there exist five vertices in the Markov graph
modulo 1 of F, (indeed all ends of roads) which are the beginning of more
than one arrow. That is, the transition matrix of the Markov graph of
f,, with respect to e(Pn U Qn) is not a permutation matrix. Then, f, is
transitive by Theorem I3 and, since Per(f,) D Succ (nv+1— %), Per(f,)
is cofinite and f, is totally transitive by Theorem

Next we need to show that lim, ,__ h(f,) = 0. We will use the notation of

Proposition BITi(b) and we write
T,(z) = k,(z) (2% + 1) + £, (2)2z9"" = 25, (2)

4n

with ,(z) := 24" — 22%"~! 4+ 1. Then, for z > 1 we have the following easy

bounds:
Ky (1) = 2 — 2237 — g2l _9g?n _ 3p2n—l _9gm ] >
24" — 10237 = 23" (2" — 10),
ko (x) = 42 + 22" 4™ 42277 44> 12277 and
fo () = ™ — 222771 1 <o — 1 < 2™
Hence, now for z > /10 > 1,
T, (x) > 2" (2" — 10)(x2q +1) + 122" Lp?tn — 9g4n —
23 (2" — 10) (220 + 1) + 227" (62271 1) >
23 (" — 10)(m2q +1) > 0.
Therefore, p, < /10 and
0 < lim A(f,) = lim logp, < lim log V10 = 0.

n—oo n—o0
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Proof of Theorem[Z10. As in the proof of proof of Theorem [B.7] we may
assume that G # S! since otherwise Theorem [3.9] already gives the desired
sequence of maps.

The proof in the case G # S! goes along the lines of the proof of Theo-
rem 3.7 and most of the details will be omitted. We will only summarize
the parts of the proof which are different from the proof of Theorem [B.7,
and the ones needed to fix the notation.

We fix a circuit C of G and an interval I C C such that I N V(G) = 0.
Also, we choose a homeomorphism 7: S' — C' such that

C\Int(I) = (n(e(y,, o)) n(e(z,, 1, .))), and
I>m(e(P,uQ,))u (n(e()), n(e(y)))e-

[z,y]€B(P,UQy,)
(=YY (- 2y (= 1)pn ]

For simplicity, in the rest of the proof we will use the following no-
tation: Given z,y € R we denote by (<x,y>> the convex hull (in C) of
{n(e(x)),n(e(y))} (which, of course, coincides with n(e((z,y),))). With this
notation, the 77(e (P ue, ))—basic intervals in C are

{<<£C y>>: GB(P UQ)}

(see Figure [§)). Clearly, if [z,y] = [[x,y]], then <<:U,y>> = <<:E,g>>

Observe that <<y(n_2)T+n,x(n_l)p+n>> plays the role of f in the proof of
Theorem [B.7] (see Figure [B) and consequently, (<y s q>> plays the role of
the interval TS while <<y(n_4+j)T+n, x(n_3+j)p+n>> play the role of I]. for j =0,1.
Note that all the intervals are well defined since n > 4 and they are pairwise
disjoint because of the ordering of points defined in Theorem [3.9

Weset X := G\Int(I) D <<y(n 2yrtn? L 1)p+n>> and V(X) = V(G)U{a, b}
with a := 77( (y(n_Q)Hn)) and b := 77( ( (n—l)p+n)) Then, as before, we use
Lemma [3:4] for the subgraph X (see Figure [B). Let m = m(X,a,b) >
5 be odd, consider the partition 0 = s, < s, < --- < s, = 1, and
let the maps ¢_,:[0,1] — X and ¢, ,: X — [0,1] be as in Lemma 3.4l
Moreover, as before, we define two arbitrary but fixed homeomorphisms

¢:[0,1] — <yq71,xq>> and &: <<y(n_3)T+n,x(n_2)p+n>) — [0, 1] such that

¢(0) = nle(y,,)), ¢(1) =nle(z,)), £(n(e(y,_y,,,)) =0 and
S(W(e(ﬂﬁ(n_z)p+n))) =1

(see Figure Bl for an analogous situation).
Equipped with all these definitions, for n > 4 we set

0., (E(2)) if 2 € (Yrayrins Tonaypin )i
g.(@) == { (i, , (@) if 2 X
(77 o fn o nil)(x) lf WS I \ Int<<y(n—3)r+n7 x(n—Q)p+n>>'

Then, as in the proof of Theorem [3.7] we can easily but tediously show that
g,, is a Markov map with respect to the partition

R, =n(e(Q,UP))U{c(s,):i€{0,1,....,m}}U
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{os(s) 1i€{0,1,... . m}},

whose R, -basic intervals are:

{{z.v) :
(2,9 € B(P, U Qo) \ ([Weamsyrinr Tonappan ] Y Wenayins Tamiypn])
} CINIE(Y )00 Tazypin )
{L, = 5_1([si,si+1]) :i€{0,1,...,m—1}} C <<y(n_3)T+n,x(n_2)p+n>>, and
{U,,U,,.... U} ={¢,,([5;,5.,,]) : i €{0,1,...,m —1}} C X.

Next we will derive the Markov graph of g, with respect to R, from the
Markov graph modulo 1 of F with respect to P, U @, , which coincides
with the Markov graph of f, with respect to e(Pn U Qn) provided that
we identify (<x,y>> with e([[x,y]]) = e([m,y]) and this with [z,y] for every
[z,y] € B(P,UQ,) (sce the proof of Proposition BII)). Clearly, the Markov
graph of g, on the intervals {z,y) such that [z,y] € B(P, UQ,) and

[iE, y] ¢ [I:y(n—4)'r+n’ x(n73)p+n]] U [[y(n—S)r+n’ x(n72)p+n]] U [[y(n72)r+n’ x(nfl)pJﬁn]]

is isomorphic to the Markov graph modulo 1 of F restricted to the corre-
sponding intervals [z,y] (see Figure [, Proposition B.I1(a) and Figure [T).
Also, by construction, the interval <<y(n_ syrtn Tnz)p +n>) g,,-covers all the in-
tervals L,,L,,...,L,_, C <<y(n_3)T+n, x(n_Q)p+n>>. Thus, in the Markov graph
of g, there is an arrow from <<y(n_4)T+n,x(n_3)p+n>> to each one of the inter-
vals Ly, L,,..., L, , (see Figure). Moreover, every interval L, g, -covers a
unique interval U, but different intervals L; can g, -cover the same interval
U,, and every interval U, g,-covers the same interval (yqfl,x q>). Hence, the
Markov graph of g, with respect to R, is the one shown in Figure 8 where,
again, the double arrows arriving to the boxes in grey mean that there is an
arrow arriving to each basic interval in the box and the arrows between the
intervals L, and U, are just illustrative. The part of the Markov graph of
g, with respect to R, which differs from the Markov graph modulo 1 of F},
with respect to P, U@, is shown inside a grey box with a zigzag border.

As before, by Lemma [3.5 the map g, can be modified without altering
gn{R and g, (K) for every K € B(R,) in such a way that g, becomes R, -
expa%sive. So, we can use again Theorem 2.13] to prove that g, is transitive.
The Markov graph of g, tells us that the Markov matrix of g, with respect to
R, is not a permutation matrix because there are six basic intervals which
g,,-cover more than one basic interval. Moreover, by direct inspection of
the Markov graph of g, , given any two vertices in the graph, there exists
a path from the first to the second one. This means that the transition
matrix of the Markov graph of g, is non-negative and irreducible. Thus, g,
is transitive by Theorem 213l

Concerning the set of periods, it is easy to see that in this example,

Per(f,) = U w - N,

wEPer(fn )
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<<xp—17mp>> <<x2p_1,x2p>>

I:L;JO <<xp+n+i ) xp+n+i+1>> nL:]O <<y%’ yi+1>>

\ <<y(,n Y 1>r}i>>

Vv v ) P vers 2 Y = — M

(v, 7,0,

n

zL:Jl (Yori> Ynginr ) T<<xp+n'—i’fy,0>> i)

<<x2p+n—1 ’ yn-H >>

<<y7"+" ) x2p+n>>
|
l

<<y<n—4>r+n ) w(n—s)p+n>>

<1%P+n*17yr+n+l>

: %\
: — & ¥ N
l L, || L. || L. ~|Lm_1
Ut | = i) \]
Zz*l_ [v.][v.] - [o.
pCJ (xi,xi+1>> (pLj <xi,mi+1>>) u \\\A\ //
( i=p =p+n \g@l 225 q,>>/

<1:L=_J:(<ymyi+l>>> U (2n GT_Z(@M/HJ))

i=n+1

FIGURE 8. The Markov graph of g,. The vertices which are
intervals used in the Markov graph modulo 1 of F], must be
identified with their images by noe. Also, the arrows from the
vertices L, to the vertices U, inside the grey box circled by a
zigzag shape are symbolic because they cannot be determined
precisely.

So,
Per(g,) = U w-N
wePer(f,)

exactly as in the proof of Theorem 37 with the difference that, here, the situ-
ation is much simpler because 2 ¢ Per(f, ). This proves that the set of periods
does not change: Per(g, ) = Per(f, ). Therefore, Per(g,) D Succ (nv +1+ %)
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which implies that Per(g, ) is cofinite and, by Theorem[.2] g, is totally tran-
sitive.

Now we will estimate h(g, ) by using Proposition 211l and Theorem
to show that lim, , _ h(g,) = 0. We use the rome which corresponds to the
one used in the proof of Proposition B.1Tk

RAor/nn:{r Sk G NAEK CNNI TS §

rS = <<xnp+n—1 Y y(nfg),uﬂpﬁl >>’

= (y(n—l)r’y(n—l)r+1> s = (yq_l,xq>>}

being their elements marked in Figure [§ with a box with double border and
sloping lines background pattern. Observe that the simple paths from r, to
r, in the Markov graph of f,, computed in the proof of Proposition [B.1T]
are in one-to-one correspondence with the simple simple paths from ¥, to T,
in the Markov graph of g, , except for the simple paths ending at r, and ;.
Indeed, every simple path in the Markov graph of f, ending at r, is of the
form

e W o] — Wi Topin] — - — [[y(n—4)r+n7x(n—3)2’+n]] —

[[y(n—?))r-{—n’ x(n—2)p+n]] [[y(n—2)r+n’ x(n—l)p+n]:| r5

with ¢ € {1,4,5}. However, this path corresponds to the following m paths
of the same length in the Markov graph of g, :

?z — [I:yn7xp+n]] — [[yr+n7x2p+n]] A

[I:y(n74)'r+n7 x(n73)p+n]] LZ UJ r5

with ¢ = 0,1,...,m — 1 and j € {0,1,...,t} because L,,L,,...,L, , are
pairwise different intervals. So, every non-zero term in the fifth column of
the matrix My, (x) associated to the Markov graph of f, (see the proof of

Proposition B.11]), which is 7", must be replaced by ma~" in the matrix

M () associated to the Markov graph of g, and these are the only

omn

changes when comparing Mg, (z) with M__ (z). Therefore,

0 ! 0 a,,(z) maz™"
0 0 b g, (x) 0
M (2) = | ay (@) ! 0 0 0
ay,(z) 0 =0 0 ma ™"
ag (x) a7t 2= ag(z) ma
where a,, (), a,,(2), a,, (z),a,, (z),a,, (z) and a,,(z) are the same as in the
proof of Proposition B:Eﬂ

By Theorem 2.T2] the characteristic polynomial (ignoring the sign) of the
transition matrix of the Markov graph of g, is

) T, ()
2((] 1)+m+t _ t+m 2 n
+o det(M_ (x) — L) = (@21 — 1) (22+1 — 1)

where

T, (z) = Ky (2) (@ + 1) + R, (2)2? — (m + 1), (),
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Ry ()

Ky ()

x4n _ (m + 1) [xBn + x2n + xn] _ x2n+1 _ (m + 2)3321171 +1,
(m—1) [x4" +1] +2(m+1) [333" + %" 4 "]+

2 [x2n+1 + xanl] ’

and
Fo(x) = zim — 22271 1.

Then, as in the proof of Theorem [3.9] we use the following easy bounds for
K,(x), R, (z) and K, (z), which are valid for x > 1:

Ry(w) > 2™ — (4m + 6)2”" = 2™ (2" — (4m +6)),

Ki(x) > (Tm+9)z™, and

Ro(x) = '™ — 2221 41 <o — 1 < 2™,
Hence, now for = > /4m + 6 > 1,
T, (z) > 2®™(z" — (4m + 6)) (z%7 + 1) + (Tm + 9)a"z? — (m + 1)z*" =
237 (2™ — (4m + 6))(352‘1 +1) 4+ (m+ 1)zin (%x"(zn_g) — 1) >
(2" — (4m +6))(z* + 1) > 0.
Therefore, p, , the largest root of Tvn (x) verifies p, < {/4m + 6 and hence,
0 < lim h(g,) = lim logp, < lim log ¥/4m +6 =0

because m is a fixed number that depends on the topology of the graph and
is independent on n. O

3.5. The dream example. The last example that we construct consists of
maps without low periods:

Example [I.7} For every positive integer n > 3 there exists f,, a totally
transitive continuous circle map of degree one having a lifting F, € £y such

that Rot(F,) = { 1 2 ] Per(f,) = Succ(n) and lim,_,__ h(f,) = O.

2n—1° 2n—1 |’
Hence, BdCof (f,) = StrBdCof (f,) = n and lim, ,  BdCof (f,) = cc.
Furthermore, given any graph G with a circuit, the sequence of maps
{ fn}n23 can be extended to a sequence of continuous totally transitive maps
g,: G — G such that Per(g,) = Per(f,) and lim,_, _ h(g,) = 0.

As in the previous subsections, Example [[.7 will be split into a theorem
that shows the existence of the circle maps f, by constructing them along
the lines of Subsection B.I, and a theorem that extends these maps to a
generic graph that is not a tree. The proof of these results will, in turn, use
a proposition that computes the Markov graph modulo 1 of the liftings F, .

Theorem 3.12. Letn € N, n > 3, and let
Q, =1 .. % |, @, T, Xy Ty Ty Ty ...} C R, and

Pn = {"'y—17y07y17y27"' 7y2n727y2n717y2n7"' } C R
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be infinite sets such that the points of P, and Q, are intertwined so that
(3.17)
O=z, <z, < <2, <Y< z, < y < y, <

T, < Y, < y, <

n—1

n+1

Lo < Yppg < Yoo < Ty, 3 = 1

and ., ), =, +{ and Yiron1ye = Yi T+ ¢ for every it € Z.

We define a lifting F, € Ly such that, for everyi € Z, F,(x,) = x,,, and
F.(y,) = Yis0, and F, is expansive between consecutive points of P, U Q...
Then, Q, and P, are twist lifted periodic orbits of F,, both of period 2n — 1

such that Q, has rotation number 2n171 and P, has rotation number 2n%1.
Moreover, F,, has Rot(F,) = [zn;—v 271%1} as rotation interval.

Let f,: St — S! be the continuous map which has F, as a lifting. Then,
f., is totally transitive, Per(f,) = Succ(n) and lim, , _h(f,) = 0. Hence,
BdCof (f,) = StrBdCof (f,) =n and lim__,__ BdCof (f,) = oc.

Remark 3.13. Our choice of the rotation interval in this example was influ-
enced by the Farey sequence of order 2n—1 (which is the ordered sequence of
rationals % such that 0 <p < g <2n-—1, (p,q) = 1). It follows that two el-
ements g < % in a Farey sequence are consecutive (called Farey neighbours)
if and only if gr — ps = 1. Hence, the endpoints of the rotation interval of
Example[[.7 and Theorem belong to the Farey sequence of order 2n — 1
and the elements of this sequence between them are

1
2n—1

1
2n—2

1

1 2
<gm3 <gma < <

2n—1-

<

3=

<

This tells us that Per(f,)N{1,2,...,2n—2} ={n,n+1,...,2n — 2} which
was the kind of set of periods we were looking for. o

Theorem 3.14. Let G be a graph with a circuit. Then, the sequence of maps
{f.}e2, from Theorem can be extended to a sequence of continuous
totally transitive self maps of G, {g, }°°, such that Per(g,) = Per(f,) and
lim, . h(g,) =0.

Before proving Theorem [3.12] we will study the Markov graph modulo 1
of the liftings F,.

Proposition 3.15 (B(P, U@, ) and the F,-Markov graph modulo 1). In
the assumptions of Theorem [3.12 we have:

(a) The Markov graph modulo 1 of F, is:
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[I:x'rLfl?yO]] [[yl,yQ]]
(|
[z, oz, ] A [y, v.]
v 2,011 [ERTN|
LR lys> vl
AN

: [2,01 9.1
1 o\ (]

e r
!

X,,T — |
[[ 09 ]] I [[xgn_27y2n—3:u

) J

[z, ]

[[y2n73’ y2n72ﬂ

where the double arrows arriving to the the box in grey mean that there
18 an arrow arriving to each interval in the box.
(b) h(f,) =logp,, where p, > 1 is the largest root of the polynomial

T (x) = (m4"_2 —1)(xz—1) — 22" (ﬂ:Qn_l —-1).

Proof. The proof that the Markov graph modulo 1 of F, is the one depicted
in (a) follows easily from the computation of the images of the basic intervals.
To do this recall that, for every i,/ € Z, F,(x,) = z,,,, F,(¥,) = Y10
Ty onoye =T, + £ and Yirn-nye =Y T {. Moreover, F, is strictly monotone
(in fact aﬂine) between consecutive points of P, U @, . Then, by using (317
to determine the basic intervals we get

([,, z+1]) =[z,,, %] forie{0,1,...,n—3}.
([xn 2Ly 1]) = [xnflfxn] - I:xn717y0:| [y07xn]'
([xn 17y0]) - [ n7y2] = [ n?yl] [y17y2]

([ymv n+1]) [y2(1+1)7 n+z+1] for i € {07 L...,n— 2}-
([Wan—2> Ton_1]) = [Ton s Yo | = (2,9, +1 =

n—2
((U [wi,wiﬂ]) Ulz,_1s Y] Uy, 2, ] U [mn,yl]> +1e€

i=1

n—2
(U [[mi’mi+1]]> U [[mn—l?yo]] U [[yoaxn]] U [[mn’yl]]'

=1
Moreover, [y,, »,T,, ,] is the only class of basic intervals where F, is

decreasing.
(Vl) Fn([$n+i’y2i+1]) = [xn+(i+1) I y2(¢+1)+1] fOI' Z E {0? ]" et ,’I’L - 3}
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(Vii) Fn([xQn—Q?y2n—3]) = [x2n—1’y2n—l] = [xo’yo] +1=

n—2
(U ([xi’xi+l] + 1)) U ([wn_l,yo] + 1) S

- n—2
(U [['Ii’ 'Ii+1]]> U [['In—l ’ yo]]'

=0
(vii)) F, ([Wais1Yoien))) = Wagsryors Yogany) for i € {0,1,...,n = 3}.
(ix) Fn([an—S’an—Q]) = [an—l?an] = [yoayl] +1=
(o, 2]+ 1) U ([z, 0] +1) € [y, 2, ] U [z, 0]
Then, (a) (the Markov graph modulo 1 of F),) is a direct translation of the
above list of images to the language of combinatorial graphs.
Now we prove (b). In this case, clearly,

Rom, = {rl = [[x2n—2?y2n73]:|? r, = [[y2n72"1"2n71]:|}

as a rome of two elements (being their elements marked in (a) with a box
with double border and sloping lines background pattern). Then, the matrix

M., (x)is:
n—1 n—1 n—1 n—1
Z wf(nJri) + Z $7(2n71+i) Z wf(nJri) + Z $7(2n+i)
i=0 i=0 i=1 i=0

n—2 n—2 n—2 n—2
xf(nfl) + Z zf(nJri) + Z z7(2n71+i) " Z zf(nJri) + Z 1.7(2n+i)

B e~ po(z) —2 4G L)
- xf(nfl) o x7(3n72) + 04(1') _x7(2n71) + Ck(.%')
with
2n—2

ax) = Z g~ (),
=0

Then, by Theorem 2.12] the characteristic polynomial of the Markov matrix
of F is

(—=1)In=4z472 det (MRomn () -1L,) =

(m4n_2 — 1)(x —1)—2z" (xQ"_l - 1)
x—1 ’
Therefore, (b) holds. O

Proof of Theorem [312. In a similar way to the proof of Theorem we see
that @, and P, are twist lifted periodic orbits of F,, both of period 2n — 1

such that @, has rotation number ﬁ and P, has rotation number %
The proof that Rot(F)) = [Tl—l’ 2n2—_1] also follows as in Theorem

except that in this example the upper and lower maps are as follows: There

exists a unique u;' € (Z9,_9>Ysn_3) such that
F (u')=z +1=F,(z,) +1=F,(1)

n 1

(see (vii) from the proof of Proposition B.15). Then,

(F,), () = nf{F,(y) : y > x} =
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n

rz, +1 for x € [ul",l],

(F)(z = lz]) + =] ifx¢[0,1].
Also, there exists a unique u" € (wnfl,yo) such that F, (ug) =y =
F, (y5,_,) — 1 (see (iii) and (ix) from the proof of Proposition B.I5). Then,

(F,),(z) =sup{F,(y):y <z} =

F (z) for x € [O,Uﬂ,

Yy for z € [ ]
F (z) for x € [ s Yo 2]
y, +1 forme[y2n 2 ],

(F,),(x— z]) + ] ifz¢[0,1].
Then, as in the previous two examples, we have P, N [0,1] C [uzl’y%%],
F)lg = Flg »and p((F,),) = pp, (Q.) = 577 Consequently, from
Theorem 2.1] Rot(F) = [; 2

u

2n—1’ 2n—1
Now we prove that Per(f,) = Succ(n). Observe that
M<2n1 T> 5 1) D Succ (2n)

because len(Rot(F),)) = 5, and

2n-1} € @y, (557) U@, (557) € (20— DN C Succ (20— 1).
On the other hand, in view of Remark [3.13],
M(5kg,527) 012,20 = 1} = {n.n+ 1,0, 20— 2).

Consequently, by Theorem 241

Per(fn):QF <2n 1>UM(2n 17 2n— 1)UQF (zn 1> —
<QFn (2n 1>UQF <2n 1))U(M(2n1 1) In— 1>ﬂ{1 2,. 2n—1})U

<M<2n1 Ts 5 1) N Succ (2n))
{2n —1}U{n,n+1,...,2n — 2} U Succ (2n) = Succ (n) D

QFn<2n 1>UM<2n 10 2n— 1)UQF <2n 1)

So, clearly, BdCof (f,) = StrBdCof (f,,) = n and lim, ,__ BdCof (f,) = occ.
Next we show that f, is totally transitive. As in the previous examples,
P, U @, is a short Markov partition with respect to F),. Then, f, is an
expansive Markov map with respect to the Markov partition e(Pn UQn), and
the transition matrix of the Markov graph of f, with respect to e(Pn U Qn)
coincides with the transition matrix of the Markov graph modulo 1 of F,
with respect to P, U Q, . Moreover, this transition matrix is non-negative
and irreducible, and from Proposition 3.15(a) it follows that there exists a
vertex in the Markov graph modulo 1 of F| which is the beginning of more

than one arrow (for instance [z,, ,,¥,, 5]). That is, the transition matrix
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of the Markov graph of f, with respect to e(Pn U Qn) is not a permutation
matrix. Then, f is transitive by Theorem [2ZI3] and Per(f, ) is cofinite
because Per(f,) = Succ (n). Hence, f, is totally transitive by Theorem
To end the proof of the theorem we need to show that lim_,__ h(f,) = 0.
With the notation of Proposition B.I5(b) we have p, > 1 and
0="T,(p,) = ("> = 1)(p, = 1) = 20 (02" " = 1),

which is equivalent to

P 2(p, — 1) = 20" (p>" 1 = 1) + (p, — 1).

So, for > 1, we consider the equation

dn—2 n(, 2n—1 n—1 a1 1
" w—1) = 22" (x —1)+(@z-1) ==z :2m2"—1(x—1)+x3"—1'

Observe that
1.27171 1

R | 1 22 71+ 2L 3

x?2n=l(x —1) +m3"_1 N x—1 x—1
Now we proceed as in the proof of Theorem (see also the figure in
page B7):
(i) The map z — -2; is strictly decreasing on the interval (1,4o00),
3 3
3 _

et 71 w00 T-T

(ii) For every n > 3 and every = > 1, the map = + 2" ! is strictly
increasing and xn_l‘mzl =1.

(iii) For every n,m € N,3<n <mand z > 1, 2" ! < 2m~L,

lim = 400 and lim

Then, for each n > 3, there exists a unique real number 7, > 1 such that

Ayl = % and 2"~! > -3 for every x > 7,, the sequence {v,}, is
strictly decreasing and lim,_, 7, = 1. Hence,
$4n_2($ _ 1) xn—l xn—l
Qe (p2n—1 _ 1 1 - z?n—1 1 1 >3~ 1
x (x - ) +(z—1) 2x2n71($_1) + =T z—1

for every x > ~,. Consequently, T, (z) > 0 for every = > =, and, hence,
p, <, for every n > 3, and lim,_, _logp, <lim, ,_ log~, =0. O

Proof of Theorem[3.14 As in the proof of proof of Theorem [B.7] we may
assume that G # S! since otherwise Theorem already gives the desired
sequence of maps.

The proof in the case G # S' goes along the lines of the proof of Theo-
rems 3.7 and B.10], and most of the details will be omitted.

We fix a circuit C' of G and an interval I C C such that I N V(G) = 0.
Also, we choose a homeomorphism 7: S' — C such that

C\Int(]) = <<y5,y6>>, and

1D n(e(Pn U Qn)) U U <<m,y>>.

[z,y]€B(P,UQ,,)
[z,y]€[y5v6]

where, as in Theorem B.10, (<x, y>> denotes the convex hull (in C') of the set
{n(e()),n(e(y))}. Observe that {y,,y,) plays the role of I, in the proof
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of Theorem 3.7 (see Figure Bl and consequently, by Proposition B.I5(a),
<<y7,y8>> plays the role of the interval 1’; while (<y2j 110 Ya; +2>) play the role
of f] for j = 0,1. Note that all the intervals are well defined since n > 5
and they are pairwise disjoint because of the ordering of points defined in
Theorem

We set X := G\ Int(I) D (ys5,¥s), and V(X) = V(G) U {a,b} with
a :=n(e(y,)) and b := n(e(y,)). Then, as before, we use Lemma [B.4] for the
subgraph X (see Figure [3). Let m = m(X,a,b) > 5 be odd, consider the
partition 0 = s, < s, <--- < s, =1, and let the maps ¢_,: [0,1] — X
and ¢, ,: X — [0,1] be as in Lemma[3.4l Also, we define two arbitrary but
fixed homeomorphisms (: [0,1] — <<y7,y8>> and &: <<y3,y4>> — [0,1] such
that

¢(0) = n(e(y,)), ¢(1) =mnle(ys)), &(nle(ys))) =0 and £(n(e(y,))) =1

(see Figure [l for an analogous situation).
With all these definitions, for n > 5 we set

0oy (E(2)) if 2 € (Y, v, )
C(%,b (w)) ifze X;

(mo foon M)(z) ifxzel\Int{y,,y,),

9,(x) ==

and, as in the proof of Theorem [B.7] we can easily show that g, is a Markov
map with respect to the partition

R, =n(e(Q,UP))U{c(s,):i€{0,1,...,m}}U
{#.(s) i €{0,1,...,m}},

whose R -basic intervals are:

(EME
[z,y] € B(P,UQ,)\ ([¥s,y] U ls 45])
} cI\ Int<<y3,y4>>,
{Li = 571([51.,51.“]) :1e€{0,1,...,m— 1}} C <<y3,y4>), and
{U,,U,,....U}={¢,,([5;:5.,.,]) :i€{0,1,...,m—1}} C X.

Next we will derive the Markov graph of g, with respect to R, (recall
that it can be obtained from the Markov graph modulo 1 of F with respect
to P, U Q,, which coincides with the Markov graph of f, with respect to
e(P, UQ,) provided that we identify {x,y) with e([z,y]) = e([z,y]) and
this with [,y] for every [z,y] € B(P, UQ,) — see Proposition BI5|(a)):
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(2.0 9)

(7,27, )

(z.,u.)
|

<<xn+1’y3>> \L/‘/
(z,.2,) l l (v:r.)

L <<yzn,2, J;2n71>> l

<<5U07 Ty >> T <<5527sz ) y2n73>>

- J J

(Yan—s>Y2n2)

(the part of the Markov graph of g, with respect to R, which differs from
the Markov graph modulo 1 of F, with respect to P, U Q, is shown inside
a grey box with a zigzag border).

As before, by Lemma [3.5] and Theorem T3] the map g, can be modified
without altering g, | R, and g, (K) for every K € B(R,) to become R, -

expansive and transitive. Moreover,

Per(f,) = Succ (n) = U w - N = Per(g,)

wESucc(n)

(see the proof of Theorem 7] but here, as in the previous example, the
situation is much simpler because 2 ¢ Per(f, )). Consequently, Per(g,) is
cofinite and, by Theorem [[.2] g, is totally transitive.

Now we will estimate h(g, ) with the same techniques as before to show
that lim_, __ h(g,) = 0. We use the rome which corresponds to the one used
in the proof of Proposition BI5(b):

FESE1n = {Fl = <<x2n—2’y2n—3>>’F2 = <<y2n—2’m2n—1>>}'

Then, we see by direct inspection that the matrix M__ (x) is:

n—1 n—1 n—1 n—1
Z x—(n-{-i) 4 mz x—(2n—1+i) Z x—(n-{-i) 4 mz x—(2n+i)
i=0 i=0 i=1 i=0
n—2 ) n—2 . n—2 ) n—2 .
x—(n—l) 4 Z x—(n-{-z) +mz x—(2n—1+z) " Z x—(n-{-z) +mz x—(Qn—H)
i=0 i=0 i=1 i=0
n—1 n—2 n—1 n—1
Z xf(n+i) +m Z 1.7(2n+i) Z xf(n+i) +m Z 1.7(2n+i)
i=0 i=—1 i=1 i=0

n—2 n—3 n n—2
Z x—(n—i—i) +m Z 1.—(2n+i) Z x—(n—i—i) +m Z 1.—(2n+i)

i=—1 i=—1 1=0 i=0
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By Theorem 12|, the characteristic polynomial of the Markov matrix of
g, 18
(_1)4n—5+m+tx4n—3+m+t det (M,\ (z) — 12) — pgpmtt-l T,(z)
Rom,, r—1
with
T (z) = (22 —m)(z —1) —2*" (22" —z — 1) —ma" (2" N (z +1) — 2).

n

To show that lim, . h(f,) =0, as we did before, we consider the equation

22— 1) = x2”’1(2x” -z — 1) + mx”(m”fl(ﬂz +1)— 2) +m(x—1)
22" —r—1 " e+ 1) -2 m

n—1
z(x — 1) " 2=z —1) x3n—l

<~ X

for x > 1. Moreover,

22" —x —1 " e+ 1) -2 m
+m

a(z —1) 2=z —1) a3n—l
22" —x—1 4 2m " -1 +m z—1 219
T z2n—1 Z3n—1 +2m+m
x—1 r—1

So, as in the proof of Theorems and B.12 (see the figure and the ar-

guments in pages B7 and [67]), for every n > 5 there exists a unique real
number «, > 1 such that 7:*1 = ‘(f;:—ff and "1 > % for every x > v,

the sequence {, },, is strictly decreasing and lim = 1. Thus, for every

>,

n— o0 PYTL

i =2(z — 1)
ﬂ:zn_l(Qx" —x— 1) + maz" (x"_l(x +1)— 2) +m(z —1) N

xnfl . xnfl o1
2z"—z—1 + 2" (z+1)—2 4 _m 3m+2 ’
27 (z—1) M= m=T(z-1) Z3n—1 z—1

which implies that T, (z) > 0 for every z > =, . Hence, if 5, > 1 denotes the
largest root of T (z), it follows that p, < ~, and, consequently,

lim A(f,) = lim logp, < lim log~y, =0

n— oo n— o0 n—oo

by Proposition 2.111 O

4. PROOF OF THEOREM [Al

Proof of Theorem[4l Fix L € N, L > 8. Since lim
exists NV € N such that

h(f,) = 0, there

n— o0

h(f,)

for every n > N. In the rest of the proof we consider a fixed but arbitrary
n > N and we denote Rot(F,) = [c,,d,,].
We claim that

(4.1) M(e,,d,) CSucc(L+1)={keN:k>L+1}.

n)'n

31 2
_ 3logv2
L
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n’)'n n’ 'n

with r € Z and s € N coprime such that ¢ = £s with £ € N. In this situation,
h(f,) > 10%3 by [8, Corollary 4.7.7]. Hence,

log3 log3 3logv2 log3
< <h .
Consequently, ¢ > L and the claim holds.
From the claim we get that Int(Rot(F,)) N {k/L: k€ Z} = . This
implies that len (Rot(F,)) < 1/L for every n > N. So, it follows that
lim len (Rot(F},)) = 0.

n— 00

By Theorem [2.4] and the above claim,
CSucc(L+1)UQ, (c,)UQ, (d,).

In view of the above inclusion for the set Per(f, ) we need to study the
intersections

{1,2,...,L}NQ, (¢,) and {1,2,....I}NQ, (d,).

We will divide this study in three claims, according to different situations
for ¢, and d,.

To prove this note that for every ¢ € M(c,,d,) there exists * € (c,,d,)

(4.2)

Claim 1. If a ¢ Q then {1,2,...,L}HQFn(a) = 0.

This claim follows immediately from the definition of @, (a) = 0.

T

Claim 2. Assume that o = % with r € Z and s € N coprime, and s > L.
Then, {1,2,...,L} N Q, (o) C {L} N {s}.

Again by the definition of @, (a), in this case we have
Qp (o) ={sk:keNand k <gy s,} CsN={sk:keN}.
Since s > L, for every k € N, k > 2 we have sk > 2L > L. Hence,
{1,2,....L}NQ, (o) C{L,2,..., L} N {sk: k€ N} = {L} N {s}.

Claim 3. Assume that a = % with r € Z and s € N coprime, and s < L.
Then, Card ({L -2, L-1,L}nQ, (a)) <1 and

{1,2,...,L—1}mQFn(a)c{3-2’5:66{0,1,2,...,m}}

L)

where m > 0 is the integer part of log, (

To prove this claim assume first that @,, («) contains an element of the form
s-t-2¢ with t > 3 odd and ¢ € Z*. From the definition of Q. () it follows

that then the map F'¥ —r has a periodic point of period ¢ - 2¢ (as a map of
the real line). Hence, by Lemmas 4.4.15 and 4.4.16 and Theorem 3.12.17 of
[8] (see also [8, page 264)),

1 11
h(fn) = gh(f;j) > g?bg)‘t
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xt—Z

where ), is the largest root of the polynomial z! — 2 —1. It is well known

that A\, > v/2 (see [8, page 232]). So,

3log v/2 log v/2
T > W) > 5

which implies s -t -2¢ > s-3-2° > L. So, for every set A C {1,2,...,L},
ANQ, (a) CANsN

(4.3) :Aﬂ(sN\{s-tQé:KGZ*andtZ?)odd})

:Aﬂ{s-2£:€€Z+}.

Since s < L and m is the integer part of log, (Lil) it follows that m > 0

S
and
(4.4) om < L=l o gm+l

S

Then, from (43) with A = {1,2,...,L — 1} we obtain
(1,2,....L -1} NQ, (a)c{1,2,...,L—1}m{s-2f:eez+}

:{3-2’5:66{0,1,2,...,m}},

which proves the second statement of the claim.
Now we will prove the first one. We start by assuming that s-2" < L —3.
From (4.4]) we have

522 =2(s-2™t1) > 2L > L.
Consequently, by (£3) with A={L —2,L —1, L},
{L-2,L-1,L}NQ, (a)C
{L—Q,L—1,L}m{s-2€:£ez+} c
{L—-2,L—1,L}n{s-2m"1}.
Now we assume that s-2" € {L — 2, L — 1}. Then,
5.2 =92(s.2™) > 2L -2) =L+ (L—4)>L+4
because L > 8. Consequently, again by ([@3]) with A={L—2,L —1,L},
{L-2L-1,L}NQ, (a) C
{L—Q,L—1,L}m{s-2€:eez+}:

{L-2,L-1,L}m{s-2’f le {0,1,2,...,m}} -
{L—-2,L—-1,L} n{s-2™}
whenever m =0 or m > 0 and s-2™1 < L — 3. Now we have to show that
we cannot simultaneously have m > 0 and s - 2™~ > L — 2. Otherwise, as
above,
L—1>s-2"=2(s-2""1) >2(L—-2) > L+4;

a contradiction. This ends the proof of Claim 3.
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From the above three claims we obtain

(4.5) Card <{L ~2,L-1,L} N <QFn (c,)UQ, (dn))) <9
and, consequently, {L —2,L —1,L} ¢ Q, (¢,)UQ, (d,). Thus,
{L - 27L - 17L} gZ Per(fn)
by ([@2). So, for every n > N we set
K, :=min({L —2,L —1,L}\ Per(f,)), and
v, = min (Per(f,) N Succ(k, +1)).

The inequality (4.3) is crucial for this proof. It allows us to define &,
and, hence, v, and tells us that StrBdCof (f,) > v, (because, as we will see,
v, —1 ¢ Per(f )). This is implicitly used in the rest of the proof of the
theorem.

To end the proof of the theorem it is enough to show that v, € sBC(f,)
for every n > N. Indeed, by Definition [L5 BdCof (f,) exists and

(4.6) L-1<k,+1<v, <BdCof(f,)
for every n > N. Consequently, lim ,_ BdCof (f,) = oc.
Let us prove that v, € sBC(f,) for every n > N. By Definition [[5] we
have to show that v, € Per(f), v, > 2, v, —1 ¢ Per(f) and
(4.7) Card({1,...,v, — 2} NPer(f)) < 2log, (v, — 2).
Since L > 8, from the definition of v, we get
7T<L-1<vw, €Per(f,).

The following claim will be useful in the rest of the proof. It improves
the knowledge of the set {1,...,v, — 2} N Per(f).

Claim 4. {x,,k, +1,...,v, — 1} NPer(f, ) = 0.

When v, = k, + 1, the claim holds because v, — 1 = k, ¢ Per(f,) by the
definition of x,. Now we prove the claim in the case v, > x, + 1. We have
{k, +1,...,v, — 1} C Succ(k, + 1) and, hence,

{k,+1,...,v, —1}NPer(f,)=0
by the minimality of v, . Moreover, k,_ ¢ Per(f ) by definition. Hence,

{k, Kk, +1,...,v, —1}NPer(f,) =0,

n’''n

which ends the proof of Claim 4.

Claim 4, in particular, tells us that v, — 1 ¢ Per(f,). Hence, to end the
proof of v, € sBC(f, ), we have to prove the inequality (£7)). By Claim 4,
(#2) and ([AJ) (notice that k, —1 < L — 1 because, by definition, x, < L),

Card ({1,...,v, —2} NPer(f,)) =
Card ({1,...,K, — 1} NPer(f,)) =

Card ({1, ok, —1kN (QF" (c,)UQ, (dn)>) <
Card <{1,...,/{n ~1}NnQ, (cn)) + Card ({1, ek, — 11 NQ, (d")) .
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So, to prove (7)) it is enough to show that
(4.8)
Card ({1,..., 5, =111 Q,, (¢,)) +Card ({15, =1} NQ,, (d,))
< 2log, (v, —2).

To this end, we have to compute appropriate upper bounds of the two sum-
mands in the last expression.

Again, let a € {c,,d,} denote an arbitrary endpoint of Rot(F,). In the
assumptions of Claims 1 and 2 we have
(4.9)

Card ({1,..., %, 13N Q,, (a)) < Card ({1,..., L} NQ,, (a)) =0,

Now suppose that the assumptions of Claim 3 hold. We want to prove the
following estimate:

Card ({1, ck, —1ENQ, (a)) <log, <V”;2) +1
<log, (v, —2) + 1.

Assume first that s-2™ < v, —2. Then, by the second statement of Claim 3,
we get

Card ({1,...,nn -1}NQy (a)) <
Card ({1,...,L—1}QQFn(a)> <m+1<log, <un8—
Now assume that v, — 2 < s-2™. By (&6]) and (£4)),
L-3<k,—1<vy, —2<s-2"<L-1
Consequently, by (43),
Card ({1,...,,% 1N Q,. (a)) <
Card<{1,...,/$n—1}ﬂ{s-2€:€€Z+}> <

(4.10)

2

>+1,

Card{s-2z:€6{0,1,2,...,m—1}}:m.

Moreover, s-2m~! < v — 2 since, otherwise, from the above inequalities
and using again the fact that L > 8 we obtain
L+2<L+4+(L-6)=2(L-3)<2(y, —2) <2.5-2Mm g9 <1

v, —2

a contradiction. So, m — 1 <log, ( > . Putting all together we get,

Card <{1, ok, = 1NQ, (a)) <m < log, (""5_2) + 1.

This ends the proof of ([A.I0).
Now we are ready to prove ([AS8]). First assume that at most one of the
endpoints of Rot(F),) satisfies the assumptions of Claim 3. By (£9) and

E@1aj,
Card ({1,...,,% ~1NQ,. (cn)> + Card ({1, ek, = 1N Q. (dn)) <
log, (v, —2)+1 < 2log, (v, —2)

n



ENTROPY, PERIODS AND TRANSITIVITY 75

because 7 < v, implies log, (v, —2) > 1.
It remains to consider the case when both endpoints of Rot(F,) = [c,,d, ]

n’’n

satisfy the assumptions of Claim 3. That is, ¢, = 2= withr, € Zand s, € N
coprime, d, = ?—” with ¢, € Z and t, € N coprime, and s,,t, < L — 1.
Observe that if s, ,¢, < 3, from above and the fact that L > 8 we get

$<d,—c,=len(Rot(F,)) < 1 < 3

a contradiction. Hence, either s or ¢, is larger than 3. Assume for definite-
ness that s, > 4. Then, by (4.10),

Card ({1,...,,% ~1NQ,. (cn)> + Card ({1, ek, 1N Q. (dn)) <

log, <"*;;2> +log, (v, —2)+2 <

log, (V"4_2) +log, (v, —2) + 2 = 2log, (v, — 2).

This ends the proof of (4.8) and, hence, that v, € sBC(f,). O
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