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Abstract. Let M be a closed 3-manifold which admits an Anosov flow.
In this paper we develop a technique for constructing partially hyperbolic representatives in many mapping classes of M . We apply this technique both in the setting of geodesic flows on closed hyperbolic surfaces
and for Anosov flows which admit transverse tori. We emphasize the
similarity of both constructions through the concept of h-transversality,
a tool which allows us to compose different mapping classes while retaining partial hyperbolicity.
In the case of the geodesic flow of a closed hyperbolic surface S we
build stably ergodic, partially hyperbolic diffeomorphisms whose mapping classes form a subgroup of the mapping class group M(T 1 S) which
is isomorphic to M(S). At the same time we show that the totality of
mapping classes which can be realized by partially hyperbolic diffeomorphisms does not form a subgroup of M(T 1 S).
Finally, some of the examples on T 1 S are absolutely partially hyperbolic, stably ergodic and robustly non-dynamically coherent, disproving
a conjecture in [HHU2 ].
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1. Introduction
A diffeomorphism f : M → M of a closed Riemannian manifold is partially hyperbolic if the tangent bundle T M splits into three (non-trivial)
Df -invariant continuous subbundles T M = E ss ⊕ E c ⊕ E uu such that for
some ` > 0, for all x ∈ M and all unit vectors v σ ∈ E σ (x) (σ = ss, c, uu)
one has
kDf ` v ss k< min{1, kDf ` v c k} ≤ max{1, kDf ` v c k} < kDf ` v uu k.
Sometimes, one uses the stronger notion of absolute partial hyperbolicity.
This means that f is partially hyperbolic and there exists λ1 < 1 < λ2 such
that
kDf ` v ss k< λ1 < kDf ` v c k< λ2 < kDf ` v uu k.
The subbundles E ss , E c and E uu depend on f and we will indicate this,
when needed, by using a subscript, e.g., Efss .
C.B. was partially supported by IFUM. A.G. was partially supported by NSF grant
DMS-1266282 and Simons grant 427063; R.P. was partially supported by CSIC group 618.
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Partially hyperbolic diffeomorphisms appear naturally in many contexts
and provide natural classes to study phenomena such as robust transitivity
and stable ergodicity (see e.g., [BDV, Wi, CHHU, HP2 ]). For a long time,
the known examples in dimension three were rather restrictive, and so many
efforts were made to try to show that the behavior seen in that restricted
family of examples was indeed general: that is mostly the case on manifolds
with solvable fundamental group (see [HP1 ]). Recently new examples have
started to appear ([HHU2 , BPP, BGP]).
In this paper, we consider a closed 3-manifold and look for mapping classes
(i.e., the diffeomorphisms up to homotopy) which contain partially hyperbolic representatives. In fact, the constructions we present here all start
with an Anosov flow, and therefore we consider 3-manifolds which support
Anosov flows. For some of the new examples we study specific properties of
the dynamics and geometry that makes them different from the previously
known behaviors (see Theorem 1.2 below).
A general fact about a 3-manifold M is that its mapping class group
M(M ): = π0 (Diff 1+ (M )) is strongly related to the group generated by the
Dehn twists associated to incompressible tori (see [Jo]). We will consider
two cases which correspond to different positions of the tori (along which
we will perform Dehn twists) with respect to the Anosov flow.
In Theorem 1.3, the tori will be transverse to the flow. In Theorem 1.1
the Anosov flow will be a geodesic flow and we will perform Dehn twist along
tori over closed geodesics: these tori are not transverse to the geodesic flow,
but they are Birkhoff sections for the flow.
These cases already appear in [BGP], where we defined these two kinds of
Dehn twists, the ones associated to a transverse torus1 or the projectivization
of a Dehn twist along a geodesic on a surface, considered as a diffeomorphism
of its unit tangent bundle. The novelty here is that we are able to compose
an arbitrary number of such Dehn twists, and that this involves a conceptual
understanding of the mechanism underlying the examples in [BPP, BGP].
Note that a priori the mapping classes which admit partially hyperbolic
representatives do not form a subgroup of M(M ) (e.g., when M = T3 , it
is not a subgroup). In the two settings described above, this paper exhibits
infinite subgroups of M(M ) so that each element admits partially hyperbolic
representative.
The abundance of examples has allowed us to understand better the partially hyperbolic structure in certain situations and in that way provided
the first examples of transitive partially hyperbolic diffeomorphisms with
one dimensional center which are not dynamically coherent (in particular,
disproving some conjectures in the field [HHU2 , CHHU]). Moreover, these
examples can be chosen to be stably ergodic, robustly transitive and absolutely partially hyperbolic. Dynamically incoherent examples with one
dimensional center were already known (see [HHU2 ]) but those examples
had attracting tori (in particular these examples are non-transitive) and
could not be absolutely partially hyperbolic (c.f. [BBI, HP1 ]).
We begin by stating our result in the geometric setting.
1These also appear in a simplified setting in [BPP].
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1.1. Partially hyperbolic diffeomorphisms on the unit tangent bundle of a hyperbolic surface. Let S denote the surface of genus g ≥ 2, and
let T 1 S denote its unit tangent bundle (equivalently, the circle bundle over
S whose Euler class is 2 − 2g, the Euler characteristic of S). Let M(S) denote the group of homotopy (or equivalently, isotopy) classes of orientation
preserving diffeomorphisms of S; in other words, M(S) = π0 (Diff + (S)).
Given a diffeomorphism ϕ : S → S, its normalized differential T ϕ(v) =
Dϕv
1
kDϕvk is a diffeomorphism of T S and so Diff + (S) acts on the unit tangent
bundle T 1 S, yielding an injective homomorphism ι: M(S) ,→ M(T 1 S).
The main theorem in this setting is the following.
Theorem 1.1. For any ϕ ∈ M(S) there exists a diffeomorphism f : T 1 S →
T 1 S such that:
• f belongs to ι(ϕ),
• f is absolutely partially hyperbolic,
• f preserves the volume and is stably ergodic.
In section 3.1 we use the results from [HaPS] to see that not every mapping
class of T 1 S can be realised and moreover, that the set of mapping classes
which are realizable do not form a subgroup of M(T 1 S).
1.2. Dynamical incoherence. For the examples given by Theorem 1.1
applied to a pseudo-Anosov mapping class ϕ (see e.g., [FM] for a definition of pseudo-Anosov) we are able to obtain properties for f which were
unexpected. Recall that a partially hyperbolic diffeomorphism is called dynamically coherent if there exist f -invariant foliations F cs and F cu tangent
to E cs := E ss ⊕ E c and E cu := E c ⊕ E uu respectively (and therefore, there
is also an invariant center foliation obtained by taking intersection). Otherwise, we say that f is dynamically incoherent.
Recall that the strong stable and unstable bundles are always uniquely
integrable for dynamical reasons (see e.g., [HP2 ] and references therein).
In higher dimensions, when the center bundle has dimension at least two,
there are examples where the center bundle is smooth but does not satisfy
the Frobenius integrability condition (see [BuW]). When the center bundle
is one-dimensional the problem of integrability only comes from the lack of
regularity. Assuming absolute partial hyperbolicity, geometric conditions on
the strong foliations (always satisfied on the torus T3 ) are known to imply
dynamical coherence (see [Bri, BBI]). For certain families of 3-manifolds,
exact conditions for dynamial coherence are known (see [CHHU, HP2 ] and
references therein). However, there is no known general criterion for deciding
whether the center bundle is integrable.
This motivated [BI] to construct objects called branching foliations which
exist for any 3-dimensional partially hyperbolic system and serve as substitutes for the true invariant foliations. Originally, these branching foliations
were used only as part of an intermediate step to establish dynamical coherence. Later, [HHU2 ] constructed a concrete example which has branching
foliations, but not true foliations. Here, the branching occurs exactly on
a finite collection of attracting or repelling 2-tori (which forbid transitivity
and absolute partial hyperbolicity). Further, [HHU2 ] conjectured that the
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existence of such tori is the unique obstruction for dynamical coherence (see
also [CHHU]).
Theorem 1.1 provides counterexamples to this conjecture:
Theorem 1.2. For any pseudo-Anosov mapping class ϕ ∈ M(S) there
exists a diffeomorphism f : T 1 S → T 1 S such that:
• f belongs to ι(ϕ),
• f is absolutely partially hyperbolic,
• f preserves the volume and is stably ergodic,
• f is robustly transitive,
• f is robustly dynamically incoherent.
For these examples we also establish minimality of the strong stable and
unstable foliations. This implies that the branching sets of the branching
foliations are dense in the whole manifold. Distributions with this kind of
behavior where already known but not associated to partially hyperbolic
dynamics [BF].
It is natural to expect for a maximal curve η tangent to center distribution
E c that the stable saturation W s (η) is a center-stable leaf. However, it was
realized early on [BW] that theoretically W s (η) the may fail to coincide with
the full center-stable leaf. This may happen if W s (η) is not complete. The
example in [HHU2 ] also showed that such hypothetical behavior indeed may
occur: W s (η) are not complete and their non-empty boundary is contained
in the repelling tori. One could believe that the minimality of the strong
foliations could imply completeness, but our examples show that this is not
so.
Another important tool for the study of the dynamics of a partially hyperbolic diffeomorphism is the understanding of the dynamics in the center
leaves. Our examples exhibit a new type of behaviour: one can show that
there are many compact center curves but none of them is periodic, and
that there exists simultaneously contracting, repelling and saddle node center leaves (see e.g., [BDV, Section 7.3.4]). In particular, the examples give
a complete answer to [BDV, Problem 7.26] (see also [BGP, Section 3.8]).
See Remark 5.13 for a detailed explanation of these phenomena.
1.3. Partially hyperbolic diffeomorphisms associated to a family of
tori transverse to an Anosov flow. Given a torus T embedded in a 3manifold M , we associate an element τ (T, γ) ∈ M(M ) called the Dehn twist
along T directed by γ to each homotopy class of closed curves γ ∈ π1 (T ) (see
section 4.4 for a precise definition).
Given a torus (T, F, G) endowed with a pair of transverse C 1 -foliations
F and G, we consider the subset G(T, F, G) of homotopy classes γ ∈ π1 (T )
such that there exist a C 1 -continuous loop {ψt }t∈R/Z of diffeomorphisms of
T such that:
• ψ0 = id
• ψt (F) is transverse to G for all t ∈ R/Z
• the homotopy class of the loop {ψt (x)}t∈R/Z , x ∈ T , is γ.
It was shown in [BZ] that either G(T, F, G) = π1 (T ) ' Z2 or both foliations
contain circle leaves in the same homotopy class and G(T, F, G) is the cyclic
group Z generated by this homotopy class.
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Now, if X is a C 2 -Anosov flow on a 3-manifold M and if T ⊂ M is a torus
transverse to X then the center-stable and unstable foliations of X induce a
pair of transverse C 1 -foliation (FTs , FTu ) on T . Then we denote by G(T, X)
the group G(T, FTs , FTu ).
Given an Anosov flow X on a 3-manifold M we denote by T (X) ⊂ M(M )
the subgroup generated by the Dehn twists τ (T, γ) where T is a torus transverse to X and γ belongs to G(T, X).
Theorem 1.3. Let X be an Anosov flow on a closed 3-manifold M . Then
every element of T (X) contains an absolutely partially hyperbolic representative.
In certain cases, this theorem produces partially hyperbolic representatives in virtually all mapping classes.
Corollary 1.4. For each n ≥ 1 there exists a closed 3-dimensional graph
manifold Mn and a finite index abelian subgroup G ' Z2n ⊕ Z/nZ of the
mapping class group M(Mn ) such that each mapping class in G can be
represented by an absolutely partially hyperbolic, volume preserving diffeomorphism.
1.4. Questions. It is our opinion that this paper has opened even more
questions than the previous one [BGP]. In particular, it remains a challenge
to better understand these new examples which have several new features
which contrast our previous beliefs and should be now taken into account
in the study of the dynamics of partially hyperbolic diffeomorphisms.
We state here some questions which we believe arise naturally from our
work, but the reader is of course invited to add more.
We have constructed many mapping classes which admit partially hyperbolic representatives on manifolds which admit Anosov flows. It is natural
to ask for characterization of all such mapping classes.
Problem 1.5. Given a closed 3-manifold M admitting an Anosov flow,
determine which mapping classes admit partially hyperbolic representatives.
In this direction, the following question is natural:
Question 1.6. For a manifold M , let P be those elements of M(M ) admitting a partially hyperbolic representative. When is P a subgroup of M(M )?
When is P a finite-index group? When does it equal M(M )?
In this direction, Corollary 1.4 shows that on some 3-manifolds, the classes
which can be realized by partially hyperbolic diffeomorphisms contain a
finite index subgroup. See also subsection 3.1 for results in this direction.
This paper reduces the realisation of mapping classes admitting partially
hyperbolic diffeomorphisms to understanding geometry of the subbundles
and how can they be made h-transverse (see Definition 2.1). Under certain
assumptions on the Anosov flow, we have tools to check that certain Dehn
twists along certain tori respect transversality between the subbundles of
the Anosov flow. In particular, our understanding seems to be complete in
the case when tori are transverse to the Anosov flow. However, there are
other configurations where h-transversality is not completely understood. In
particular, we address the case of Birkhoff tori only in the geometric setting
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— we perform Dehn-twists using the geometric considerations of [BGP].
The general case of Birkhoff tori remains to be understood.
Problem 1.7. Determine which Dehn twists respect transversalities between
the bundles of an Anosov flow.
Understanding the above problem may yield even more mapping classes
with partially hyperbolic representatives and provide a way to attack Problem 1.5. Notice that there are some general results about Anosov flows
which indicate that the study of Birkhoff tori might be sufficient (see [Ba]).
Further questions arise about the geometry and dynamics of these new
examples. Recall that for certain examples which realize pseudo-Anosov
mapping class we are able to establish dynamical incoherence as well as
non-completeness of stable manifolds of center leaves (see Corollary 5.12).
Also these examples possess saddle-node center leaves. However, for the
general examples, many questions arise:
Question 1.8. Which of the new examples are dynamically coherent (compare [BPP])? Are the dynamically coherent examples plaque-expansive? Can
the transitive examples transverse to tori be always made volume preserving?
Robustly transitive?
The examples given by Theorem 5.1 come from the pseudo-Anosov mapping class and, hence, have some strong and better understood dynamical
and geometric properties. A natural question that one can pose is:
Question 1.9. Is every absolutely partially hyperbolic diffeomorphism of
T 1 S homotopic to the lift of a pseudo-Anosov diffeomorphism of S transitive
(or at least chain-recurrent)?
Compare with [BG, Shi, Pot].
2. A criterion for partial hyperbolicity
We provide a general criterion for partial hyperbolicity based on conefields. This criterion is obtained by extracting and formalizing the key point
of the argument in the previous paper [BGP] (see also [HP2 ]). The criterion
has no restrictions on the dimensions of subbundles.
Definition 2.1. Let f : M → M and g : N → N be partially hyperbolic
diffeomorphisms and let h: M → N be a diffeomorphism. We say that f is
h-transverse to g and use the notation
f

h

g

if Dh(Efuu ) is transverse to Egcs and Dh−1 (Egss ) is transverse to Efcu .
Remark 2.2. It is easy to see that f
Further, if f

h

g then f

g l hf k

h

g holds if and only if g −1

h−1

f −1 .

g for any non-negative integers k, l.

The h-transversality property is transitive in the following sense.
Lemma 2.3. Let fi : Mi → Mi , i ∈ {1, . . . , `} be a family of partially
hyperbolic diffeomorphisms and let hj : Mj → Mj+1 , j ∈ {1, . . . , ` − 1} be a
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family of diffeomorphisms such that fi is hi -transverse to fi+1 . Then, there
exist positive m2 , . . . , m`−1 such that, for every ni ≥ mi
f1

hn̄

f` ,

n

`−1
◦ h`−1 ◦ · · · ◦ f2n2 ◦ h1 .
where hn̄ = h` ◦ f`−1

Proof. We will show that
f1

h1

f2

h2

f3 ,

implies that for large n one has that f1
ĥ

f3 with ĥ = h2 ◦ f2n ◦ h1 as the

statement follows by several applications of this.
As Dh1 (Efuu
) is transverse to Efcs2 it follows that Df2n (Dh1 (Efuu
)) con1
1
uu
uu
cs
verges uniformly to Ef2 . The fact that Dh2 (Ef2 ) is transverse to Ef3 allows
to conclude that D(h2 ◦ f2n ◦ h1 )(Efuu
) is transverse to Efcs3 .
1
A symmetric arguments gives the other condition.

Now, we can formulate the criteria for partial hyperbolicity:
Proposition 2.4. Let f : M → M be an absolutely partially hyperbolic
diffeomorphism and h : M → M a diffeomorphism of M such that f
f.
h

Then, there exists N > 0 such that f n ◦ h is partially hyperbolic for any
n ≥ N.
Proof. We prove that f n ◦ h has a weak absolutely partially hyperbolic splitting of the form E cs ⊕ E uu . A similar proof shows that f n ◦ h has a splitting
of the form E ss ⊕ E cu , and together these show that f n ◦ h is strongly absolutely partially hyperbolic. We will use the classical cone criteria, see e.g.
[BDV, Appendix B].
Up to replacing f by an iterate, there are 1 < γ < λ such that kDf v c k<
γ < λ < kDf v u k for all unit vectors v c ∈ Efcs and v u ∈ Efuu . By properties of
partial hyperbolicity, there is a cone family C uu ⊂ T M such that Df (C uu ) ⊂
C uu ,
\
Df n (C uu ) = Efuu ,
n≥0

and kDf vk≥ λkvk for all v ∈ C uu . Since
\
D(h ◦ f n )(C uu ) = Dh(Efuu )
n≥0

is transverse to Efcs , it follows that D(h ◦ f k )(C uu ) ∩ Efcs = 0 for some integer
k. By replacing C uu with Df k (C uu ), we freely assume that Dh(C uu ) ∩ E cs =
0.
For any non-zero vector v ∈ C uu , the angle between D(f n ◦ h)(v) and Efuu
tends to zero as n → +∞ and so there is N such that D(f n ◦ h)(v) ∈ C uu for
all n > N . By a compactness argument, this N may be chosen independently
of v. Further, there is a constant a > 0 such that kD(f n ◦ h)vk≥ aλn kvk for
all n > N and v ∈ C uu . If n is sufficiently large, then aλn > 1.
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By a similar argument (and possibly adjusting a and N ), there is a cone
family C cs such that if v ∈ C cs , then
a
D(f n ◦ h)−1 v ∈ C cs and kD(f n ◦ h)−1 vk≥ n kvk
γ
n

for all n > N . Note also that γa < aλn for all large n. These conditions
together imply that f n ◦h has a weak absolutely partially hyperbolic splitting
of the form E cs ⊕ E uu .

Indeed, it follows from the proof of the proposition that we have:
Scholium 2.5. In the setting of Proposition 2.4, given any sufficiently narrow cone field C uu (resp. C ss ) in M around E uu (resp. around Dh−1 (E ss )),
there exists N such that f n ◦ h preserves the cone fields for n > N .
Remark 2.6. Notice that if one denotes Fn,m = f n ◦ h ◦ f m it follows that
Fn,m is smoothly conjugate to f n+m ◦ h via f −m . It follows that for n + m
sufficiently large, Fn,m is absolutely partially hyperbolic. Notice also, that
if both n and m are large, one gets that the bundles of Fn,m are as close as
those of f as one wants.
Using Lemma 2.3 one gets.
Proposition 2.7. Let f and g be two partially hyperbolic diffeomorphisms
on M such that there is a C 1 -continuous path {ft }t∈[0,1] of partially hyperbolic diffeomorphisms so that f0 = f and f1 = g. Then there exists a
diffeomorphism h of M such that f is h-transverse to g.
Moreover:
• h is isotopic to f N for some large N . In particular, if f (and therefore g) is isotopic to identity, then h can be chosen to be isotopic to
identity.
• If all the diffeomorphisms in the path {ft } preserve a smooth volume
volt which varies smoothly with t, then, one can choose h so that it
maps vol0 to vol1 .
Proof. First notice that, by continuity of the bundles with respect to t, and
by compactness of the parameters set [0, 1], there is ε > 0 such that for any
s, t ∈ [0, 1] with |t − s|≤ ε one has
ft

id

fs .

Then, one applies the above transitivity lemma to obtain h-transversality.
The fact that h is isotopic to a power of f is immediate from the lemma and
the fact that all ft are isotopic to f .
To see that one can choose h to preserve volume, notice that one can find,
using Moser’s trick (see [KH, Theorem 5.1.27]), a path ϕt of diffeomorphisms
sending volt into vol0 . If follows that the diffeomorphisms {ϕt ◦ ft ◦ ϕ−1
t }
form a smooth path of diffeomorphisms which preserve vol0 . So applying
the previous reasoning to the path ϕt ◦ ft ◦ ϕ−1
which connects f and ĝ =
t
ϕ1 ◦ g ◦ ϕ−1
one
obtains
that
f
is
ĥ-transverse
to
ĝ with ĥ a vol0 preserving
1
diffeomorphism. Because ϕ1 conjugates g and ĝ we see that h = ϕ−1
1 ◦ ĥ is
the posited diffeomorphism.
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Remark 2.8. We have worked in the specific setting that is needed for this
paper. It is not hard to see that the concept of h-transversality can generalize
to give general statements about dominated splittings, normal hyperbolicity,
etc. Moreover, in Proposition 2.4 one just need to ensure transversality of
certain flags and domination between bundles; then, to obtain partial (or
absolute partial, or r-normal) hyperbolicity, it is enough to have the property
for just one of the diffeomorphisms involved. We leave these statements to
the reader as they will not be used here.
3. Geodesic flows in higher genus surfaces
In this section we prove Theorem 1.1. Let us first rewrite and reinterpret
in our language a key proposition of the proof of [BGP, Theorems 2.8 and
2.10]. Recall that, if γ is a simple closed curve on a surface S then τγ denotes
the element of M(S) containing the Dehn twist along γ.
Proposition 3.1 ([BGP, Proposition 2.9]). Consider a closed oriented surface S and let γ be the free homotopy class of a simple closed curve in S.
Then there exist
• a hyperbolic metric µ on S and
• a volume preserving diffeomorphism h: T 1 S → T 1 S in the mapping
class ι(τγ ),
such that the time one map f of the geodesic flow of (S, µ) is h-transverse
to itself.
Proof of Theorem 1.1. Let ϕ ∈ M(S). According to Dehn-Lickorish theorem (see for instance [FM, Theorem 4.1]) one can write φ as a composition
ϕ = τγε`` ◦ · · · ◦ τγε11 , where γi are simple closed curves (not necessary disjoint
no distinct) and εi ∈ {−1, 1}.
Proposition 3.1 yields hyperbolic metrics µ1 , . . . , µ` on S associated to
γi , i = 1, . . . `, and volume preserving diffeomorphisms hi : T 1 S → T 1 S,
i = 1, . . . `, such that each time one map fi of the geodesic flow for µi is
hi -transverse to itself and hi is in the mapping class of ι(τγεii ).
Recall that the Teichmüller space of hyperbolic metrics on S is diffeomorphic to an open ball and, hence, is path connected (see e.g., [FM, Chapter
10]). Thus fi is isotopic to fi+1 through a path of time-one maps of geodesic flows which correspond to a path of hyperbolic metrics connecting
µi to µi+1 . Clearly the path connecting fi to fi+1 consists of volume preserving partially hyperbolic diffeomorphisms (the preserved volume varying
smoothly with the parameter).
By Proposition 2.7, we obtain diffeomorphisms gi : T 1 S → T 1 S such that:
• fi is gi -transverse to fi+1 ,
• gi sends the Liouville volume of µi to that of µi+1 , for i ∈ Z/`Z,
• gi is isotopic to identity.
Therefore we have
f1

h1

f1

g1

f2

h2

f2

g2

···

g`−1

f`

h`

f`

g`

f1
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Now, according to Proposition 2.4 (and Lemma 2.3), for every large m
the diffeomorphism
F = f1m ◦ g` ◦ f`m ◦ h` ◦ · · · ◦ h2 ◦ f2m ◦ g1 ◦ f1m ◦ h1
is absolutely partially hyperbolic. By construction it is volume preserving.
Finally, as the gi and the fi are isotopic to identity the isotopy class of F is
the same as that of h` ◦ · · · ◦ h1 . Hence the mapping class of F is given by
ι(τγε`` ) ◦ · · · ◦ ι(τγε11 ) = ι(ϕ) as ι is a group homomorphism.
Finally, according to [BMVW, HHU1 ], there exists a small perturbation
of F which is stably ergodic, which completes the proof.

Remark 3.2. The proof can be adapted to give that for any given hyperbolic metric µ with geodesic flow Gt and ϕ ∈ M(S) there exists a volume
preserving diffeomorphism h in ι(ϕ) so that Gt is h transverse to itself.
Remark 3.3. Notice that if the mapping class we have chosen leaves some
circle leaf invariant, then one can apply the same reasoning as in [BGP,
Proposition 2.12] to make a robustly transitive and stably ergodic perturbation of the example. Robust transitivity can also be obtained in other
contexts as we will explain in Subsection 5.6.
Remark 3.4. Every closed surface S admits a metric of constant negative
curvature with an orientation reversing isometry, and this lifts to an htransversality for the geodesic flow of the metric with itself. This allows
us to extend Theorem 1.1 to the case of an orientation reserving mapping
classes τ of M(S). Note that in this case ι(τ ) is orientation preserving
because the derivative reverses orientation on the fibers.
3.1. Some obstructions. Recall (see [Jo, Chapter 25]) that the mapping
class group of T 1 S fits into the following short exact sequence.
1 → H1 (S, Z) → M(T 1 S) → M(S) → 1.
Theorem 1.1 implies that the set of mapping classes of T 1 S which are realized
by partially hyperbolic diffeomorphisms surjects onto the whole M(S). Here
we show the following.
Theorem 3.5. If a diffeomorphism f : T 1 S → T 1 S is partially hyperbolic
and its mapping class projects to the identity in M(S), then f is isotopic to
identity.
The proof assumes familiarity with branching foliations [BI] and uses a
result from [HaPS].
Proof. By [HaPS, Section 5.2] we know that the center stable branching
cs
foliation Fbran
for f is horizontal. That is, there exists a smooth conjucs
gacy which is isotopic to identity and which puts Fbran
transversely to the
1
fibers of p: T S → S (and the new branching foliation is invariant under the
cs
conjugated f ). Hence, we can assume that Fbran
is transverse to the circle
fibers.
1 S → S̃ ∼
Let p̃: Tg
= D2 be a lift of p. Note that f does not necessarily
preserve the fibers of p. However, we now show that we can choose a lift
g
1S → T
1 S of f in such a way that the image of each fiber of p̃ by f˜
f˜: Tg
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is at a bounded distance from itself. To do that let g be a diffeomorphism
isotopic to f , which preserves the fibers of p and which fiber over idS . Then
g
1S → T
1 S which fibers over id
lift g to a diffeomorphism g̃: Tg
1 S . Then one
Tg
can easily see that the lift of the isotopy from g to f to the isotopy from g̃
to f˜ yields the posited lift f˜.
cs
Recall that the branching foliation Fbran
is horizontal and the leaves of
cs
Fbran do not intersect topologically (even though they can merge). It follows
cs
that any pair of leaves L, L0 of F̃bran
are bounded distance apart. Indeed
0
cs
otherwise the leaves L and L would project to intersecting leaves Fbran
which would yield a contradiction.
From the exact sequence for M(T 1 S) we know that if f is not isotopic
to the identity, then, there exists a non-trivial cycle c ∈ H1 (S, Z) such that
the mapping class of f is coincides with the mapping class of a non-trivial
vertical Dehn twist along c. Choose a closed geodesic γ representing c in S.
We denote by fγ the vertical Dehn twist along γ which is isotopic to f and
by f˜γ a lift of fγ which is compatible with f˜. One can lift the geodesic γ
cs . Then the distance between γ̃ and f˜ (γ) is
to a curve γ̃ in a leaf L of F̃bran
γ
unbounded because the Dehn twist along γ is non-trivial. Further, because
f˜γ and f˜ are bounded distance apart we also have that the distance between
γ̃ and f˜(γ) is also unbounded. This contradicts to the fact that L and f˜(L)
are bounded distance apart. Hence f is isotopic to identity.

Corollary 3.6. The set of mapping classes realized by partially hyperbolic
diffeomorphisms does not form a subgroup of M(T 1 S).
Proof. It is enough to show that one can create different mapping classes
projecting to the same mapping class in M(S). Then, by composing one
with the inverse of the other one obtains a non-trivial mapping class projecting to the identity, which would yield a contradiction. To see that one has
examples in such mapping classes one just has to observe that Theorem 1.1
produces mapping classes projecting into all of M(S) and that the mapping classes which can be realized by partially hyperbolic diffeomorphisms
are closed under conjugacy. For example, one can take two homologically
non-trivial curves α and β in S whose intersection number is one. Then
denote by fα : T 1 S → T 1 S a partially hyperbolic diffeomorphism in the
mapping class of the (differential of) the Dehn twist along α and denote
by vβ : T 1 S → T 1 S a non-trivial vertical Dehn twist along β. Then fα and
vβ ◦fα ◦vβ−1 are partially hyperbolic diffeomorphisms from different mapping
classes which project to the same mapping class in M(S).

4. Anosov flows transverse to tori
In this section we prove Theorem 1.3.
4.1. Anosov flows transverse to tori. Let X be an Anosov vector field
on a 3-manifold M and let T ⊂ M be a torus transverse to X. It is well
known that T must be incompressible [Bru]. A systematic study of Anosov
flows transverse to tori has been recently carried out in [BBY], yet some
questions still remain open.
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4.2. Connecting different vector fields. The following proposition is
immediate. We state it to emphasize the parallel between this case and the
proof of Theorem 1.1 where a symmetric statement was obtained using the
connectedness of the Teichmüller space.
Proposition 4.1. Let X be a smooth Anosov vector field on M and let
ρ1 , ρ2 : M → (0, 1] be smooth functions. Then, the time one maps of the
flows generated by the vector fields ρ1 X and ρ2 X are isotopic through partially hyperbolic diffeomorphisms.
As an immediate consequence of this proposition and Proposition 2.7 we
have the following.
Corollary 4.2. Let X be a smooth Anosov vector field on M and let ρ1 , ρ2 :
M → (0, 1] be smooth functions. Then, there exists a diffeomorphism g :
M → M such that the time one map of the flow of ρ1 X is g-transverse to
the time one map of the flow of ρ2 X. Moreover, g is isotopic to identity.
Remark 4.3. If X is volume preserving, then, one can choose g so that it
sends the volume preserved by ρ1 X to the volume preserved by ρ2 X.
4.3. Coordinates in flow boxes. We consider an Anosov vector field X
transverse to a torus T . Without loss of generality we can assume that we
have chosen a metric in M such that X is everywhere orthogonal to T and
such that kX(x)k= 1 for all x ∈ M .
Since X is transverse to T we obtain that the foliations WXcs and WXcu
induce (transverse) foliations FXs and FXu on T by taking the intersections.
We can consider coordinates θT : T → T2 where T2 = R2 /Z2 is equipped
with the usual (x, y)-coordinates (mod 1). We denote by F s and F u the
foliations θT (FXs ) and θT (FXu ), respectively.
For each η > 0 consider a manifold M̂η diffeomorphic to M with an
Anosov vector field X̂ η obtained as follows:
• first cut M along T to obtain a 3-manifold M 0 with two boundary
components T0 and T1 such that the vector field X points outwards
on T0 and inwards on T1 ,
• glue in a flow box Uη = [0, η] × T to M 0 so that {0} × T glues to T0
and {η} × T glues to T1 ,
• define X̂ η to be the unit horizontal vector field on [0, η] × T which
glues well with X.
Denote by T̂ to the torus T0 ∼
= T × {0} in M̂η which can be identified
with T in the obvious way. We will simply write X̂ for X̂ η and we will write
X̂t for the time t map of the flow generated by X̂. It is straightforward to
check that the flow generated by X̂ is Anosov (even if the constants worsen
as η increases). The fact that M̂η is diffeomorphic to M is also immediate
because T has a neighborhood in M diffeomorphic to T × (0, 1).
The following proposition will be helpful to choose nice deformations of
the flow in order to apply Proposition 2.4 and Corollary 4.2.
Proposition 4.4. There exists a smooth function ρη : M → (0, 1] such that
the vector field ρη X is smoothly conjugate to X̂ η .
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Proof. Pick a small ε > 0 and pick an increasing diffeomorphism ψ: [−ε, ε +
η] → [−ε, ε] such that ψ 0 ≤ 1 and ψ − x is C ∞ flat at the endpoints. Let
S
S
Tε = |t|≤ε Xt (T ) ⊂ M . In a similar way, let T̂εη = −ε≤t≤η+ε X̂t (T0 ) ⊂ M̂η .
Clearly these are smooth embeddings of [ε, ε] × T and T × [−ε, η + ε] in M
and M̂η , respectively, so that orbits of the flows correspond to horizontal
lines. Now, choose a diffeomorphism from M̂η to M which is the identity
outside T̂εη and identifies T̂εη with Tε via ψ × id. This diffeomorphis yields
the conjugacy and the posited time change ρη X.

Recall that the inserted flow box Uη = [0, η] × T ⊂ M̂η can be viewed a
sweep-out of T up to time η:
[
X̂t (T̂ )
Uη =
0≤t≤η

Consider the “straightening diffeomorphism” Hη : Uη → [0, 1] × T2 given by


t
, θT (p) , p ∈ T̂
(4.1)
Hη (X̂t (p)) =
η
For fixed η we will denote by Ŵησ and Êησ the corresponding foliations
and invariant bundles for X̂ (σ = cs, cu, ss, uu).
We also denote by F uu and F ss the one-dimensional foliations of [0, 1] ×
2
T which in {t} × T2 coincide with the foliations {t} × F u and {t} × F s ,
respectively.
Lemma 4.5. The diffeomorphism HN has the following properties
def

• Hη (Ŵηcs ∩ Uη ) = [0, 1] × F s = F cs
def

• Hη (Ŵηcu ∩ Uη ) = [0, 1] × F u = F cu
• DHη (Êηss ) converges to the tangent bundle of the foliation F ss as
η → ∞.
• DHη (Êηuu ) converges to the tangent bundle of the foliation F uu as
η → ∞.
It is important to remark that the above convergence is with respect to
the standard metric in [0, 1] × T2 and not with respect to the push forward
metric from the manifold via Hη .
Proof. Because the differential of Hη maps the vector field X̂ to the vector
∂
the first two properties follow. Note that the component of Êησ
field η1 ∂t
along X̂ is uniformly bounded (σ = ss, uu). Therefore, contraction by a
factor η1 implies the posited limit behavior in the latter properties.

4.4. A diffeomorphism in a flow box which preserves transversalities. Assume that there exists a smooth path {ϕs }s∈[0,1] of diffeomorphisms
of T2 such that
• ϕs = id for s in neighborhoods of 0 and 1,
• the closed path s 7→ ϕs is not homotopically trivial in Diff(T2 ),
• for every s ∈ [0, 1]:
ϕs (F u ) t F s .
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We use the coordinate chart Hη : Uη → [0, 1]×T2 to define diffeomorphism
Gη : Uη → Uη by
(s, x, y) 7→ (s, ϕs (x, y)).
The following lemma is immediate from our choice of {ϕs }s∈[0,1] .
Lemma 4.6. The diffeomorphism Gη has the following properties:
• Gη (Hη−1 (F uu )) is transverse to ŴX̂cs = Hη−1 (F cs ),

• Gη (ŴX̂cu ) = Gη (Hη−1 (F cu )) is transverse to Hη−1 (F ss ).
Let hη : M̂η → M̂η be the diffeomorphism defined as

x
if x ∈
/ Uη
hη (x) =
Gη (x) if x ∈ Uη

(4.2)

If γ denotes the element of π1 (T ) associated to the loop {θT−1 ◦ ϕt ◦ θT (x)}t ,
then, by construction, hη is a diffeomorphism that belongs to τ (T, γ) i.e.,
a Dehn twist along γ.
Proposition 4.7. There exists η0 > 0 such that for all η ≥ η0 :
uu ) is transverse to E cs ,
• Dhη (EX̂
X̂
cu ) is transverse to E ss .
• Dhη (EX̂
X̂
Proof. This follows by combining Lemma 4.6, Lemma 4.5 and the fact that
outside Uη the diffeomorphism hη is the identity.

As a consequence, using Proposition 4.4, we have the following.
Corollary 4.8. Given X an Anosov flow on M transverse to an embedded
torus T and γ ∈ G(T, X), there exists a smooth function ρT : M → (0, 1] and
a diffeomorphism hγ : M → M in the mapping class τ (T, γ) such that if fT
is the time-one map of the flow generated by ρT X, then fT is hγ -transverse
to itself.
Remark 4.9. Notice that if there is a volume form ω on T such that ϕs
preserves the form (θT )∗ (ω) for every s, then hη preserves volume form
ω ∧ dX.
4.5. Proof of Theorem 1.3. Let X be an Anosov flow on M and let
T1 , . . . , T` be tori (not necessarily disjoint or distinct) transverse to X.
Choose γi ∈ G(Ti , X).
Using Corollary 4.2 and Corollary 4.8 one obtains diffeomorphisms hi and
gi of M such that if fi denotes the time one map of the flow generated by
ρTi X, then we have:
f1

h1

f1

g1

f2

h2

f2

g2

···

g`−1

f`

h`

f`

g`

f1

with gi isotopic to identity and hi ∈ τ (Ti , γi ).
Now, according to Proposition 2.4 (and Lemma 2.3), for every large m
the diffeomorphism
F = f1m ◦ g` ◦ f`m ◦ h` ◦ · · · ◦ h2 ◦ f2m ◦ g1 ◦ f1m ◦ h1
is absolutely partially hyperbolic. Clearly, the homotopy class of F is the
composition of τ (T` , γ` ) ◦ . . . ◦ τ (T1 , γ1 ).
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4.6. Mapping class group of 3-manifolds. In order to proceed with the
proof of Corollary 1.4, we need to briefly recall the description of the mapping class group M(M ) of a Haken manifold M . This description relies on
Johannson’s characteristic submanifold theory which we briefly summarize.
For full generality and full details we refer to [Jo, Chapters VI and IX]; see
also [McC, §4] and [CM, Chapter 4].
Let M be a closed (∂M = ∅) Haken 3-manifold. Then the characteristic
submanifold Σ ⊂ M is a codimenison 0 submanifold of M which consists of
all Seifert-fibered pieces of the JSJ decomposition of M . A torus which separates two Seifert-fibered pieces of the JSJ decomposition yields two torus
boundary components of Σ so that the number of connected components
of Σ is precisely the number of Seifert-fibered pieces in the JSJ decomposition. Johannson’s Classification Theorem asserts that every diffeomorphism
of M is homotopic to a homeomorphism which preserves the characteristic
submanifold Σ. Consider the subgroup M(M, Σ) of M(M ) given by diffeomorphisms whose restriction to the closure of the complement of Σ is
isotopic to identity. By work of Johannson, M(M, Σ) has finite index in
M(M ). (In the proof of Corollary 1.4 below, the fact that M(M, Σ) has
finite index will be immediate from Johannson’s Classification Theorem.)
Restricting to connected components Σi , i = 1, . . . n, of Σ yields an exact
sequence (see [McC, §4])
1 → K → M(M, Σ) →

n
Y

M̄(Σ1 , ∂Σi ) → 1

(4.3)

i=1

where K consists of mapping classes which are represented by homeomorphisms h: M → M which are identity outside a small product neighborhood of ∂Σ and M̄(Σi , ∂Σi ) is the subgroup of the full mapping class group
M(Σi , ∂Σi ) which given by homeomorphisms h: Σi → Σi whose restriction
to ∂Σi is isotopic to identity.
Proposition 4.10. Let M be a Haken manifold admitting an Anosov flow
X which is transverse to the boundary ∂Σ of the characteristic submanifold
Σ = ∪ni=1 Σi . Assume that for each torus boundary component T of Σ the
group of permitted Dehn twists G(T, X) is maximal, i.e., isomorphic to
Z2 . Also assume that the mapping class groups of the Seifert fibered pieces
M̄(Σi , ∂Σi ), i = 1, . . . n, are finite. Then the mapping class group M(M )
has a finite index subgroup K such that each mapping class in K can be
represented by an absolutely partially hyperbolic diffeomorphism.
Proof. By the above discussion and the assumption on M̄(Σi , ∂Σi ), i =
1, . . . n, the subgroup K from (4.3) has finite index in M(M ). Each element
of K is represented by a Dehn twist along ∂Σ. Hence, by the assumption on
G(T, X), we have K ⊂ T (X) (recall that T (X) is the group generated by
permitted Dehn twists). Hence each mapping class from K is represented
by a partially hyperbolic diffeomorphism according to Theorem 1.3.

In order to demonstrate examples to which Proposition 4.10 applies we
need to have Seifert-fibered manifolds Σi with finite M̄(Σi , ∂Σi ). Thus we
need to recall Johannson’s description of the mapping class group of Seifertfibered manifolds with boundary [Jo, §25].
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Let Σ be a Seifert-fibered manifold with a non-empty boundary ∂Σ. Consider the mapping class group M(Σ, ∂Σ) of self homeomorphisms h: (Σ, ∂Σ) →
(Σ, ∂Σ) modulo boundary preserving isotopies (h is allowed to permute
boundary components). If one excludes six exceptional manifolds [Jo, 5.1.15.1.6] (which we will not encounter here) then homeomorphism h is isotopic
to a fiber preserving homeomorphism [Jo, Corollary 5.9]. It follows [Jo,
Proposition 25.3] that the mapping class group fits into a split short exact
sequence
1 → M0 (Σ, ∂Σ) → M(Σ, ∂Σ) → M(B, ∂B) → 1,

(4.4)

where M0 (Σ, ∂Σ) is the subgroup of the mapping class group given by homeomorphisms which preserve each fiber (i.e., homeomorphisms which fiber
over identity) and M(B, ∂B) is the mapping class group of the underlying
orbifold B. (In the setup to which we are about to specify in order to obtain
Corollary 1.4, manifold Σ will be circle-fibered and, hence, M(F, ∂F ) will
simply be the mapping class group of a surface B.) Further, M0 (Σ, ∂Σ)
is isomorphic to H1 (B, ∂B) (relative first homology) and is generated by
certain vertical Dehn twists [Jo, Lemma 25.2].
Recall that Johannson’s work elements of M(Σ, ∂Σ) are represented by
fiber-preserving homeomorphisms. Further if h1 , h2 : Σ → Σ are isotopic
fiber preserving homeomorphisms then by work of Waldhausen [Wa] (see
discussion on p. 85) h1 is isotopic to h2 via a path of fiber preserving
homeomorphisms. It follows that the short exact sequence (4.4) restricts to
a short exact sequence
1 → M̄0 (Σ, ∂Σ) → M̄(Σ, ∂Σ) → M̄(B, ∂B) → 1,

(4.5)

where ¯ indicates the subgroup (of corresponding mapping class group)
induced by homeomorphisms whose restriction to the boundary is isotopic
to identity.
4.7. Proof of Corollary 1.4. Denote by Σ the total space of the (unique)
p
non-oriented circle bundle S 1 → Σ → B, where B is the projective plane
RP 2 with two disks removed (see Figure 1). Then manifold Σ is orientable
and has two torus boundary components. Bonatti and Langevin exhibited a
self gluing of Σ (via an orientation-reversing diffeomorphism of the 2-torus)
which yields a closed manifold M which supports an Anosov flow X transverse to the gluing torus [BL]. The closed manifold M is not Seifert-fibered,
hence the characteristic submanifold of M is the complement of a product
neighborhood of the gluing torus and, therefore, can be identified with Σ.
Note that for M the subgroup K appearing in (4.3) is the subgroup of Dehn
twists along the gluing torus and, hence, is isomorphic to Z2 . Further by
combining the description of invariant foliations near the gluing torus provided by [BL] with the description of permitted Dehn twists [BZ] we have
that all Dehn twists are permitted. Hence Proposition 4.10 applies and,
according to (4.5), in order to complete the proof of Corollary 1.4 in the
case when n = 1 it only remains to show that the groups M̄0 (Σ, ∂Σ) and
M̄(B, ∂B) are finite. In fact, the form of the intersection of the foliations
with the tori allow to see that one can make the Dehn-twists in a volume
preserving way (see [BGP, Lemma 3.8]).
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Figure 1. The surface B.
The mapping class group M̄(B, ∂B) can be easily seen to be Z/2Z.
By [Jo, Lemma 25.2], we have the isomorphism M0 (Σ, ∂Σ) ' H1 (B, ∂B).
The group H1 (B, ∂B) is the first homology of RP 2 with two points identified.
Hence M0 (Σ, ∂Σ) ' H1 (B, ∂B) ' Z ⊕ Z/2Z. Further, [Jo, Proof of Case 2
of Lemma 25.2] gives an explicit description of generators of M0 (Σ, ∂Σ) as
follows. Let α be a simple curve which connects the boundary components
of B and let h be a simple curve which connects a boundary component to
itself as indicated in Figure 1. Let Aα = p−1 α and Ah = p−1 h be corresponding annuli. Then, the Dehn twists along Aα and Ah are the generators
of M0 (Σ, ∂Σ), the first one being the infinite order generator and the second one being the generator of order two. Clearly the Dehn twist along Aα
restricts to a Dehn twist on each torus boundary component and, hence, is
not isotopic to identity on the boundary. However, the restriction of Dehn
twist along Ah to the boundary ∂Σ can be seen to be isotopic to identity
(two Dehn twists on the boundary component given by h are inverses of each
other). We conclude that M̄0 (Σ, ∂Σ) is Z/2Z and that K ' Z2 is indeed
finite index in M(M ).
To address the case n > 1, consider finite cyclic covers Mn → M obtained
by gluing n copies of Σ using the Bonatti-Langevin gluing. Then the lifted
Anosov flow on Mn is transverse to each of the gluing tori. The characteristic
submanifold of Mn is the disjoint union of n copies of Σ. Then the same
considerations as above apply to show that K ' Z2n has finite index in
M(Mn ). Further, because the group of Deck transformations Z/nZ of the
covering Mn → M commutes with the Anosov flow one can, in fact, realize
a larger subgroup K ⊕ Z/nZ by partially hyperbolic diffeomorphisms by
following the arguments for the proof of Theorem 1.3. More specifically, one
has to utilize the fact that if h denotes a Deck transformation of the covering
Mn → M then the time one map of the Anosov flow is h-transverse to itself.
As this is only needed to go from K to K ⊕ Z/nZ, we leave the details to
the reader.
5. Dynamical incoherence
In this section, we consider the examples built in Theorem 1.1 on the unit
tangent bundle T 1 S of an oriented higher genus surface S which are isotopic
to the projectivizations of pseudo-Anosov diffeomorphisms of S.
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Consider a hyperbolic surface (S, µ) and an element ϕ of the mapping class
group M(S). We denote by {G t }t∈R the geodesic flow for the hyperbolic
metric µ and by Z the vector field which generates it. Let EZss ⊕ RZ ⊕ EZuu
be the hyperbolic splitting for the geodesic flow.
According to Theorem 1.1 and Remarks 2.6 and 3.2, there exists a diffeomorphism f : T 1 S → T 1 S such that
• f belongs to the mapping class ι(ϕ);
• for any t ≥ 0 the diffeomorphism ft = G t ◦f ◦G t is absolutely partially
hyperbolic and volume preserving; we denote by Etss ⊕ Etc ⊕ Etuu the
corresponding partially hyperbolic splitting.
• the subbundles Etss , Etc and Etuu converge uniformly to EZss , RZ and
EZuu , respectively, as t → +∞.
The goal of this section is to prove the following result (which is nonvacuous according to the above discussion).
Theorem 5.1. Consider a hyperbolic surface (S, µ) and a pseudo-Anosov
mapping class ϕ ∈ M(S). Let Z be the vector field which generates the
geodesic flow on T 1 S.
Then there exists η > 0 such that, if f : T 1 S → T 1 S is a diffeomorphisms
satisfying the following conditions:
• f is partially hyperbolic,
• the subbundles of the partially hyperbolic splitting E ss ⊕ E c ⊕ E uu of
f are η-close to the bundles of the hyperbolic splitting EZss ⊕RZ ⊕EZuu
of the geodesic flow;
then f is dynamically incoherent.
In fact, we will prove a slightly more general result. To state the result
we need to recall the Nielsen-Thurston classification of mapping classes of
S [Th, HT2 ]. According to this classification, each homeomorphism of a
compact oriented surface S of negative Euler characteristic with (possibly
empty) boundary ∂S is isotopic to one of the following “normal forms”
h: S → S
• h is periodic, that is, hn = idS for some n ≥ 1,
• h is pseudo-Anosov,
• h is reducible. Namely, there exists a finite collection of simple closed
curves whose union is invariant under h. This collection partitions
S into a finite collection of subsurfaces each of which is invariant
under hn for some n ≥ 1. Moreover, the restriction of hn to each of
the subsurfaces is either periodic or pseudo-Anosov.
Addendum 5.2. Theorem 5.1 also holds if instead of assuming that mapping class ϕ is pseudo-Anosov we assume that ϕ is a reducible mapping class
with at least one pseudo-Anosov component.
From now on we fix the hyperbolic surface (S, µ) its geodesic flow G t and
the generating vector field Z.
5.1. Shadowing property of the geodesic flow G t . Let us first state the
standard shadowing lemma for Anosov flows (see [KH, Theorem 18.1.6]).
Recall that a δ-pseudo-orbit for a flow generated by a vector field X is a
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curve c : R → M such that kc0 (t) − X(c(t))k≤ δ for all t ∈ R. We say that a
curve c : R → M is ε-shadowed by an orbit of X if there exists x ∈ M and a
reparametrization s : R → R such that |s0 (t) − 1|≤ ε for all t and such that
d(c(s(t)), Xt (x)) ≤ ε for all t ∈ R.
Theorem 5.3. Let X be an Anosov flow on a closed manifold M . Then, for
every ε > 0 there exists δ > 0 such that every δ-pseudo orbit is ε-shadowed
by an orbit of X. Moreover, if ε is sufficiently small, then the shadowing
orbit is unique.
In our setting, we also obtain shadowing injectivity as follows. We can
parametrise center leaves as (c, ~c) : R → T 1 S and the notation is to indicate
that the projection into S is the curve c : R → S.
Theorem 5.4. Let Z be the vector field which generates the geodesic flow G t
of a hyperbolic surface S. Then there is ε0 > 0 such that for every ε ∈ (0, ε0 )
there is δ > 0 with the following property:
• consider any dynamically coherent partially hyperbolic diffeomorphism f : T 1 S → T 1 S whose subbundles Efs , Efc and Efu of its partially hyperbolic splitting are δ-close to the corresponding ones of Z,
and let Xfc a vector field orienting Efc so that Xfc is δ-close to Z,
• consider any pair of different center leaves (c1 , ~c1 ), (c2 , ~c2 ): R → T 1 S
tangent to Xfc ,
then the orbits of the geodesic flow G t that ε-shadow (c1 , ~c1 ) and (c2 , ~c2 ) are
different.
The argument will be carried out on the cover T 1 D2 and we need to
introduce some notation first. The Poincaré disk D2 covers the hyperbolic
surface (S, µ) so that the covering map is a local isometry. Let dD2 denote
the metric on D2 induced by the hyperbolic Riemannian metric. We equip
T 1 D2 with the product Riemannian metric (which is π1 S-equivariant) and
denote by dT 1 D2 the induced metric.
Proof. To prove the theorem, we lift all the structures to T 1 D2 . We denote the lift of f by f˜: T 1 D2 → T 1 D2 . Clearly it is sufficient to establish
the “shadowing injectivity property” on T 1 D2 . Note that according to our
assumptions on subbundles of f the size of local product structure neighborhoods is uniform in ε; that is, the size stays fixed when we let ε & 0
(and δ & 0). Hence we assume that ε is much smaller than the size of local
product structure neighborhoods.
Each center leaf of f˜ has the form (c, ~c): R → T 1 D2 where c: R → D2 .
Further, by dynamical coherence, each center leaf (c, ~c) is contained in a
unique center-unstable leaf W cu (c, ~c) which is uniformly transverse (i.e.,
with angle bounded away from 0) to the circle fibers of π. It follows that
π: W cu (c, ~c) → D2 is a covering map and, hence, is a diffeomorphism. Further, because π is a Riemannian submersion and the angle between E s ⊕E uu
and the circle fibers is uniformly bounded away from 0 (uniformly in ε) we
also have that kD((π|W cu (x) )−1 )k is uniformly bounded and, hence,
dW cu (x) (x1 , x2 ) ≤ CdD2 (π(x1 ), π(x2 )),

(5.1)
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where x2 ∈ W cu (x1 ), dW cu (x) is the metric induced by the restriction of the
Riemannian metric to W cu (x) and C is a constant which does not depend
on ε.
We will argue by contradiction. Assume that a geodesic (γ, ~γ ): R → T 1 D2
ε-shadows two distinct center leaves (c1 , c~1 ): R → T 1 D2 and (c2 , c~2 ): R →
T 1 D2 . Then, because π does not increase distance and, using the triangle
inequality, we have
H
dH
D2 (c1 , c2 ) ≤ dT 1 D2 ((c1 , c~1 ), (c2 , c~2 )) ≤ 2ε,

(5.2)

where superscript H indicates the Hausdorff distance with respect to the
corresponding metric.
Without loss of generality we can assume that (c1 , c~1 ) and (c2 , c~2 ) belong
to the same center-unstable leaf. To see this consider the “heteroclinic center
leaf” (c3 , ~c3 ) = W u,loc (c1 , ~c1 ) ∩ W s,loc (c2 , ~c2 ). Clearly this leaf is also Kεshadowed by γ, where K is a constant associated with the local product
structure and is independent of ε. Also c3 is different either from c1 or
from c2 (or both). We assume that c1 and c3 are distinct (otherwise the
arguments are the same with the time direction reversed). Hence, we can
conclude that, by choosing ε smaller and by replacing c2 with c3 , we indeed
can assume that the center leaves (c1 , ~c1 ) and (c2 , ~c2 ) are contained in the
same center-unstable leaf.
For any n ≥ 1 consider center leaves f˜n (c1 , ~c1 ) and f˜n (c2 , ~c2 ) and let
γ1 and γ2 be the geodesics which shadow them, respectively. By (5.2) and
because kDf˜k is uniformly bounded, we see that γ1 and γ2 are finite distance
apart (as oriented geodesics). Recall that in D2 geodesics either coincide or
diverge exponentially in positive or negative time. Hence γ1 = γ2 . And by
the same token as before (5.2) we also have
dH2 (π f˜n (c1 , ~c1 ), π f˜n (c2 , ~c2 )) ≤ dH1 2 (f˜n (c1 , ~c1 ), f˜n (c2 , ~c2 )) ≤ 2ε
(5.3)
T D

D

Now for each center leaf consider its neighborhood in the center-unstable
leaf
[
W cu,loc (c, ~c) =
W u,loc (x) ⊂ W cu (c, ~c),
x∈(c,~c)

W u,loc

where the size of
is the size of local product structure neighborhoods
and hence is much bigger than ε. For all n ≥ 0, using (5.1) and (5.3), we
have
dH
W cu (f˜n (c

c1 ))
1 ,~

˜n
(f˜n (c1 , ~c1 ), f˜n (c2 , ~c2 )) ≤ CdH
c1 ), π f˜n (c2 , ~c2 ))
D2 (π(f (c1 , ~
˜n
≤ CdH
c1 ), f˜n (c2 , ~c2 )) ≤ 2Cε
T 1 D2 (f (c1 , ~

Recall that C is independent of ε. Hence, by the above inequality, we
can pick ε sufficiently small so that f˜n (c2 , ~c2 ) belongs to W u,loc (f˜n (c1 , ~c1 ))
for all n ≥ 0. Now pick an x ∈ (c1 , ~c1 ) and let y ∈ W u,loc (x) ∩ (c2 , ~c2 ).
Then f˜n (x) and f˜n (y) diverge exponentially quickly along the unstable leaf.
Pick the smallest n ≥ 1 such that f˜n (y) ∈
/ W u,loc (f˜n (x)). On the other
n
n
u,loc
hand f˜ (y) ∈ f˜ (c2 , ~c2 ) ⊂ W
(c1 , ~c1 ). Therefore there exists a point
n
u,loc
˜
z ∈ (c1 , ~c1 ) such that f (y) ∈ W
(f˜n (z)). We conclude that the unstable
u
leaf W (x) intersects the center leaf (c1 , ~c1 ) in two distinct points x and z.
But such a configuration is impossible inside W cu (x) (which is diffeomorphic
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to D2 ) by the standard Poincare-Bendixon’s argument (see e.g. [KH, Section
14.1]).

The following global shadowing property of (general) Anosov flows is a
straightforward consequence of [KH, Theorem 18.1.7]:
Theorem 5.5. Let X be an Anosov flow on a compact manifold M . Then
for any ε > 0 there is δ > 0 with the following property: consider any
C 0 -foliation F directed by a vector field Y such that, for every x ∈ M ,
kY (x) − X(x)k< δ.
Then there is h: M → M with the following property
• for any x ∈ M one has d(h(x), x) < ε.
• for any leaf L of F the image h(L) is exactly an orbit of X
• h is continuous and onto: in particular, for any orbit γ of X there
is a leaf L with h(L) = γ.
Putting together Theorems 5.5 and 5.4 we immediately obtain the following.
Corollary 5.6. For every ε > 0 there exists δ > 0 such that if f : T 1 S →
T 1 S is a dynamically coherent partially hyperbolic diffeomorphism whose
splitting is δ-close to the one of Z, then, every center leaf c : R → T 1 S
tangent to Xfc parametrized by arc-length is ε-shadowed by a unique orbit of
Z. Moreover, for every orbit γ of Z there is a unique center curve which is
ε-shadowed by γ.
5.2. Dynamics at infinity. We compactify the Poincaré disk D2 by adding
the “the circle at infinity” ∂D2 with the topology induced by the Euclidean
topology of R2 ⊃ D2 ∪ ∂D2 . Recall that ∂D2 can be viewed as the space of
asymptotic classes of geodesics in D2 . Further, each unit speed geodesic γ in
D2 is uniquely determined by an ordered pair of boundary points (γ− , γ+ ) ∈
∂D2 × ∂D2 \∆, where
γ− = lim γ(t),
t→−∞

γ+ = lim γ(t)
t→+∞

In the same way any curve c: R → D2 which stays a bounded distance away
from a geodesic determines a pair of boundary points (c− , c+ ) ∈ ∂D2 ×
∂D2 \∆.
Now let Ψ: S → S be a homeomorphism and let Ψ̃: D2 → D2 be a lift.
Then the action of Ψ̃ on geodesic rays induces a homeomorphism ∂ Ψ̃: ∂D2 →
∂D2 which depends only on the isotopy class of Ψ (but does depend on
the choice of the lift). Namely, if Ψ0 ' Ψ and Ψ̃0 ' Ψ̃ is the lift of the
isotopy, then ∂ Ψ̃0 = ∂ Ψ̃. Further if Ψ is pseudo-Anosov, then for any lift
Ψ̃ the boundary homeomorphism ∂ Ψ̃ has finitely many fixed points on ∂D2
alternatively expanding and contracting. Moreover, the lift of the unstable
geodesic lamination L̃u of the mapping class of Ψ contains the geodesics
joining consecutive expanding fixed points.
In the case when Ψ is reducible, the structure of the fixed points at infinity
can be more complicated, but the following proposition is still true.
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Proposition 5.7. ( [CB, §5, §6],[M, Section 9]) Let Ψ: S → S be a pseudoAnosov homeomorphism or a reducible homeomorphism with a pseudo-Anosov
component. Then there is a positive iterate ∂ Ψ̃n which has two distinct expanding fixed points γ− and γ+ and the geodesic γ which is determined by
these points belongs to the lift of the unstable geodesic lamination L̃u . Further Ψn can be isotoped to Φ such that corresponding lift Φ̃ ' Ψ̃n preserves
the unstable geodesic lamination and hence preserves γ.
Remark 5.8. We remark that there is a discrepancy between the terminology in hyperbolic dynamics and the terminology for laminations (and
singular foliations) of pseudo-Anosov diffeomorphisms. Namely, the stable
geodesic lamination is the one which expands sufficiently large segments if
its geodesics. We refer to books [CB, Cal] for further background on geodesic
laminations and pseudo-Anosov theory.
5.3. Dynamics at infinity and the center leaves. Here we consider a
dynamically coherent partially hyperbolic diffeomorphism f : T 1 S → T 1 S
which satisfies the assumptions of Theorem 5.4. Assume that there is a
diffeomorphism Φ: S → S such that f is isotopic to DΦ: T 1 S → T 1 S.
Consider the π1 S-covers D2 → S , T 1 D2 → T 1 S and lifts Φ̃: D2 → D2 ,
f˜: T 1 D2 → T 1 D2 such that the isotopy f ' DΦ lifts to an isotopy f˜ ' DΦ̃.
As f˜ ' DΦ̃ is an equivariant isotopy, we have
dT 1 D2 (f˜, DΦ̃) < C

(5.4)

and because the bundle map π: T 1 D2 → D2 is a Riemannian submersion, we
also have
(5.5)
dD2 (π ◦ f˜, Φ̃) < C.
Consider the center leaves for f˜, i.e., connected components of preimages of
center leaves for f under the covering map. Recall that each center leaf has
the form (c, ~c): R → T 1 D2 where c: R → D2 . We slightly abuse terminology
by referring to the underlying curve c: R → D2 as a center leaf as well.
This is harmless because c: R → D2 uniquely determines the center leaf. By
Theorem 5.4 each center leaf c is shadowed by a unique geodesic γ, and
hence each center leaf c is uniquely determined by a pair of points on the
boundary and vice versa. According to the following claim the dynamics of
f˜ on the space of center leaves is uniquely determined by the dynamics on
the boundary.
Claim 5.9. For a center leaf (c, ~c) of f˜, let (c1 , ~c1 ) = f˜(c, ~c). Then
(c1− , c1+ ) = (∂ Φ̃(c− ), ∂ Φ̃(c+ )),
where (c− , c+ ) and (c1− , c1+ ) are the boundary points of c and c1 respectively.
Proof. Let γ be the geodesic which shadows c. Then γ and c have the same
boundary points (c− , c+ ). Applying f˜, we have that (c1 , ~c1 ) is bounded distance away from f˜(γ, γ 0 ). By (5.4), f˜(γ, γ 0 ) is bounded distance away from
DΦ̃(γ, γ 0 ) = (Φ̃(γ), Φ̃(γ)0 ). But Φ̃(γ) has boundary points (∂ Φ̃(c− ), ∂ Φ̃(c+ ))
by the definition of ∂ Φ̃.
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5.4. Proof of Theorem 5.1 and the Addendum. Let f be a partially
hyperbolic diffeomorphism and let ϕ ∈ M(S) be the mapping class as in
Theorem 5.1 or the Addendum with f ∈ ι(ϕ). First we pass to positive
iterates of f and ϕ so that Proposition 5.7 applies and yields a representative
Φ of ϕ such that the lift Φ̃ preserves a geodesic γ. Further, γ belongs to the
unstable lamination and, hence, is coarsely contracting (cf. Remark 5.8),
i.e., for all sufficiently long segments [γ(a), γ(b)] ⊂ γ(R) we have
dD2 (Φ̃(γ(a)), Φ̃(γ(b))) ≤ λdD2 (γ(a), γ(b)),
where λ < 1 and depends only on the mapping class, see e.g., [Cal].
Next assume that f is dynamically coherent and satisfies the assumptions
of Theorem 5.4. Let (c, ~c): R → T 1 D2 be the center leaf of f˜ which is
shadowed by γ. By Corollary 5.6, this leaf is unique and Claim 5.9 implies
that (c, ~c) is preserved by f˜. Using (5.5) and the fact that γ is coarsely
contracting under Φ̃, it is easy to show that (c, ~c) is coarsely contracting
under f˜. Hence, f˜ has a fixed point x ∈ (c, ~c).
Recall that the center foliation is obtained by taking the intersection of
the center-stable and the center-unstable foliations. Consider the centerunstable leaf L which contains (c, ~c). Because E c ⊕ E ss is transverse to
the circle fibers of T 1 S, the restriction of the bundle map π|L : L → D2 is a
diffeomorphism. Note that π sends a center leaves to its underlying curve.
Pick a point y ∈ L on the local stable manifold of x. Consider the sequence {f˜n (y), n ≥ 0} and corresponding sequence of center leaves which
contain these points {(cn , ~cn ); n ≥ 0} ⊂ L. Because π|L is a diffeomorphism,
cn : R → D2 are all distinct and therefore have distinct pairs of boundary
points (cn− , cn+ ), n ≥ 0. Each cn partitions D2 into two connected components: one containing π(x) and the other one containing π(f˜m (y)) for
m < n. It follows that one of the sequences {cn− , n ≥ 0} and {cn+ , n ≥ 0} is
non-increasing and the other one is non-decreasing (we orient ∂D2 counterclockwise). For the sake of concreteness, we can assume that {cn− , n ≥ 0} is
non-increasing and that {cn+ , n ≥ 0} is non-decreasing (see Figure 2). Let
`− = lim cn− ,
n→∞

`+ = lim cn+
n→∞

Also let c∞ be the center leaf determined by (`− , `+ ).
The pairs (cn− , cn+ ) are all distinct and, hence at least one of these sequences does not stabilize at the limit point, say, {cn− , n ≥ 0} does not
stabilize. Recall that by Claim 5.9, we have cn− = ∂ Φ̃n (c0− ). Hence c̄− is a
contracting fixed point for ∂ Φ̃ (at least on one side). By Proposition 5.7, c−
and c+ are expanding fixed points. Hence, c̄− 6= c− and consequently c̄ and
c are disjoint. By construction, c̄ separates c from the sequence {cn ; n ≥ 0}.
In particular, we have for all n ≥ 0
dD2 (π(x), π(f˜n y)) ≥ dD2 (π(x), c̄) = ρ > 0,
which yields a contradiction as f˜n y lies on the stable manifold of x.



Remark 5.10. The proof can be extended to rule out a weaker version
of dynamical coherence. Namely, we show that there does not exist an
invariant foliation F cu tangent to E c ⊕ E uu . Indeed, using a leaf of the
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(c, ~c)

L

x
`−

(c∞ , ~c∞ )

c2,−

f˜(y)

`+

c2,+

y
c1,−

c1,+

Figure 2. Depiction of the elements in the proof.
center stable branching foliation (see [BI])2 and assuming that there is an
invariant foliation tangent to E c ⊕ E uu one can use the same argument
because the argument takes place inside a center-stable leaf.
5.5. Further remarks and extensions. Using the branching foliations
of Burago-Ivanov [BI], some of the intermediate results in the proof above
may be established in the dynamically incoherent setting. In particular, we
obtain information about complete curves tangent to the center distribution
as well as their coarse dynamics.
Putting together Theorem 5.5, the ideas in Theorem 5.4 and a key result
from [BI] we obtain the following.
Proposition 5.11. For every ε > 0 there exists δ > 0 such that if f :
T 1 S → T 1 S is a partially hyperbolic diffeomorphism whose splitting is δclose to that of G t , then every c : R → T 1 S tangent to Efc and parametrized
by arc-length is ε-shadowed by a unique orbit of G t . Moreover, for every
orbit γ of G t there is a unique center curve which is ε-shadowed by γ.
Proof. If the center bundle Efc integrates to a invariant foliation then the
result is a direct consequence of Theorems 5.5 and 5.4 (which in particular
give that the center bundle should be uniquely integrable).
Now consider the case when Efc does not integrate to a foliation. Then
the existence of a unique orbit of G t shadowing a given center curve and
the fact that no two center curves are shadowed by the same orbit of G t
is given by Theorem 5.4. Indeed, in Theorem 5.4 one does not actually
need that the diffeomorphism f is dynamically coherent: the one important
point where dynamical coherence was used is to reduce to the case when
the two center curves which were shadowed by the same orbit of the flow
2Notice that it is always possible to consider a “lowermost” center-stable leaf which
will be fixed by f˜.
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were in the same center unstable leaf (or center stable leaf). This can be
done in absence of dynamical coherence by appealing to the fundamental
results of [BI]. In particular, [BI, Proposition 3.1] implies that saturating
by strong stable (resp. unstable) manifolds gives a surface tangent to the
center-stable bundle (resp. center-unstable). Then the main technical result
of [BI] provides branching foliations which can be used to replace the centerstable and center unstable leaves.
To show that every orbit γ of G t shadows some center curve, we apply [BI,
Key Lemma] to approximate Efs ⊕Efc and Efc ⊕Efu by integrable distributions
En , Fn . Moreover, [BI, Theorem 7.2] implies that the integral leaves of
En are pairwise at bounded distance in T 1 D (and similarly for Fn ). The
intersection gives a one-dimensional foliation Fnc and as n → ∞ the leaves
converge uniformly to center curves. By applying Theorem 5.5, we have
that for all sufficiently large n there exists a unique leaf `n in Fnc which is
shadowed by γ. As n → ∞ the curves `n converge to the posited center
leaf.


Figure 3. Plausible behavior on a periodic cs-leaf associated to
a regular periodic point of the pseudo-Anosov. The dotted lines
correspond to the strong stable manifolds.

Using this improvement, one can obtain the following.
Corollary 5.12. Let f be a diffeomorphism which satisfies the assumptions
of Theorem 5.1. Then there exists a center leaf c such that the union of the
stable manifolds through c does not form a complete surface.
Proof. Let c be the center leaf constructed in the proof of Theorem 5.1, i.e.,
the center leaf which is shadowed by the geodesic which
corresponds to two
S
s
repelling fixed point on the boundary. Let W (c) = y∈c W ss (y). According
to [BI] one knows that W s (c) is a surface tangent to Efss ⊕ Efc . Hence its
lift W̃ s (c) to T 1 D2 is transverse to the circle fibers. By a similar argument
as in Theorem 5.1, we see that W̃ s (c) cannot be a covering of D2 . Indeed,
one can choose a center leaf in W̃ s (c) whose endpoints leave the attracting
fixed point at infinity in between; the fact that this center curve belongs to
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W̃ s (c) gives a contradiction with the dynamics induced in the boundary. In
particular, it cannot be complete as a surface in T 1 S.

See Figure 3 for a possible behavior inside certain periodic center-stable
leaf. Finally, we make some comments on the dynamics of the center curves
related to [BDV, Problem 7.26].
Remark 5.13. Notice that the considerations about coarse dynamics of
center leaves made in Section 5.3 all apply to the center curves even when the
diffeomorphism is dynamically incoherent. In particular, using the dynamics
at infinity of the mapping class one can simultaneously create center curves
which are contracting and expanding at infinity (non-compact center leaves
of stable and unstable type in the nomenclature of [BDV, Problem 7.26]).
Further, one can also show the following facts:
• If the mapping class Φ is pseudo-Anosov, then there are no closed
periodic center curves.
• When two center curves merge as shown in Figure 3, one can see that
there is an invariant center curve with coarse saddle-node behaviour
and fixed points.
5.6. Minimality of the strong foliations. In [BDU] it was shown that
amongst robustly partially hyperbolic diffeomorphisms on 3-manifolds, those
for which one of the two strong foliations is minimal form an open and dense
subset. The proof of [BDU] is done by performing certain C 1 perturbations
and robust transitivity is used to avoid checking that these perturbations
are still transitive. Because all the perturbations made in [BDU] (see also
[BDV, Section 7.3.3]) can be made conservative3, the same proof immediately applies to yield the following statement. There exists an open set U of
conservative partially hyperbolic diffeomorphisms which are stably ergodic,
satisfy the conclusions of Theorem 5.1 and for which either the strong stable
foliation or the strong unstable foliation is minimal.
In our setting we can use the specific knowledge on the dynamics on center
leaves (see Remark 5.13) together with the arguments of [BDU] to show the
following stronger result.
Proposition 5.14. Let f be a diffeomorphism which satisfies the assumptions of Theorem 5.1. Then, there exists a small conservative perturbation
fˆ of f and a C 1 -neighborhood U of fˆ such that for every g ∈ U the strong
stable and unstable foliations are both minimal. In particular, fˆ is stably
ergodic and robustly transitive.
Proof. Without loss of generality we can assume that f has dense periodic
points all of which are hyperbolic (see e.g. [BC]).
From stable ergodicity of f we know that there is a neighborhood U0 of
f such that for every volume preserving g ∈ U0 and every periodic point
p of g of stable index 2 the stable manifold W s (p) is dense in T 1 S and
symmetrically for the unstable manifolds of a periodic point q of g of stable
index 1 (see [BDU, Proposition 2.1]).
3The perturbations needed are: the closing lemma, C 1 -connecting lemma ([BC]) and

creation of blenders ([BD, HHTU]).
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Take p, q to be periodic points of f which belongs to a saddle node center
leaf (see Remark 5.13) and are respectively the first and the last periodic
points in that leaf. For the sake of concreteness assume that p has stable
index 2 and q has stable index 1. Using the fact that the strong stable and
strong unstable foliations are close to those of the geodesic flow which are
minimal, we can assume that every strong stable leaf of some length L > 0
intersects the unstable manifold of q while every strong unstable manifold
of length L intersects the stable manifold of p. In the terminology of [BDU],
this means that the stable manifold of p is a u-section and the unstable
manifold of q is a s-section (see [BDU, Section 3]).
One can create blenders associated to p and q by conservative perturbation
of f (see [HHTU]). This implies that in a neighborhood U1 ⊂ U0 of f we
have that for every g ∈ U1 we know that the strong unstable manifold of pg
activates the blender of qg and vice versa. In particular, we obtain for every
g ∈ U1 which preserves volume that the strong stable manifold of qg and the
strong unstable of pg are dense in T 1 S (see [BDU, Proposition 2.6]). The
fact that every strong stable manifold of length L intersects the unstable
manifold of pg implies minimality of the strong unstable foliation for each
conservative g ∈ U1 and the same argument gives minimality of the strong
stable foliation (for more details, see [BDU, Proposition 4.1]).
It follows from minimality of the strong unstable foliation that there exists L > 0 such that every strong unstable manifold intersects a blender.
This implies that each conservative g ∈ U1 is in the hypothesis of the main
theorem of [PS]. As the other strong stable foliation is minimal, this implies
that it is robustly minimal even among perturbations which may not be
conservative. The same argument applies to the strong unstable foliation
and completes the proof.

Remark 5.15. Notice that this implies that the set of branching points for
the center curves is dense in T 1 S.
Remark 5.16. This argument applies to the other examples we have constructed in Theorem 1.1 thanks to Remark 3.3 (see also the discussions in
[BDU] and [BDV, Section 7.3.3]).
Acknowledgments: The fourth author would like to thank Thomás Barthéleme,
Sergio Fenley and Steven Frankel for very helpful discussions.
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