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1 Introduction

In the mid 1970’s, following earlier work by several people in former Soviet Union, I.M. Krichever
developed the Theory of scalar and vector Baker-Akhiezer functions. Given a d-marked compact
Riemann Surface (T, {p1, - ,pa}) of genus g > 0, equipped with an effective divisor D of degree
(g9 +d-1), he constructed a meromorphic vector function ¥p(z,y,t;p) : C3 x (I'\ {p;}) — P! and
two differential operators

3
L:=0?+U(z,y,t) and M :=09>+ §U(x, Y, 6) 00 + Wz, y,t)

with d x d-matrix valued coeflicients, satisfying the system of equations:

{ (Oy-L)Yp =0
(Or-M)pp =0

The corresponding compatibility equation [0, — L, 0; — M] = 0 is equivalent to the matrix KP
equation, a system of partial derivative equations satisfied by the d x d-matrix functions U and
W (cf. [4], p. 21-22 or [2] p. 86, 2.2 & 2.3).

Moreover, if there exists a meromorphic function f : I' = P!, with a double pole at each p;,
the B-A function ¢p satisfies the system ([4],3.5 p. 21-22).

{ (L-f)yp =0
(Or-M)yp =0

implying that U is independent of y and solves the simpler matrix Korteweg-deVries equation

1
(KdV) Uy =5 (8UUs +3UU + Usaa)

On the other hand, the former matrix K solutions are doubly periodic in z, and called elliptic
KP solitons, if the spectral data satisfies the elliptic criterion presented in [5], Assertion p.289.

Both elliptic scalar cases plus the matrix KP one have been extensively studied (see [5] and
[2], as well as [3], [6], [1] and [7]-[10]) but, to our knowledge, the matrix KdV elliptic issue has
been left beside.

Given d > 0 and an elliptic curve (X, q) := (C/A,0) our purpose in this article is manifold:



1. to present simple polynomial equations defining spectral curves of matrix KP elliptic solitons;
2. to give an effective construction of the corresponding polynomials;

3. to deduce arbitrarily high genus spectral curves of matrix KdV elliptic solitons.

We proceed as follows :

Section 2: given any cover 7 : I' = X, marked at d points {p1,--- ,pa} of the fibre 771 (¢q) C T,
we identify X and the smooth subset of I' with their canonical images in the Jacobian of I'. We
call m d-tangential if the tangent to X at ¢ is contained in ) . Tt p,, the subspace generated by
the tangents to I' at the d points {p;}. Moreover, we call it hyperelliptic d-tangential if (T, {p;})
is a hyperelliptic curve marked at d Weierstrass points. We prove they give rise to d X d matrix
KP and KdV elliptic solitons respectively

Section 3: we associate to any such cover a d-tangential polynomial and a curve in a particular
ruled surface § — X, through which the cover factors. We give a recursive construction of all
d-tangential polynomials and deduce simple equations for a family of d-tangential covers already
considered in [2] (see also [8]).

Section 4: we construct all d-tangential polynomials in terms of the B-A function of (X, q).

Section 5: given any pu € N* satisfying po + 1 = p; (mod2) for j = 1,2,3, we construct a
(3 + >, pi)-dimensional family of 2 x 2 matrix KdV elliptic solitons.

2 d-tangential covers and d x d matrix KP elliptic solitons

We fix hereafter a lattice A C C and a local coordinate, say z, at the origin of the elliptic curve
(X,q) := (C/A,0). To any projection 7 : I' = X we associate the Abel embedding I' — JacI" into
its generalized Jacobian and dual morphism 7* : X — Jacl', ¢ — Or (7r* (q’—q)). The tangent
space to I' at any smooth point p, denoted Tt p, can therefore be identified with its image in
HY(T, Or), the tangent space to Jacl at its origin. We will also let K(I') and K(X) denote the
corresponding fields of meromorphic functions.

Lemma 1 ([7], 1.4, p. 613)
Given any projection m : I' — X, the derivative of its dual morphism ©* : JacX — Jacl'
injects Tx , = HY (X, Ox) into HY(T', Or).

Proof : The Albanese morphism Alb(r) : Jacl' — JacX, M ~ det(m.(M)) ® det(m,(Or))™?
composed with 7* is the multiplication by deg(w). Hence Ker(r*) is finite and d(7*) injective. B

Definition 2
Let : (T, {p1, -+ ,pa}) — X be a projection marked at d points of the fibre 771 (q).

1. We will call w a d-tangential cover if and only if it satisfies the following conditions:

(a) d(7*)(Tx4) € X0, T, € HY(T, Or);
(b) d(m*)(Tx,q) € 32 Trops for any 1 < j <d.



2. If T is a hyperelliptic curve and any p; a Weierstrass point, we will say 7 is hyperelliptic
d-tangential. In the latter case there exists a unique involution, denoted T+ : I' — T, fixing
{pi} and with quotient curve isomorphic to P*.

Remark 1

1. The above condition 1(b) is equivalent to h(T,Or(Y";pi)) = 1 and always true if d = 1.
Skipping it when d > 1 could give us superfluous marked points, meaning that ™ could be a
d’-tangential cover for some 1 < d' < d. This weaker notion still gives rise to d x d matriz
KP elliptic solitons as was shown in [2] (see also [1] and [8]-1.13).

2. The equality h°(T, Or(Y_,; pi)) = 1 is also true as long as ' is a hyperelliptic curve of genus
g > d and p; a Weierstrass point for anyi=1,--- ,d.

Theorem 3 (d-tangency criterion [8-1.8)
A d-marked cover 7 : (T, {p1,- -+ ,pa}) — X is d-tangential if and only if h°(T, Or (3", pi)) = 1,
{pi} € 7Y(q) and there exists a morphism k : T — P, called henceforth d-tangential, such that:

1. K is holomorphic outside 7w *(q);

2. over a neighbourhood of m1(q), the divisor of poles of r + m*(L) is equal to Y, p;.

z

Lemma 4 (/5] Assertion, p.289)

Let m : (T, {p1,--- ,pa}) = X be a d-tangential cover, equipped with a d tangential function
k: T — P! and a local coordinate at any p;, say \;, such that k + 7 ( )= )\ +O(N\).

Then, for any w € A there exists a holomorphic function p,, : T'\ {pz} — C with the following
essential singularity at any p;

pu(Ni) = eap(5) (1 +O(N)).

?

Lemma 5
Let w: (T, {p1, -+ ,pa}) — X be a hyperelliptic d-tangential cover. Then:

1. there exists a unique d-tangential function k:I — P! satisfying ko = -K;

2. there exists a projection f : T' — P! with pole divisor (f)eo = >, 2pi and same principal part
1Y) 2 . .
s (k+m*(2))" at each Weierstrass point p;.

Proof :

1. Let x : I' — P! be the unique d-tangential function, up to an additive constant. One can
first check that - 7{i(k) is also d-tangential and has same principal parts as x at {p;}. Hence
K + 1¢:(k) is constant, say c € C. It follows that x + § is 7p-anti-invariant.

2. Pickany i =1,--- ,d and let A\; and f; : I' — P! denote, respectively, the mr-anti-invariant
local coordinate at p; such that x + 71'*(%) = /\i and a degree-2 projection with principal

part % at p;. Then f := Zle fi has the required properties.li

Theorem 6

Let m be a d-tangential cover equipped with data (H,{(pi,/\i})) as in Lemma 4. Then, the
corresponding d X d-matriz KP solutions are A-periodic in x. Analogously, if © is hyperelliptic
d-tangential we obtain a family of d x d-matriz KdV solutions A-periodic in x.



Proof : Let g denote the arithmetic genus of I" and choose, at each p;, a local coordinate \;
satisfying n+7r*(%) = )\% +0()\;). Given any (z,y,t) € C3 and non-special degree d+g- 1 effective
divisor D, with support disjoint with {p;}, we will denote ¥p(z,y,t) the vector Baker-Akhiezer
function associated to the data (T, {(p;, i)}, D) (cf. [4]). Tt is the unique meromorphic function
on (I'\ {p;}) such that:

1. its divisor of poles is bounded by D ;

2. in a neighbourhood of each p; it has an essential singularity of the following type

x4 Yoyt
A7:+A2+>\3

(9) Yp(r,y, () = e (8 + € (2, )0 + O(X)) |
where €; € C? is the vector having a 1 at the i-th place and 0 everywhere else.

Recall also, or any w € A, the holomorphic function ¢, : I'\ {p;} — C constructed in Lemma 4
and having the following essential singularity at each p;: ¢, (A\;) = e* (1 + O(\y)).
The uniqueness of ¥p implies that for any w € A and (z,y,t) € C* we must have:

¢D(9E +w,y, t) = Qow’@[]D (il?, Y, t)
Comparing their developments around p; we deduce that g{(x, y,t) is A-additive in z, i.e.:
Vi, Vw € A,da € C such that Vaz,y,t € C, ﬂ(x—i—w,y,t) = g{(ﬂc,y,t) + ac; .

In particular the d x d matrix KP soliton

N -
Ue,y,t) = —25— (& - &)
associated to (T, {(p1, A1), -+, (pa,Aa)}, D) is A-periodic with respect to .

At last, if 7 is hyperelliptic d-tangential we choose a 7Tr-anti-invariant d-tangential function
K, local coordinates \; (i = 1,---,d) and a projection f := 3, f; : ' = P! as in Lemma 5. In

the latter case e¥/(®) is holomorphic outside the d marked points and has the following essential

y 1

singularity at each p;: e¥f(?) = ¢ A7, We still get d x d matrix KP elliptic solitons but now % p
also satisfies ¥p(z,y,t) = ¥p(z,0,t)e¥/ as well as d,¢)p = fibp, implying that U = —28% (f_%l) is
independent of y and solves the KdV equation as explained in the Introduction. H

3 d-tangential covers and polynomials

Let z denote the canonical coordinate of X = C/A at its origin ¢ = 0, and let U and U denote
U := X \ {¢} and some neighbourhood of g. We start constructing a ruled surface through which
any d-tangential cover factors.

Definition 7

1. We define the ruled surface ms : & — X by glueing the fibers of P! x U and P* x U over
each ¢ € UNU by means of a translation as follows:

V¢ eUNU weidentify (T,¢) €P'xU with (T-;5.4") €P' xU.



2. The infinity sections ¢ € U + (00,q') € P* x U and ¢’ € U + (00,¢') € P! x U get glued
together defining a particular one denoted by C, C S.

3. Given any Q(T) € K(X)[T), considered as a rational morphism P* x U € & — P!, the
zero-divisors {Q(T) = 0} C P! x U and {Q(T-1) = 0} c P! x U get glued over UNU,
defining one in S denoted Dg.

Remark 2

Choose (T, z) as couple of local coordinates at p, = (00,q) € P x X and let p; denote the
point infinitely near p, corresponding to the tangent direction -1. By blowing up p,, then p1, and
contracting the strict transform of P! x {q}, we obtain a ruled surface isomorphic to S.

Proposition 8
Let ks : S — P! correspond to the first projection T : P! x X — P!, Then:

1. the divisor of zeroes and poles of ks is equal to Dy -(Cy + Sy);

2. the restriction of ks + 772(%) to P! x U has a simple pole along C,;

3. C, has 0 self-intersection and Kg, the canonical divisor of S, is linearly equivalent to -2C,,.

Proof.

1. kg restricts over the open subsets P' x U and P! x U to T and T—%, respectively. Hence, its
divisor of zeros and poles is Dr-(C, + Sg).

2. It also follows that ks + wg(%) is given by T over P! x U and has a simple pole along C,,.

3. The section C, having genus 1, the adjunction formula gives 1 = 1 + %C’O.(— C,), implying
Cy.Co = 0. The wedge products dT' A dz (on P' x U) and dT A dz (on P! x U) get glued
over U N U, defining a meromorphic differential with divisor class -2C, as announced. B

Lemma 9

Let : (T, {p;}) — X be a d-tangential cover of degree n equipped with a d-tangential function
k : T — P'. Then, its characteristic polynomial with respect to the degree-n algebraic extension
K(D)/m* (K (X)), say Po(T) =T" + 37, ;s "7 € K(X)[T], has the following properties:

1.

any coefficient aj ; is holomorphic outside q and (o )0 < jq, i.€.: v, € HO (X, Ox (jq));

2. all coefficients of 2P, (T-1) =: 24T + Z;;l a;j. T are holomorphic at g;

3. a; . vanishes to order > (d-j) at q for all j < d and there exists | > d such that a; . (q) # 0.

Proof

1.

. Analogously, up to a sign a; 2% is the j-th symmetric function of x4 7*(
1

Up to a sign «; , is the j-th symmetric function of x with respect to m. Recall also that &
is holomorphic outside 77! (g) and has, at any point p € 7°%(g), a pole of order bounded by
ind.(p), the ramification index of 7 at p. Hence «; , is holomorphic outside ¢ while having
at ¢ a pole of order bounded by j.

% . The latter has
a simple pole at any marked point p; and is holomorphic elsewhere in 71(q). Hence a; 2

must have a pole at ¢ of order bounded by min{d, j}.



3. One can check that a; 2% has order d (at least) for | = Ele ind,(p;). In other words,
2?P(T-1) has the announced properties. B

Definition 10
A monic polynomial P(T) = T" + 377, a; T € K(X)[T] will be called d-tangential if and
only if it satisfies the following conditions:

1. ¥j =1,---,n the function a; is holomorphic outside q and has a pole of order < j at q;

2. all coefficients of z4P(T-1) =: 29T™ + Z?Zl a;T™ I are holomorphic at g;

z

3. d is the least positive integer satisfying the above property (i.e.: 3j < n such that a;(0) # 0).

We will let 04,,(X, 2) denote the subset of d-tangential polynomials of degree n. The affine
subspace cut out in K(X)[T)] by the first two conditions is the union O, (X, z) == U 10; . (X, 2).

Example 1
Let p € K(X) denote the unique meromorphic function with a double pole at q and local
development p(z) = % + O(2?), and @' its derivative. Then P(T) = T3 -3pT + ¢ + bp belongs
to 023(X, z) for any b # 0, and R(T) = T3-(2c + 1)pT + cp’ belongs to 02 5(X, z) for any ¢ # 1.
One can also check that for any d,n € N*, ©44(X,2) = T + Z?:l H(X,0x(jq)) T and
dim©g4(X,z) = Z;l:lj = 1d(d+1) while O, (X,z) is empty.

Lemma 11
Let A, A : K(X)[T] — K(X)[T] denote the K(X)-lineal morphisms such that

Ym >0, A(T™)=mT™' and AN T™)= ﬁTmH.
For any P € K(X)[T] they satisfy:
1. Ao AN (P) =P and A o A(P) = P-P(0);
2. Vn>d, P € Oy,(X,z) implies LA(P) € O4,,1(X, 2);
3. if Oqn(X,z) # 0 the map LA : ©gn(X,2) = O4p-1(X, 2) has kernel HY (X, Ox(dg)).

Theorem 12 - Recursive formula

For any 0 < d < j <n and P € ©4;.1(X, z) there exists a € H*(X, Ox(jq)), unique modulo
H°(X,0x(dq)), such that jA™(P) + « belongs to ©4;(X,z). It follows that ©4,(X,z) is not
empty and has dimension (n-d)d + dim(04,4(X,2)) = (n-d)d + 3d(d+ 1) = nd - 3d(d - 1).

Proof: The function jA™(P)(1) has a pole of order j at ¢, because jA(P) € K(X)[T]
is monic of degree j. Hence, there exists o € H?(X, Ox(jig)) such that 2% (a 4+ jA(P)(1)) is
holomorphic at g, implying that jJA™(P) 4+ « € ©4,;(X, z), as well as the other properties. B

Lemma 13 - Reducibility criterion
The subset

U bar i (X, )00 i (X, 2) C 04 (X, 2),

with the union taken over all d',n’ such that 0 < d’ < d and 0 < n' < n, contains all reducible
elements. In other words P € 0q,(X,z) is reducible in K(X)[T] if and only if it factors as
P =QR, with Q € g (X,2) and R € 84.q¢/ n-n' (X, 2) for some 0 <d’ <d and 0 <n' <n.



Proof : If P € 04,(X, ) is reducible we can assume it factors as as product P = QR of two
monic polynomials with coefficients holomorphic outside ¢ € X. A straightforward verification
confirms they must satisfy property 11.1) above, as well as 11.2) for some d’,d” € N*. In partic-
ular all coefficients of 24 +4" P(T - 1) = 24 Q(T - %)zd”R(T— 1) must be holomorphic at ¢ and its
restriction to z = 0 can not vanish, implying d’ + d” = d as asserted. B

Theorem 14
Forany 1<d<n 04,(X,z) is an open dense subset of ©4.,(X, z), with irreducible generic
element.

Proof : The complement of 04, (X,2) C ©4,(X, z) is the affine subspace ©4.1,,(X, z), which
has positive codimension (equal to n-d+ 1). Hence, dim(04,,(X, z)) = nd- 3d(d-1), bigger than
the dimension of the reducible ones, and its generic element must be irreducible. B

Remark 3
For any P(T) € ©4.,(X, 2) the coefficients of 22 P(T-1) = 29T + E?Zl a;T™ are holomor-

phic at q. We also know that aj(z) = 2%9b;(2), for any j = 1,--- ,d, with b; holomorphic at q
and by = -n (cf. proof of Lemma 9.3)). Thus, we are naturally lead to the following definitions.

Definition 15
To any P(T') € Ogn(X,z) we associate

n d
1 . .
Va(P) := zdP(T—f)|Z:0 = E a;(0)T"7  as well as  Mg(P) := w? -nw* + E b; (0)w
z
j=d j=2

and let
Vi:0gn(X,2) > Cpa[T] and Mg:04,(X,2) = Cyqlw]

denote the corresponding (affine) linear maps.

Lemma 16
For any 1 < d <mn and generic P € 04,(X,z) C Og,(X,2) :

1. Vg :04,(X,2) =5 Cpq[T] is surjective with kernel © 4.1, (X, 2);
2. V4(P) has degree n-d and only simple roots;

3. EAd 0, ,(X,2) = O44(X, 2) is surjective;

4. My(P) has d simple non-zero roots.

Proof :

1. The first item implies the second one and can be proved by induction on n. Let us indeed
assume Vg : Ogp-1(X,2) = Cp1q[T] is surjective. The result follows by coupling the
surjectivity of A := dr with the fact that it commutes with Vj.

2. According to Lemma 11 and Theorem 12 the linear map %A 104, (X,2) = 04,1(X, 2) is
surjective for any d < j < n, and Z—!!Ao(”'d) 1 Oun(X,2) = 04.4(X, 2) as well.

3. Pick any P, € ©4,(X, 2) such that £ A" 4(P,) = T%. Then one can check that My(P,) =

wt + Z?zl(—l)j(?)wd‘j, which has d simple non-zero roots. The latter property being an
open one the result follows. W



Remark 4

Given any P € 04.,(X, z) C K(X)[T] we will consider its zero-divisor Dp C S (see Definition
8.3)) and let e : Dp ¢ 8 = Dp C S denote its strict transform by the blowing up of ps € S. It
comes with projections m :=mgoe: Dp — X and K := Ksoe: Dp — PL.

Lemma 17
The zero-divisor Dp C S of any P € 8,4.,(X, z) has the following local and global properties:

1. Dp is defined on the open subset P! x (X \ {q}) C S by the equation P(T,z) = 0;
2. Dp is defined over a neighbourhood of ps € S by the equation sz_nP(T— %, z) =0;
3. DpNC,={ps} and DpN S, = {ps} U{(T,q), Va(P)(T) = 0};

4. its tangent cone at ps is defined by the equation T_de(P)(zT) =0

5. Dp is linearly equivalent to nCy, + dS,.

Proof : 1), 2) and 3) - The first two items follow from the construction of S (cf. Remark
3.2)), while the third one from the definition of 04, (X, 2).

4) - Over a neighbourhood of 7°1(q), x + 71'*(%) has pole-divisor equal to >, p;, and characteristic

polynomial with respect to 7 equal to Py (T - 1) =: TnJrZ?:l cjy,{Tn_j. Up to a sign, its coefficients

z
are the symmetric functions of x + 7*(1) with respect to 7 and satisfy:

i

)

1 1
K= —jO(l) forany 1<j<d (resp.: ¢j,=—;O0(1) forany d<j<n).
z z
On the other hand Dp is given over a neighbourhood of ps € S as zero-divisor of
1 n ) d . n )
TP, (T-=) =: 2% de. T =24 i 2T de. T,
2% Py ( z> z —i—jzlz cj, z —i—jzlz Cjr? —1—22 ¢,
= = J

Hence, its tangent cone at ps is given by the equation 2% + ijl(zjcjy,ﬁ)pzozd'jf_] =0 and
the assertion follows.

5) - Once we know that DpNC, = {ps} and Dp has a singularity of multiplicity d at pg transverse
to Cy, we deduce Dp.C, = d and Dp.S,; = n implying Dp € [nC, + dS,|. B

Proposition 18
For any 1 < d <n and generic P € 4,(X, z) :

1. Dp has an ordinary singularity at ps, of multiplicity d and transverse to C, + Sg;

2. Dp is irreducible, smooth outside ps and of arithmetic genus nd + 1-d.

Proof

1. The tangent cone of Dp at ps is the zero-locus of the degree-d form T_de(P)(zT). For
generic P it is the union of d lines transverse to C, + S,.



2. According to the preceding results Ks = - 2C,, the generic P € 04,(X, 2) is irreducible and
Dp € |nC, + dS,|. We deduce its arithmetic genus via the adjunction formula. Forcing Dp
to be smooth at every point in S, \ {ps} or outside S, are open conditions on 64, (X, 2).
The first one is true as soon as Vy(P) has n-d simple roots. As for the second one, one can
check that for almost any a € C the divisor Dp4, is smooth outside S,;. W

Theorem 19
For any 1 < d < n and generic P € 04,(X, z) as above:

1. 7m: Dp — X is non-ramified at the d pre-images e (pg) C 7(q)

2. Dp is smooth of genus nd - dd+1)+1;

3. k is holomorphic outside 7™ (q) and k + 7*(L) has simple poles at e (ps);
4. m: (Dp,et(ps)) = X is a d-tangential cover.

Proof: The first three items follow immediately from the preceding properties. As for the fourth
one, assume that generically h®(Dp, Op, (37, pi)) > 1 and recall the relation :

dim(@dm(X, z)) —dim(@d_lm(X, z)) =n-d+1>2.

Then, for any non constant h € H(Dp, Op,(>_; pi)) there exists at least one A € C such that
K+ Ah 4+ 7*(1) has less than d poles. Hence, the characteristic polynomials of {x + Ak, A € C}

define a 1-dimensional family in ©4, (X, z) intersecting ©g4.1,(X, z) = Uj:l 0;n(X,2).
In particular, dim(@dyn(X, z)) should be bounded by dim(@d_lﬁn(X, z)) + 1. Contradiction!.

Corollary 20 (/2], p.288; see also [8], p.546)

For any n > d > 1 there exists a family of dimension %d(Zn-d + 1), of smooth d-tangential
covers of degree n over (X, q) and genus £d(2n-d+1)-(d-1). They give rise to a (2nd + 1-d?)-
dimensional family of d x d matriz KP elliptic solitons.

4 d-tangential polynomials in terms of the B-A function

Building upon classical properties of the Weierstrass Sigma and Zeta functions, o(z) and {(z) :=
%ln o(z) (e.g.: [5] p. 283), it can be proved that for any x € C the Baker-Akhiezer func-

tion Yy (x)(2) = e“q(z)% is well defined on X and holomorphic outside ¢, where it has the

local development v,(z)(z) = e=10(1). Once w is formally replaced by A := O in its Maclau-
rin development, it defines a linear application 14(A)(z) : C[T] — K(X)[T]. Given the fact
that e~ = (P(T)) = P(T-1) for any P(T) € K(X)[T], the outcome is an isomorphism be-
tween the subspaces M,, C C[T] of degree-n monic polynomials and the 1-tangential polynomials
01,,(X, 2z) C K(X)[T] for any n (cf. [7]). In order to prove analogous characterizations for any
n > d > 1, we will need the following properties of 1,(z)(2z) and its k-th partial derivatives as

functions of the parameter x.

Lemma 21
The Maclaurin development in x of F(x,z) := o(z-x) and ¢(x, z) = Pq(x)(z) satisfy:

Loz, 2) =14 >, apx™, with o, meromorphic on X;



2. for any m > 2 the coefficient au, has pole-divisor (m)eo = mq and

1-m

m —
2 Qm|z=0 = ]
m.:

)

3. for any m > 1 the m-th partial derivative (™) = orM(x, z) is equal to

a: (2) m
P = —— (3 ()¢ I0LF) = mlay, + O(x)
m!F (0, z) =

and satisfies:
(a) 2" He2p(m) = Z;io B;zd has all its coefficients holomorphic at g;

(b) its restriction to z = 0 satisfies zm*‘le'%w‘(:;)o =:2(1+0(z)).

Proof: 1) - Developping (x, z) := ¢ I;EUOE 2 (12252, 727 (1+ 325, % F(O z)z') with

respect to x we obtain the following formula:

o OFF

k=1
2) - For any m > 2 a direct calculation gives z™mla,,(z) = 1-m + O(z). Hence ()00 = mq.

3) - Recall that 2((z), ((2)-1 and ooy =

with values at g equal to 1, 0 and 1 respectively. Hence the Maclaurin development in z of

ﬁ are holomorphic in a neighbourhood of ¢,

Y I(C 1 m
zm+1e‘?1/)(m) = Z )(2€) mjzjﬁjF)

Jj=0

has all its coefficients holomorphic at ¢. It also follows that its restriction to z = 0 is equal to
- F(2,0), and therefore to =% (1 + O(x)). W

Theorem 22
For any n > 1 the linear map v := (A, z) : C[T] — K(X)[T] restricts to an isomorphism
from M, onto 61 (X, z) = ©1,(X, 2) (i.e.: O1,(X,2) =¥(M,)). Moreover, for anyn >d>1:

d-1
Oun(X,z) = (M) & @ ™ (TCpyk[T).

k=1

5 d-tangential polynomials and matrix KdV elliptic solitons

At last we consider the canonical involution [-1] : (X, q) — (X, q), fixing w, := ¢ as well as the
three other half-periods {w;, j = 1,2, 3} and satisfying : [-1]*(2) = -z.
Recall also that given a hyperelliptic curve I' there exists a unique involution 7 : I' — I such
that the quotient curve is isomorphic to P*. Its fixed points are the so-called Weierstrass points.
We gather hereafter the first basic definitions and results concerning hyperelliptic d-tangential
covers (cf. [9]4.1 p.457 and Definition 3.2)).
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Definition 23

We let 7s : S — S denote the involution defined by (T,z) v (-T,-2) and (T, z) — (-T,-z)
over each trivialization of ms (see Definition 8.1)). It satisfies ms o 7s = [-1] o mg and has two
fixed points over each half-period w; : one in C,, denoted by s;, and the other one denoted by r;
(1=0,..,3). In particular s, = ps :=CsNS,.

Proposition 24 (/8] 2.5)
Any degree-n hyperelliptic d-tangential cover 7w : (T, {p1, - ,pa}) = X has unique d-tangential
function k : T — P! and associated morphism v : T — S such that:

1. ko1 = -k and its characteristic polynomial satisfies Py (-T,-z) = (-1)"Px (T, 2);

2. 7 factors as m = wg o, with «(I') = Dp,, the zero-divisor of P.(T) (see Definition 7.3));

3. Lot =715 0t, hence o(T') is Ts-invariant and w o = [-1] o 7;

4. M (s0) = {p1,- - ,pa} while U3_y.71(r;) is made of all other Weierstrass points.
Definition 25

1. We say that a Ts-invariant effective divisor D of S has type (v;) € N* if and only if ~; is
the multiplicity of D at r; for any i =0,--- ,3.

2. For anymn > d > 1 we let ©F,(X,z) C ©q,,(X,2) denote the affine subspace of so-called
symmetric d-tangential polynomials P(T, z) such that P(-T,-z) = (-1)"P(T, z).

Theorem 26 (cf.[9)6.2)
For any p = (u;) € N* satisfying po +1 = p1 = po = pz(mod?2) and n € N such that
2n 41 =73, p; there exists a unique Ts-invariant irreducible curve of type p in [nCy + S,

Lemma 27
Fiz pu:= (p;) € N* satisfying po +1 = p1 = pe = pz(mod?2) and choose o, 8 € N* equal, up to
a common permutation of their coordinates, to (2,0,0,0) and (0,2,0,0). We then denote:

1. 5O W 42 43 € N* the integer vectors p, p+o, p+p and p+a+B;

2. n; such that 2n; +1 = Z?:O (,u;i))2 for anyi=0,---,3;

3. n the common value n :=ni +no =ng +ng and v:= p® 4+ p2 = pO 46 ¢ N4,

4. T; € |niCo + S| the unique Ts-invariant curve of type p®, for anyi=0,---,3.
Then, any element D of the pencil generated by the divisors I'y + 'y and g + I's satisfies:

1. D is ts-invariant, has type v and belongs to the linear system |nC, + 28,|;

2. generically, D is irreducible and has an ordinary singularity of multiplicity 2 at sq.

Proof: Let us only prove the last assertion. The tangent cones of I'y 4+ I's and I'g + I'3 at sg
are given by the equations

2o T+ nl(n—nl)T_z =0 and 22T '+ no(n- nO)T_2 =0

and have no tangent line in common because {ny,n-n1}N{ng,n-ng} = 0. Any reducible element
of this pencil has tangent cone at sy given by z2- n T " +m(n-m)T = = 0 for some integer
0 < m < n. For a generic D it is given instead by z2-n2T ' +aT > = 0 with an arbitrary
coefficient a € C. Hence, it is irreducible for almost any a. B

11



Proposition 28

Lete: S+ — S denote the blowing-up of Ts’s fived points {s;,r;}, Ts1 : St — S+ the pull-back
of the involution 7s and Ty the strict transform of Ty, for any 0 < k < 3.

Then, the divisors I't + Ty and T'g + T3 are 751 -invariant and have the following properties:

1. they are linearly equivalent and do not intersect each other;

2. they generate a pencil of divisors with smooth irreducible generic term of genus g := 2+ . j1;.

Proof:

1. According to the adjunction formula, I'y + I'; and I'g + I's have arithmetic genus 2n -1 and
same multiplicities at all blown-up points {s;,7;}. Hence, their strict transforms remain
linearly equivalent and have arithmetic genus 2n-1-1-12 3 (v2-7;) = 2+ >, ;. A direct
calculation also shows they no longer intersect.

2. The latter lemma also implies they generate a pencil with irreducible generic element, smooth
according to Bertini’s Theorem, and 751 -invariant just as 't + Ty and I'f + I's- are. B

Corollary 29
For any pn € N* as above and 0 < j < k < 3 there exists a pencil of smooth hyperelliptic
2-tangential covers of degree n:=, u? +2(uj + px) + 3 and genus g =2+ >, ;.

Proof: Up to a common permutation of their coordinates we can assume «, 3 in the latter
Theorem so chosen that the scalar product < u, o+ 8 > is equal to 2(u; + pi). For a generic D
in the pencil generated by I'y +T'y and 'y + I's, D+ C St is a smooth irreducible 7. -invariant
curve of genus g := 2+ ). y1;. Restricting rsoe: St — X and ksoe: St — P! to D+ equips it
with the 2-marked projections 7 : (D*,e!(s)) — X and & : (D+, e (sg)) — P,

Arguing as in the proof of Theorem 19 one can show that 7 is a smooth 2-tangential cover of
type v := 2u + o + B. At last, it only remains to check that 7g: : D+ — DT has 2¢g + 2 fixed
points, including {py,p2} := e1(sp). It would then follow that (D*,{pi,p2}) is a hyperelliptic
curve marked at two Weierstrass points, but also that h° (DJ-, Opi(p1 + pg)) =1 because g > 2.

Recall that the 7s-invariant divisors I'y +I's and I'g 4 I's have singularities of same multiplicity
at {sg, 70, - ,7r3}, but yet no common tangent line. Hence, D has ordinary singularities with 7s-
invariant tangent cones, implying that 751 inherits 7, fixed points over each r;. Adding {p1,p2} :=
e!(sp) they sumup to 2+ 3,7 =6+ 23, u; = 29 + 2 as requested. W

Example 2
The A-periodic Weierstrass functions o : C/A — P! and its derivative @', satisfy the relation

P = AT (0-¢;) = 49” - 920 - g3
where e; = p(w;), the value of p at the half-period w; (j = 1,2,3). According to the latter
corollary, the simplest family of hyperelliptic 2-tangential covers (i.e.: degree n = 4 and genus
g = 3) is obtained by choosing (u,a, B) = ((1,0,0,0),(0,2,0,0),(0,0,2,0)), in which case the
pencil is generated by the zero-divisors of the following symmetric 2-tangential polynomials:

(T2—g3+el)(T2-p+eg) and T4—|—3(63-2@)T2+4gJ’T—3(p-el)(go-eg).

The next simplest case (i.e.: genus g = 5 and degree n = 8) corresponds to (u,, ) =
((1, 2,0,0),(0,0,2,0),(0,0,0, 2)) and the pencil generated by the 2-tangential polynomials:

(T* + 3(e3 -20)T% + 49T -3(p-e1)(p-€2)) (T* + 3(e2 -20)T* + 4p'T -3(p-e1)(p - €3))

12



and
9 5
(T2-p+e1) (T°-15pT* + 20T - Z(20p2 -3g2)T? + 1200/ T - Zp/2).

In order to obtain higher degree and genus examples one needs more Ts-invariant curves asso-
ciated to other cases (u, pp+ a, pu+ B, u+a+ ) as above. The latter can indeed be done by means
of A.O.Smirnov’s algorithm (cf.[6]). The corresponding 34 first polynomials have been presented
with his permission in Bobenko-Enolskii’s fine encyclopedic survey [3].
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