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ABSTRACT. We prove a LivSic type theorem for cocycles taking values in
groups of diffecomorphisms of low-dimensional manifolds. The results hold
without any localization assumption and in very low regularity. We also ob-
tain a general result (in any dimension) which gives necessary and sufficient
conditions for being a coboundary.

1. INTRODUCTION

In the study of hyperbolic dynamical systems there is a general (and vague) idea
that can be summarized with the following sentence:
Most of the dynamical interesting information on a hyperbolic sys-
tem is concentrated in its periodic orbits.

An archetypal example of a result supporting this idea is the celebrated Livsic’s
theorem [Liv71, Liv72] claiming that given a hyperbolic homeomorphism f: M O,
a Holder function ®: M — R is a coboundary, i.e. there exists a continuous function
u: M — R satisfying

uo f—u=9o,
if and only if
n—1
> e(f(p) =0,
j=0

for every periodic point p € M, with f"(p) = p.

Due to the interest this result has received since its appearance and the large
amount of consequences that follow from it, several generalizations have been stud-
ied. Some of them consider more general dynamics on the base. For instance, in
the works [KK96, Wil13] the cohomology of real cocycles over partially hyperbolic
systems is analyzed.

In this paper, we consider a different kind of generalization: given a complete
metric group G, a G-cocycle is just a continuous map ®: M — G and one wants to
determine whether the condition

(f"Hp)2(f"(p) - ®(p) = eq, Vpe Fix(f"),
where eg is the identity element of G, is not just necessary but also sufficient to
guaranty the existence of a “transfer function” u: M — G satisfying

®(x) = u(f(x))u(z)™t, Vre M.

Liv8ic himself gave in [Liv71] an affirmative answer to this question for cocycles
taking values on a topological group admitting a complete bi-invariant distance
(e.g. Abelian or compact groups). However, the general situation is considerably
much more complicated.

So far, the main technique to handle this problem when the group G does not
admit a bi-invariant metric has consisted in considering a left-invariant metric on
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2 A. KOCSARD AND R. POTRIE

G and to try to control the distortion produced by right translations to be able to
apply the very same scheme of proof used in the Abelian case.

In order to get such a control of the distortion of the distance, some localization
hypotheses have been considered in the literature. For instance, in [Liv72] LivSic
gave a positive answer to above question for linear cocycles (i.e. where G = GL4(R))
which are not too far away from the identity constant cocycle. Improvements of
these results using weaker localization hypotheses have been obtained for cocycles
taking values in arbitrary finite-dimensional Lie groups (see [dILW10, KN11] and
references therein) until the recent complete solution of the global Livsic problem
for linear cocycles [Kalll] (see also the recent preprint [GG14]).

In the infinite dimensional case, particularly when G is a group of diffeomor-
phisms of a compact manifold, the study began with the seminal paper of Nitica
and Torok [NT95]. The diffeomorphism groups seem to be the most interesting
infinite dimensional groups for applications to rigidity theory (see [KN11] and ref-
erences therein).

It is important to remark that, in contrast with the finite dimensional case, all
the results for groups of diffeomorphisms obtained so far (see [dILW10] for a survey
with references) involve non-sharp localization hypotheses (in the sense that not
every coboundary satisfies them) and require higher regularity for the diffeomor-
phism group (i.e. G = Dift"(N), with r > 4). Moreover, the control of distortion
techniques used in [NT95, dILW10] yield a loss of regularity in the solution of the
cohomological equation. A recent result for infinite dimensional groups which does
not fit in the previous description is due to Navas and Ponce [NP13]. They prove
a Livsic theorem for cocycles taking values in the group of analytic germs at the
origin.

In this paper we use completely different techniques, with a more geometric
flavor, which allow us to deal with the low regularity case (cocycles can take values in
the group of C*-diffeomorphisms). The main novelty of our approach is Theorem 3.1
which can be of independent interest. Regarding this result within the context
of localization arguments, we could say that it is proven that our non-uniform
localization hypothesis (i.e. vanishing of fibered Lyapunov exponents) is equivalent
to be a coboundary.

In §4 we show that in the low-dimensional case the periodic orbit condition
implies the vanishing of fibered Lyapunov exponents, proving in such cases the
general (or global) Livsic theorem for groups of diffeomorphisms. We conjecture
that such a result holds in any dimension.

1.1. Main results. The main results of this article are the following Livsic type
theorems which, to the best of our knowledge, are the first general (i.e. global)
results for cocycles taking values in groups of diffeomorphisms of compact manifolds:

Theorem A. Let f: M O be a hyperbolic homeomorphism and ®: M — Diff'(R/Z)
be an a-Hélder cocycle satisfying the so called periodic orbit obstructions

O(f" N (p) o ®(f" P (p) 0+ - 0 B(p) = idzyz, Vp e Fix(f"), VneN.
Then, there exists an o-Hélder map w: M — Diff' (R/Z) satisfying
®(x) = u(f(x)) ou(x)™t, Ve M.

Remark 1.1. The very same argument we use to prove Theorem A works for cocycles
taking values in Diff* ([0, 1])

For higher regularity, invoking the main result of [dILW11], one easily gets the
following consequence of Theorem A:
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Corollary 1.2. Let f: M O be a hyperbolic homeomorphism and ®: M — Diff" (R/Z),
with r = 1, be an a-Hélder cocycle satisfying the periodic orbit obstructions.
Then, there exists an a-Holder map w: M — Diff"(R/Z) satisfying

®(z) = u(f(z)) oulz)™', Vaxe M.

Assuming higher regularity on the dynamics of the base and the cocycle, applying
the results of [Jou88, NT96] one can improve the regularity of the solution of the
cohomological equation. Since this kind of results is beyond the scope of this article,
we suggest the interested reader to consult [KN11, Will3] for further information.

In dimension 2, we can obtain a similar result for the group of area-preserving
diffeomorphisms:

Theorem B. Let M be a smooth closed manifold and f: M O be a C**? transitive
Anosov diffeomorphism. Let S denote a compact surface, w be a Lebesgue probability
measure on S and let Diff],(S) be the group of C"-diffeomorphisms of S that leave
w tnvariant.

Let ®: M — Diff;7*(S) be a C1F-cocycle' satisfying the periodic orbit obstruc-
tions.

Then, there exists an o-Hélder map w: M — DiffL (S) such that

®(x) = u(f(x)) ou(x)™t, Ve M.

The proofs of Theorems A and B consist in two steps. The first one concerns
the vanishing of Lyapunov exponents for the cocycles and relies heavily in the low-
dimensionality of the fibers. The second one holds in any dimension and can be of
independent interest (see Theorem 3.1).
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2. PRELIMINARIES AND NOTATIONS

2.1. Holder continuity. All along this paper, (M, d) will denote a compact metric
space. If (M’ ,d’") denotes another arbitrary metric space and 0 < a < 1, a map
Y: M — M’ is said to be a-Holder whenever

o ().00)
TFY d(xa y)a
Most of the functions and maps we shall deal with in this paper will be at least
Holder because, as it was already observed in [Kocl3], in general C° regularity is
not appropriate for dynamical cohomology.

When o < 1, the space of a-Holder maps from M to M’ will be denoted by
C*(M, M’). As usual, we use the term Lipschitz as a synonym of 1-Holder, and
to avoid confusions with the differentiable case, we shall write C*P(M, M’) for the
space of Lipschitz functions.

For such a real constant o, we can define a new distance on M by

(1) do(z,y) == d(z,y)*, Vr,ye M.

Observe that the topologies induced by d and d,, coincide and a map ¢: (M,d) —
(M',d') is a-Hélder if and only if ¥: (M,d,) — (M’,d") is Lipschitz.

< 00

9], =

IThis means that the induced map M x S 3 (z,y) — ®(z)(y) € S is C1+e,
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2.2. Borel probability measures. Given an arbitrary locally compact metric
space X, we write M (X) for the space of Borel probability measures on X and we
will always consider it endowed with (the restriction of) the weak-+ topology. If Y’
denotes another compact metric space, any continuous map h: X — Y naturally
induces a linear map h,: MM(X) - M(Y) defined by the following property:

fd)d(h*u) :=J pohdu, VYoeCUY), YueM(X).
Y X

In this way, if f: X © is a continuous map, one defines the space of f-invariant
measures by

M(f) == {peMM) : fup = p}.

2.3. Hyperbolic homeomorphisms. Let (M, d) be a compact metric space and
f: M © be a homeomorphism. Given any z € M and € > 0, define the local stable
and unstable sets by

We(x, f) == {y e M :d(f" (), ["(y)) 5
We(x, f) :=={y e M - d(f"(x), f"(y)) }s

respectively. Where there is no risk of ambiguity, we just write W2 (z) instead of
WE(z, f), and the same holds for the local unstable set.
Following [AV10], we introduce the following

e, v

< n=0
<e, Vn<0

Definition 2.1. A homeomorphism f: M O is said to be hyperbolic with local
product structure whenever there exist constants eg,dg, Ko, A > 0 and functions
Ve, Uy : M — (0,00) such that the following conditions are satisfied:

(h1) d(f(y1), f(y2)) < vs(x)d(y1,92), Yo € M, Yy1,y2 € W (2);

(h2) d(f (y1), (y2)) Z vu()d(y1,y2), Yo € M, Vy1,y2 € W (3);

(0h3) i (2) == vy (fP~1(2)) ... vs(z) < Koe™™", Yz e M, ¥n > 1

(hd) v (2) == v (f7~L(@)) ... vu(z) > Koe*, Yz e M, ¥n > 1

(h5) If d(z,y) < 0o, then W () and W (y) intersect in a unique point which
is denoted by [z,y], and it depends continuously on z and y.

Remark 2.2. For the sake of simplicity of the exposition and to avoid unnecessary
repetitions, from now on we shall assume that all hyperbolic homeomorphisms are
transitive and exhibit local product structure.

For such homeomorphisms, one can define the stable and unstable sets by

W, f) = FH W @) and Wix, f) = [ STV (@),
n=0 n=0
respectively.
Notice that shifts of finite type and basic pieces of Axiom A diffeomorphisms are
particular examples of hyperbolic homeomorphisms with local product structure
(see for instance [Man87, Chapter IV,§9] for details).

Remark 2.3. For our purposes, it is important to notice that the notion of hyper-
bolicity for homeomorphisms is invariant under Holder changes of metric. More
precisely, a homeomorphism f: (M, d) O is hyperbolic if and only f: (M,d,) O is
hyperbolic, for any « € (0, 1), where the distance d,, is defined by (1).

The following result is proven for locally maximal hyperbolic sets of smooth
diffeomorphisms in [KH96, Chapter 6]. However, by inspection on the proof (see
[KH96, Corollary 6.4.17 and Proposition 6.4.16 |) it can be easily check that the
very same proof works for hyperbolic homeomorphisms with local product structure
(see also [Kalll, page 1026]):
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Theorem 2.4 (Anosov closing lemma). Let f: (M,d) O be a hyperbolic homeo-
morphism?®. Then, there exist constants c,6; > 0 such that for every x € M and
any n > 0 satisfying d(z, f"(x)) < 01, there exist unique points p € Fix(f") and
y € M such that:

(1) d(J(2), f{(p)) < cd(, J"(2))e>mn linil
(2) d(J (). I'()) < cd(w, f*(@))e
(3) d(F' (), Fi(y) < cd(a, f7(2))e >0,

for every i € {0,...,n — 1}, where A > 0 is the constant given in Definition 2.1.

Remark 2.5. Notice that by uniqueness, we have that y = [z, p], where the brackets
[-,-] are given by Definition 2.1.

2.4. Cocycles and coboundaries. Let GG denote a topological group whose topol-
ogy is induced by a complete distance function d¢, and let f: (M, d) O be a home-
omorphism.

In this work all cocycles we consider will be at least continuous. In fact, a G-
cocycle (over f) is just a continuous map ®: M — G. As usual, we use the following
notation

ea, ifn= O,
) () := { (fmHa)) D (z), if n > 0;
(@™ (fr(2)) ", if n < 0;

where e € G denotes the identity element of G. We say that ® is a Holder cocycle
when ®: (M,d) — (G, dg) is an o-Holder map, for some a € (0,1].

A G-cocycle @ is said to be a G-coboundary when there exists a continuous map
u: M — G such that

(x) = u(f()) - (u(2)) !, Ve M.

Notice that in this case it clearly holds ®™ (z) = u(f™(x))- (u(z))~", for any n € Z
and any z € M.

The first natural family of obstructions one encounters for a G-cocycle to be a
G-coboundary is called periodic orbit obstructions (just POO for short):

(POO) M (p) =eq, Vn=1, Vpe Fix(f1).

In this work we shall mainly concentrate in the case where G' = Diff'(N). To
deal with this case, we need a slight generalization of the concept of cocycles that
we introduce in the following paragraph.

2.5. Fiber bundle maps and cocycles. Let N denote a compact differentiable
manifold and (M, d) be compact metric space as above. Given any « € (0, 1] and
r >0, a C*"-fiber bundle over M with fiber N is an object N — £ = M, where
£ is a topological space and 7 is a surjective a-Holder map such that there exists
a finite open cover {U;}} of M with the following properties:

e For each j € {1,...,n}, there exists a homeomorphism ¢;: 7=1(U;) —
Uj x N;

o If U; nU; # (J, there is an a-Holder map g;;: U; n U; — Diff"(NV) such
that

piopi (z,y) = (z,(9:5(2)) (), V(z,y)e (UinUj) x N.

As usual, one defines the fiber over x by &, := n () < £ and, due to the
fiber bundle properties, it can naturally endowed with a C"-differentiable structure
turning it into a C"-manifold C"-diffeomorphic to N.

2Remember that by our assumption, hyperbolic homeomorphisms have local product structure.
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As usual, when N = R? and the change of coordinate maps gi; given above are
a-Holder and have their image contained in GLg4(R), we say that R? — & T M is
a C“-vector bundle.

The total space of any C*"-fiber bundle N — £ 55 M can be endowed with a
distance function dg constructed as follows:

Let dy be a distance function compatible with the smooth structure of the fiber
manifold N, {U;}} and {¢;}7 be a local trivialization atlas as above, L > 0 be the
Lebesgue number of the open covering {U;}7 and define

(2) de(Cm) = min{d(w(om(mn int {dN(pr2(¢j<c>),pr2(¢j(n>))};L}.

1<j<sn

where pry: M x N — N denotes the projection on the second coordinate, and by
convention, we declare that dy (pr2 (¢;(€)), pry (goj(n))) = diamg, N whenever ¢

or n does not belong to 71 (U;).

A Riemannian structure on a C*"-fiber bundle £ consists on choosing a Rie-
mannian metric on each fiber £, which varies Holder-continuously with x € M.

From now on, we will assume every fiber bundle is endowed with a fixed Rie-
mannian structure and a distance function constructed as above. It is important
to remark that all the concepts we will consider about fiber bundles are completely
independent of these chosen structures.

In this setting, given another C®’-fiber bundle N — & 5 M and a C%-
homeomorphism f: M ©, a C*"-bundle map over f is a homeomorphism F': & —
€ satisfying @ o F = f o7 and such that the map F, := F|£ (& — Epzy is a
C"-diffeomorphism, for every x € M. :

As usual, the fiber bundle N — & = M x N 2% M, where pr;: M x N — M
denotes the projection on the first coordinate, is said to be trivial.

In this case, any C* Diff"(N)-cocycle ®: M — Diff"(N) naturally induces a
C*"-bundle map over any f € Homeo(M) defining F' = Fg y: M x N O by

3) F(z,y) = (f(z), 2(x)(y)), V¥(z,y)eM x N.

Observe that in such a case F,, = ®(x), for every x € M.

Such a particular bundle map is usually called the skew-product induced by ®
and f. So, bundle maps can be considered as generalizations of cocycles taking
values in groups of diffeomorphisms.

2.6. POO and coboundaries for bundle maps. We can easily extends the
notion of periodic orbit obstructions to fiber bundle maps on fiber bundles which,
a priori, are not necessarily trivial:

A bundle map F': £ O over f: M O is said to satisfy the periodic orbit obstruc-
tions whenever, for every n > 1 it holds

(POO") FNQ) = ¢, VYpeFix(f"), V(e &y,

Now we finish this paragraph extending the notion of coboundary for (d priori
more general) fiber bundle maps: if N — & = M denotes a C*"-fiber bundle, a
C%"-bundle map F': £ © is said to be a C**-coboundary, with s < r, when there
exists a C**-bundle map H: £ — M x N over the identity map id: M O such
that the following diagram commutes:
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(4) MxN— 2  _px N
e e
£ l £ pry
iprl
x M ! M

M d M

Observe that with our definition, any fiber bundle admitting a coboundary bun-
dle map is a posteriori trivial (see Theorem 3.1 for details and a motivation for this
definition).

2.7. Lyapunov exponents for bundle maps. Let 7: £ — M be a C*"-fiber
bundle (endowed with a Riemannian structure) and consider a C*"-bundle map
F: &9 over f: M ©. Given any point ¢ € £ and n € Z, we have the linear map

(5) D(F",,), : Tetste) = TenioErmiaton

between normed vector spaces, and hence it makes sense to talk about its norm.
For the sake of simplicity, such linear operator will be just denoted by dg, F™(().

Then, one defines the eztremal Lyapunov exponents of F along the fibers at ( € £
by

1
+ — : _ n .
AT(E Q) = lim —log |0 F"(C)] 5

e -
N0 = lim ~log (0P ()7

n—+aa n

whenever these limits exist. As a consequence of the sub-additive ergodic theorem,
it is well-known that theses limits exist almost-everywhere with respect to any
F-invariant probability measure.

Given any fi € 9(F), one defines the extremal Lyapunov exponents of F with
respect to [i by

NE(F, i) 1= j NE(F,€) d(0).
£

The topological version of the invariance principle of Avila and Viana [AV10)]
gives strong consequences of vanishing of the extremal Lyapunov exponents of cer-
tain invariant measures.

2.8. Dominated bundle maps. As above, let us suppose F': £ © is a C*"-
bundle map over a transitive hyperbolic homeomorphism f: M ©. Given § > 0,
we say that F' is (u, §)-dominated whenever there exists £ > 1 such that

B
¢
(V& '(r(¢ )))

2 )
where v, is the (multiplicative) cocycle over f given in Definition 2.1.

Analogously, one says that F' is said to be (s, 3)-dominated when there exists
£ =1 such that

™) @ 2 2 (MO (), e

(6) |oanF Q)] < VCe&,
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And F is just said to be B-dominated if it is simultaneously both (s, 3)- and
(u, B)-dominated. It is important to remark that the definition of domination im-
plicitly assumes that the dynamics on the base space is given by a hyperbolic
homeomorphism f: M ©.

The following result is a consequence of the classical graph transform arguments
used in [HPS77] (see [AV10, Proposition 5.1] for an indication of the proof in this
exact context):

Proposition 2.6. If F is an (s, 1)-dominated C¥P-'-fiber bundle over a hyperbolic
homeomorphism f: M O, then there exists a unique partition of £

WP={W(()c€&:Ce&},
which satisfies the following conditions:
(i) for every ¢ € €, W*(() is the image of a Lipschitz section W* (w(C), f) — &
whose Lipschitz constant is uniform, i.e. it can be chosen independently of
¢

(ii) it is F-invariant, i.e.
F(W?(¢)) = W*(F(¢)), YCeé.

Of course, if F is (u,1)-dominated, a completely analogous result holds and in
such a case the “unstable” partition is denoted by W*™.

The following result is a combination of Proposition 5.1 and Theorem D of
[AV10]:

Theorem 2.7. Let F: £ © be a 1-dominated C¥'P-*-fiber bundle map over a hy-
perbolic homeomorphism f: M O and let i be an F-invariant probability measure
whose projection p = . (fi) to M has local product structure and full support.
Then, if \X(F, i) = 0, the support of ji is saturated by W?* and W*.

2.9. Solving the cohomological equation in Lie groups. We state in this
section two results due to Kalinin [Kalll] which will play an important role in our
proof of Theorem 3.1. However, it is interesting to remark that our Theorem A
is completely independent of those results of Kalinin and, in fact, the results of
Livsic [Liv71, Liv72] are enough to deal with the case where the fibers are one-
dimensional.

The first result of Kalinin is the following one:

Theorem 2.8 (Theorem 1.4 in [Kalll]). Let A: M — GL4(R) be a Hélder cocycle
over a transitive hyperbolic homeomorphism f. Assume that A satisfies the (POO)
condition. Then, the cocycle A has zero Lyapunov exponents with respect to any
f-invariant ergodic measure on M.

Remark 2.9. As it is already observed in [Kalll], the previous result does not make
use of the fact that the cocycle acts on a trivial fiber bundle, and so it holds for
arbitrary bundle maps. We would like to remark that we can get another proof of
Theorem 2.8 as consequence of our Theorem 4.1 below.

In order to show that the solution of cohomological equations are sufficiently
regular, we must show that the holonomy maps of certain foliations are smooth.
We will show this proving that certain linear cocycles are indeed coboundaries.
As it was already mentioned above, that can be done invoking “classical” Livsic
theorem when cocyles act on one-dimensional manifolds. In higher dimensions, we
need the following Livsic type theorem for linear cocycles due to Kalinin:

Theorem 2.10 (Theorem 1.1 in [Kalll]). Let A: M — GL4(R) a Holder cocycle
over a transitive hyperbolic homeomorphism f: M ©O. Assume that A satisfies
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(POO) condition. Then, for every xg € M, there exists a unique Hélder map
U: M — GLy(R) such that

Alz) = U(f(x)U(z)™', Yae M,
and U(xg) = Idga.
Moreover, there exists a constant C > 0 depending only on f such that
\Ul, <C|A4],-
The following consequence of the previous result will be needed later:

Proposition 2.11. Let f: M O be a hyperbolic homeomorphism and (Ay: M —
GL4(R))ien be a continuous family (N is a topological manifold) of a-Hélder cocy-
cles satisfying (POO) condtion. Then, there exists a continuous family of a-Hdlder
transfer functions (Up: M — GL4(R))en satisfying

Ay(z) = Uy(f(2))Up(z)™t, Vte N, Voe M.

Proof. Consider a point o € M whose forward orbit by f is dense and let Uy :
M — GLg4(R) be the unique solution of the cohomological equation A:(x) =
Up(f(2))Up(z)~t with Uy(xo) = Id, given by Theorem 2.10. Notice that |Uy|,
is uniformly bounded on ¢t € N.

Now we have to show that U; depends continuously on t € N. Let us fix to e N
and € > 0. Let n be sufficiently large so that the segment of orbit xg, ..., f™(xo) is
d-dense, where

6= A
5 (60 max | Ay |a> ,
and C' is the positive constant given by Theorem 2.10.

By continuity of the family A; on ¢, and observing that U;(f*(x¢)) = Agk) (z0)
for every k > 0, there exists a neighborhood V' of ¢y such that one has

||Ut(fk(x0)) — Ui, (fk(mo))” < %, for0<k<n, VteV.

Q=

Invoking the uniform Holder estimates, we deduce that the C°-distance between
the functions Uy and Uy, is smaller than ¢, for every t € V. O

3. DOMINATION, ZERO LYAPUNOV EXPONENTS AND COBOUNDARIES

In this section we study the relation between domination, nullity of Lyapunov
exponents and cohomology of bundle maps. The main result we present here is the
following

Theorem 3.1. Let N — £ 5 M be a C'-fiber bundle and F: £ O be C%!-
bundle map over a a-Hélder hyperbolic homeomorphism f: M O. Let us assume
F satisfies (POQ’) condition. Then the following statements are equivalent:
(i) N (F, ) =0, for all i € M(F);
(it) F is a-dominated;
(iii) F is a O%'-coboundary and, according to § 2.6, the fiber bundle N — & =5 M
admits a C*'-trivialization.

Remark 3.2. We shall use a rather classical trick (see for example [Via08]) which
allows us to reduce the general a-Hélder case to the Lipschitz one: if N — £ 5
(M,d) is a C*-fiber bundle, f: (M,d) © is a hyperbolic homeomorphism and
F: & ©is a C*!fiber bundle map which is a-dominated, then changing the metric
d by dq, (see (1)) on M, we obtain a CP-!-fiber bundle, f continues to be hyperbolic
(see Remark 2.3) and F turns to be a C™P:l-bundle map which is 1-dominated.
Moreover, F is a C¥P'!'_coboundary when M is endowed with the d, metric if and
only if it is a C®!-coboundary when M is equipped with d.
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By Remark 3.2, in order to simplify the notation from now on and until the end
of this section we shall assume that o = 1 = Lip.

To start with the proof of Theorem 3.1, we first show that (z) implies (#¢). This
result maybe belongs to the folklore, but since our context is slightly different from
usual ones, we decided to include an outline of the proof:

Proposition 3.3. Let us assume that
NE(F, 1) =0, Ve M(F),
Then F is 1-dominated.

Proof. Let us show that F is (u,1)-dominated. The (s, 1)-domination follows from
completely analogous arguments. To prove that, we shall only use the hypothesis
M (F, i) = 0, for every € M(F).

Then, let us consider the fiber bundle mp: P — &, where the fiber over an
arbitrary ¢ € £ is given by the projectivized tangent space of the submanifold
gﬂ-((:) c €.

Now, the derivative-along-fiber operator dg,F' defined by (5) naturally induces
a bundle map [0g, F]: PO over F: £ ©O.

Then we consider the continuous real cocycle ¢: P — R over [0apF] given by

|1Osn F - ”HF(Q

¢([U]) :=1o s VC € c‘:, Yo e Tgﬂ(c)\{()},

vl
where [v] denotes the element of P induced by v.

Now, let K, A be the constants and v,, be the multiplicative cocycle associated
to f given by Definition 2.1, and suppose F is not (u, 1)-dominated. Then, there
exists a sequence of points ({,)n>1 in € and a strictly increasing sequence of natural
numbers (¢,,),>1 such that

®) o E ()] > M, Vns 1
This implies that for each n € N we can find [v,] € P¢, such that
£o—1
(9) G ([oal) = Y ([0 1lval) = 10g [0 " (o)
§=0

Then, by Banach-Alaoglu theorem, there is no lost of generality assuming that
there exists 77 € MM(P) such that

1
(10) ™ ; [0anF7]. (O[w,1) = 7, asn — oo,
where the convergence is in the weak-* topology.

Putting together (8), (9) and (10), we can easily show that

(€a)
(11) i = lim P S gi(logKoJrMn—z) — A

N0 n n—w by,
Finally, deﬁmng 1 := 7p, (1), we get n € M(F) and from (11) it easily follows
AT(F,n) = x>0,
contradicting our hypothesis. O

Next we show that (i¢) implies (444) in Theorem 3.1.
Since we are assuming F' is 1-dominated, by Proposition 2.6 we know that we can

lift the stable and unstable sets of f to £. We shall need the following properties
of them:
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Lemma 3.4. If W° denotes the lift of W° (with o € {s,u}), then there exists a
constant K > 1 such that

dg(C, 77) < Kd(ﬂ'(C)7 7T(77))7

for every ¢ € £, n € W(() and such that w(n) € Wg (7(C), f), where &y is the
constant associated to f by Definition 2.1.

Proof. This is a straightforward consequence of Proposition 2.6, i.e. the fact that the
elements of W7 are graphs of Lipschitz functions with uniformly bounded constant
over the stable and unstable sets of f. O

Then we need the following result that plays a key role in the construction of
solutions for the cohomological equation:

Proposition 3.5. If F' is 1-dominated and satisfies (POQO’) condition, then the
closure of every F-orbit is the image of a Lipschitz section. More precisely, for

every ¢ € &, there exists a Lipschitz section V¢ : Oy (W(C)) c M — & such that

Or(Q) = {Vew) e £ : ye O;(x(0) }.

Proof. In order to show that the closure of any F-orbit coincides with the image
of a continuous section of the fiber bundle N — £ = M, it is enough to show the
following

Claim 1. For every ¢ € £ and every € > 0, there exists § > 0 such that
dﬁ' (CaFn(C)) <§g,
whenever d(7(¢), f*(7(¢))) < 0.

To prove Claim 1, let ( € € and € > 0 be arbitrary. Then, let us choose
0 := min (50,61,5(4CK)’1), where constants d; and ¢ are given by Theorem 2.4
and K is given by Lemma 3.4.

Then, suppose n € N is given such that d(ﬁ((),f"(ﬂ(())) < 4. Since f is a
hyperbolic homeomorphism and § < ¢;, we can apply Theorem 2.4 to guaranty
the existence of p € Per(f) and y := [n(¢),p] € M satisfying (1), (2) and (3) in
Theorem 2.4. Thus, taking into account that the fiber bundle projection 7 is one-
to-one on W¥(¢) < € and y € W*(x(¢), f) = 7(W"(C)), there exists a unique point
Gy € &y nWH((). Analogously, 7 is one-to-one from W?((,) onto W*(y) and hence,
there exists a unique point ¢, € &, N W*({y).

Now, observing that ¢, € W*((,) and (, € W*(({), we can combine Theorem 2.4
and Lemma 3.4 to guaranty that

(12)  de(6,G) < delC.G) +de(GnG) < K| d(n(0),y) +d(y.p) | < 2Ked <

and

€
2’

dE(Fn(O Fn gp ) 5( Fn Cy ) +d8(Fn(Cy) " (Cp))
(13) [ () +d(f" (), f ()]
< 2Kc (f"(ﬂ(()),ﬂ(()) < 2Kcd < 5

Finally observe that, since f"(p) = p and F satisfies (POO’), it holds F"((,) =
Cp- Then, putting together (12) and (13), we get de(¢, F™({)) < €, and our claim
is proven. O

It is interesting to notice that the exponential shadowing given by Anosov closing
lemma (Theorem 2.4) was not used in the proof of Proposition 3.5. In fact, the
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classical Shadowing Lemma is enough because the Holder regularity (in this case
Lipschitz) was already used in Lemma 3.4.

Now, let us fix any point g € M such that its forward and backward f-orbits
are dense. Then, by Proposition 3.5, assuming F is 1-dominated, for every ¢ € &,
there exists a continuous section Vy: M — & such that Op(() coincides with the
image of V¢. To simplify the notation, the image of the section V¢ will be denoted
by V¢, i.e. we define V¢ := {V(z) € £ : x € M}, for every ( € &,,.

Then we will show that the family {V} Eay determines a continuous lamination

in £. To do this, we first prove the following

Proposition 3.6. Assuming F' is 1-dominated, for each ¢ € &, the image of the
section V; defined above is saturated by leaves of the lamination W* (W", respec-
tively.) More precisely, for every ¢ € &, and any n €V,

W(n) <V, foroe{s, u}.

Proof. Let us suppose the proposition is not true. Then, there exists some ¢ € &,
and i’ € V; such that W*(n') & Vo W"(n') & V¢, respectively). By continuity
of the section V; and the stable (unstable, respec.) lamination, we can choose a
point 7 € V. such that the forward (backward, respec.) f-orbit of m(n) is dense in
M and W*(n) & Ve W"(n) & V¢, respec.) Then, we take a point £ € W?(n)\V¢
(€ € W*(m)\V, respec.). Observe that O;{ (m(9)) (Or (m(€)), respec.) is dense in
M. Hence, the section V¢ given by Proposition 3.5 is defined on the whole space M.

But, since £ € W*(n) (£ € W*(n), respec.), the set Or(§) intersects the fiber &)
at two different points: at £ and at V¢ (77(5)), contradicting Proposition 3.5. O

Remark 3.7. Tt is interesting to notice that a less elementary proof of Proposition 3.6
can be easily gotten invoking the topological version of the Invariance Principle of
Avila and Viana (see Theorem 2.7). In fact, assuming domination and (POO’),
using Theorem 2.8, it can be shown that condition (i) of Theorem 3.1 holds and
then the Invariance Principle can be applied.

As a consequence of Proposition 3.6 we get the family {V,} cee is a partition of
xQ

the total space £, and moreover, a continuous lamination whose leaves are (topo-
logically) transverse to the fibers of the fiber bundle N — & 5 M. Thus, we
can define the holonomy maps of this lamination as follows: given arbitrary points
x,y € M, we define the holonomy map from x to y is defined by

(14) Hay : €3 (> Ve(y) €&y,

where f is the unique point in &,, such that ¢ € Vé- Observe that, by Proposi-
tion 3.6, the holonomy maps are (at least) homeomorphisms. After some additional
results, we shall show they are indeed C'-diffeomorphisms.

Then we get the following

Proposition 3.8. The fiber bundle map F: & © is a CYPV-coboundary. More
precisely, the fiber bundle N — & 55 M admits a continuous trivialization H: £ —
M x N that turns the diagram (4) commutative.

Proof. To show that the fiber bundle is trivial, let us consider the map H: & —
M x N given by

(15) H(Q) = (0012 (050 (©) ). ¥C e,

where ¢;: U; — M x N is any (but fixed) trivializing chart of the fiber bundle
N — &5 M such that 2o € U;. Then, since holonomy maps are homeomorphisms,
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it is clear that H itself is a homeomorphism, and since F’ (V@) = VCA, for every (f € &y,
we conclude that

H(F(C) = (f xidn)(H(C)), YCeE,
as desired. O

Finally, in order to show that F is a CP1-coboundary, it remains to prove that
the map H: &€ - M x N constructed in the proof of Proposition 3.8 is indeed a
CUYP-l_bundle map.

To do this, it is necessary to show that the holonomy maps defined in (14) are
differentiable and this will be gotten invoking Proposition 2.11. To use this result,
we first need the following

Lemma 3.9. For every ¢ € &, the section Vi:: M — £ (whose image is V¢) is
Lipschitz.

Proof. Tt is a straightforward consequence of the fact that the graph of V; is satu-
rated by W?® and W*, which are Lischitz themselves and have local product struc-
ture (see (h5) in Definition 2.1). O

Now, for every ( € &,,, consider the set
== |_| T, ()€
xeM
where | | denotes the disjoint-union operator, and the “natural projection” map
7 B¢ — M given by (7¢) '(z) = Ty, (y)&, for every z € M. By Lemma 3.9,
the set Z¢ can naturally be endowed with an appropriate vector bundle structure
ﬂ'C . i .
turning R — 2¢ =5 M into a C™P-vector bundle, where d = dim N.

On the other hand, since every leaf V¢ is F-invariant and F | e &> &y isa
C'-diffeomorphism, our fiber bundle map F naturally induces a C™P-vector bundle
map DF¢: Z¢ © over f: M O given by
(16) DF(vy) = OanF (Ve (2)) (v2), Vo€ M, Yo, € S = Ty (1)Ea,
where dgp F' denotes the (partial) derivative along the fibers defined in § 2.7.

Then we get the following

¢
Proposition 3.10. For every ¢ € &,,, the vector bundle R? — =¢ T M s trivial
and the vector bundle map DF€ is a C™P-coboundary, i.e. there exists a C¥'P-vector
bundle map US: Z¢€ — M x R satisfying

USoDF* = (f x Idga) o US.
Moreover, the family (UC)Cegmo can be chosen to vary continuously on (.
Proof. Since F satisfies (POO’) condition, DF¢ must satisfy it, too. Hence, by

Theorem 2.8, DF¢ has zero Lyapunov exponents with respect to any f-invariant
probability measure. In particular, invoking Proposition 3.8 we conclude that the

e
vector bundle R — =¢ I M is trivial and we can apply Proposition 2.11 to
obtain a continuous family U¢ of solutions, as desired. O

Then we get the following

Corollary 3.11. If F is 1-dominated and satisfies (POQO’), then there exists C > 0
such that
HaﬁbF"(v)H < C, Vn e Z, VC € g, Yv e TCSW(C)'

Proof. This is a straightforward consequence of Propositions 3.10 and 2.11. O
Then we finally get
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Proposition 3.12. The holonomy maps given by (14) are differentiable and con-
sequently, the map H: & — M x N defined by (15) is a C¥P'-bundle map.

Proof. Given arbitrary points x,y € M, we need to show that the holonomy map
Hay: Ex — &, associated to the lamination {V}cee, , which is clearly a homeomor-
phism, is indeed a C'-diffeomorphism.

To do this, first observe that since each leaf of the lamination {V}cee,, is F-
invariant, it holds

(17) Hf""(z),f"(m) _ Fn_m|gfm(z)’ Vee&, VYm,ne€ Z.

Consequently, holonomy maps between any two points of the same f-orbit are
indeed C!'-diffeomorphisms.

To deal with the general case, let x,y € M be arbitrary points and consider two
trivializing charts ¢;: 77 1(U;) — U; x N, with i = 1,2, such that x € U; and y € Us.
Recalling we have chosen zy € M so that its forward f-orbit is dense in M, we can
find two sequences of natural numbers (m;) and (n;) such that Uy 3 f™i(x9) — x
and Uy 3 fMi(xg) — y, as i — o0.

Then, for each i > 1, let us define #H; € Diff* (N) by

Hi(p) := Pry 0 @2 0 Hpmi(ag) fri (o) © 1 (F™ (20), D),
and H € Homeo(NV) by

H(p) = pry o 20 Hyy o 01 (2,p),

for every p € N. We want to show H € Diff* (IV), too.

By continuity of the lamination {V¢}¢ee,, , when i — oo, H; — H pointwisely. By
Corollary 3.11 and Arzela-Ascoli theorem, we conclude H; — H C°-uniformly. On
the other hand, by Propositions 3.10 and 2.11, we have the sequence of derivatives
(DH;(p))i=1 is also convergent, for each p € N. Consequently, # is C' and then,
Hey: E; — &, is a diffeomorphism, as desired. O

Finally, it remains to show that (éi7) implies (¢) in Theorem 3.1. But this is
obvious, because a CP1-coboundary is, by definition, conjugate to the map (f x
idy): M x N © via a C¥P-!_fiber bundle conjugacy, and therefore, every Lyapunov
exponent must vanish.

4. DOMINATION AS A CONSEQUENCE OF POO CONDITION

In this section we shall review some contexts where condition (POO) alone im-
plies that the cocycle is dominated, and as a consequence of Theorem 3.1, it is a
coboundary.

We start proving Theorem B which follows from Theorem 3.1 and Katok closing
lemma [Kat80]:

Proof of Theorem B. Let S — & = M xS = M denote the trivial fiber bundle and
F: M x S © be the C1T* skew-product over f induced by ® as in (3). Oberserve
that F' satisfies (POO’).

Let us suppose there exists an F-invariant ergodic probability measure fi such
that AT(F, i) # 0.

Since ® takes values in the group of area-preserving diffeomorphisms of S, by
Oseledets theorem we know that

A(F, ) + AT (F, ) =0,

So, we have
AT(F, 1) <0 < AT (F, ),
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and since f: M © is an Anosov diffeomorphism, this implies [ is a hyperbolic
measure for F' (i.e. all its Lyapunov exponents given by Oseledets theorem are
different from zero).

So, applying Katok closing lemma [Kat80, Corollary 4.3], we conclude that F'
exhibits a hyperbolic periodic point. But, by (POO’), if {y € £ is periodic with
F™((o) = Co, then F™(() = (, for every ¢ € Er¢,, and so (o is not hyperbolic,
getting a contradiction. O

The amount of regularity required in the fiber direction is essential in our argu-
ment and it is the usual one in Pesin’s theory which allows to obtain a subexpo-
nential neighborhoods of a regular orbit with good estimates on the bundles of the
Oseledet’s splitting (see [KH96, Suplement]). The recent examples of [BCS13] show
that improving this regularity requires new ideas which should not be different from
the general case of Diff* (V) cocycles with arbitrary N.

In order to prove Theorem A, we need the following result that should be con-
sidered the main one of this section:

Theorem 4.1. Let N — & 5 M be a C%'-fiber bundle, F: £ © be a C%'-
bundle map over an a-Holder hyperbolic homeomorphism f: M O. If there exists
an ergodic measure i € M(F) with \T(F, i) < 0, then there exists (o € Per(F)
which is uniformly contracting along the fiber, i.e. if n > 0 denotes the period of
Co, then all the eigenvalues of the linear map Og, F™ (Co): Ty Ex(cy) O have modulus
strictly smaller than 1.

It is interesting to remark that applying Theorem 4.1 to the natural action
induced by a linear cocycle on a suitable Grasmannian fiber bundle (corresponding
to the dimension of the subspace with largest Lyapunov exponent), one can reprove
Kalinin’s result on approximation® of Lyapunov exponents [Kalll, Theorem 1.4].

Now, we can prove Theorem A as a combination of Theorems 3.1 and 4.1:

Proof of Theorem A. Let R/Z — & = M x R/Z © M denote the trivial fiber
bundle and F: M x R/Z © be the skew-product over f induced by ® as in (3).
Since @ satisfies (POO), F satisfies (POO’).

Hence, for every ¢ € Per(F) with F™(¢) = ¢ it clearly holds g, F™ = D®™ = id
and consequently, all the eigenvalues are equal to 1. So, applying Theorem 4.1 to
F and F~! we get

_)\+(F_17ﬂ) = )\_(F,,LL) < 0 < )\+(F,ﬂ)

But since the fibers are one-dimensional, we can apply Birkhoff ergodic theorem to
conclude that A™(F, i) = A (F, ). Consequently, A\~ (F, i) = AT(F, i) = 0 and by
Theorem 3.1, F is a C*'-coboundary, as desired. O

4.1. Proof of Theorem 4.1. From the uniform continuity of dgp F' and f, it easily
follows

Lemma 4.2. For every § > 0, there exists x > 0 such that for every n,& € €
satisfying
de(F'(n), FY(&)) < x, for every i€ {0,...k},

then one has

k—1 k—1
[T loab(F )| < e T T [oamF ()]
i=0 =0

3The statement above only allows to show that if ®: M — GLg(R) is an a-Hélder cocycle
satisfying the (POO) then every measure has zero Lyapunov exponents, however, the results
below allow to recover the complete result if desired.
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Along the proof we shall assume that A* := AT(F, i) < 0.
It is a classical fact that one can choose measurable adapted metrics which see
the contraction at each iterate (see for example Proposition 8.2 of [ABC11]):

Lemma 4.3. For every ¢ > 0 there exists an integer N > 0 and a measurable
function A : € — [1,400) such that:

o The sequence (A(F”(C))nEZ varies sub-exponentially (i.e. one has that for
fi-almost every ¢ € £ the sequence ﬁl—‘ log |A(F™(C))| converges to 0 as |n| —
).

o If we denote ||H2 to the metric in T¢Ex ) defined as:

lole = > e *OTFHAERQ) [0 Q) - vl e

0<k<N

then, for fi almost every ¢ € £ and every v € T¢Ex(¢y one has that
+
1065 F () - vl ey < €+ ol

We shall fix e < min{—%, 22}, where « is the Holder exponent of F and A is
the hyperbolicity constant appearing in Theorem 2.4. Consider the function A and
the metric |-|" given by the previous lemma and let us fix them from now on.

Using this metric, it is also standard to show that one can define sub-exponential
neighborhoods (sometimes called Pesin charts) of typical points with respect to i
such that the dynamics in those neighborhoods behaves similarly to the derivative
(see for example [KH96, Supplement]).

For ¢ € £ we shall consider the exponential map exp : T¢Er(¢) = Ex(¢) Where the
distances in T¢Ex(¢) are measured with respect to the metric || - [¢. We denote by

B((r) the ball of radius r centered at 0 in T¢Ex(¢).

Lemma 4.4. There exists a measurable function p : € — (0,+00) such that if
Y = exp|B/C(p(<)) then we have that for fi-almost every point one has that go;%g) o

Foype : Bi(p(¢)) — B}?(C) (p(F(C))) contracts vectors by a factor of at least e +2¢).
Moreover, it holds that the sequence p(F™(C)) is sub-exponential and can be chosen

so that e=*p(¢) < p(F(¢)) < e*p(C).

It is relevant to remark here the fact that the sub-exponential growth of the
function p is essential in Pesin’s theory and it is where the Hoélder regularity of
the derivative is usually used. Here, since we are working with measures whose
Lyapunov exponents are all negative, C''-regularity in the fibers is enough.

Remark 4.5. Notice that there is a measurable function D which, associates to each

. / . . .
¢ € € an isometry D¢ : (TeExr(e), ”HC) = (TeEney, HHC) When this linear map is
seen as a transformation from (T¢Ex(cy, H”C) to itself, the norm and co-norm of D¢
are bounded by a number depending only on A(().

Using Luisin’s Theorem on approximation of measurable functions by continuous
ones (see for example [KH96, Supplement]) one obtains a compact set X < & of
positive fi-measure such that functions A and p are continuous on X and, thus,
bounded (we define Ax := sup.ey A(¢) and px := infeex p(2)).

Consider a point (o € X which is recurrent inside X, i.e. there exists n; — o0
such that F™ ({y) — (o and F™i ({y) € X for every j > 0.

Let us write g := (o) and, for each j > 0, let p; € Fix(f™) be the periodic
point of f given by Anosov Closing Lemma (Theorem 2.4). One has that:

d(fz(.fl,‘o), fz(pj)) < ce_)\min{i7nj_i}d(fnj (.’IIQ), .TL'[)), for ¢ = 0) sy n]
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where ¢, A > 0 are the constants given in Theorem 2.4. Notice that d(f™ (xg), o) <
de(F" (o), Co) — 0.

Fix § < € and let x be the constant given by Lemma 4.2 for such a ¢.

The main step in the proof is the following

Lemma 4.6. For n; large enough, there exists a small open ball B; c &, such
that

(18) F"i(B;) < B;.

Moreover, diam(F*(B;)) < x/2 and dg(F'(B;), F*((o)) < x/2, for every 0 < i <
.

Let us now conclude the proof of Theorem 4.1 assuming this lemma:

By (18), we know there exists &; € B; such that F™i (;) = ¢;, and it also holds
de(F'(&5), F'(¢o)) < x, for all 0 < i < n;. Hence, applying Lemma 4.2 and the fact
that (o, F™9(Co) € X, we prove that &; is uniformly contracting along the fiber, as
desired.

So, it only remains to prove Lemma 4.6:

Proof of Lemma 4.0. Since there exists a trivializing chart containing z¢ and pj,
there exists a point (; € &, such that dg((;, (o) = d(p;, ).

From the choice of z¢ and p;, if n; is large enough, we can always assume
that both fi(zo) and fi(p;) lie in the same trivializing chart for 0 < i < nj.
So, fixing a trivializing chart containing f(x¢) and f%(p;), we have a projection
pro: Epipy) = Efi(ze). Given two points § € Eyirz,) and 1 € Eyi(y,) such that
& pra(1) € B¢, (p(F(C0))), we can define d¢ (§,7) := d(n (&), 7(n)) +d' (€, pra(n)),

were d’ is the distance in BEW(C )( p(F%((p))) induced by the norm |- |'F (Co)-

For 1 < k < nj, and assuming that d (F*=(¢;), F*71(¢)) < min{p(F*~1(¢0)), ¥},
we can invoke Lemma 4.2 to get

de (FH(), F*(G0)) = de (F(F* (), F(F () <
(19) < eem ™ e (s ), Fpim a) +
+ ¢ o F(F* (o)) de (F*(¢), ¥ (o)),

where the constant ¢ only depends on Ay and px. The factor éecmintk.n;—k}

appears to take into account the distortion in the new metric, which is bounded by
¢ at the points (y, F™({p) € X and the change of the distortion at each iterate is
bounded by e®.
Now, let us define the sequences ay := éec™nikni—k}bq ., (ka—l(pj),ka—l(l.O))
and by == €% || F(F*~1(¢))|'- Observe that by < e +3¢) < 1, for every k > 1.
By induction and applying estimate (19), one gets

k
(20) e (FH(G) FH (%) \2 (H bi) < D areh IO k>,

Jj=t+1 =1

One can estimate the size of a; as follows (here is where Holder continuity of F
is essential):

(21) a; < e min{i, nj—z}cle—a)\ min{s, nj—i}d(a307 fnj (xo))oz7 for 0 <i < nj,

where ¢’ > 0 depends on the constant ¢ appearing in Anosov closing lemma (The-
orem 2.4), the Holder norm of the C®!-bundle map F and the constant ¢ which
was defined above.
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Choosing n; so that d(zo, f™ (x¢)) is sufficiently small and recalling that ¢ <
%a)\7 thus we can perform the induction and to ensure that the iterates F*((;) of
the point ¢; remain always close enough to F*(¢p).

Using the estimate of Lemma 4.2, one conclude that there is a ball B; with the
desired properties. O

5. SOME QUESTIONS

In this section we pose some questions that emerge rather naturally from our
results and remain open. The firs one, taking into account Theorem 3.1, should be
the only remaining step necessary to prove Livsic theorem for cocycles of diffeo-
morphisms in any dimension:

Question 5.1. Let N - £ 5 M be a C%'-fiber bundle and F: £ © be C*'-
bundle map over a hyperbolic C*-homeomorphism f: M . Suppose F satisfies
(POQO’). Then, is it true that F' is a-dominated?

The second one concerns the validity of LivSic type results for more general
groups:

Question 5.2. Does there exists a complete metric group G such that Livsic theo-
rem does not hold for G-cocyles? More precisely: do there exist a hyperbolic home-
omorphism f: M O and a C*-cocycle ®: M — G such that ® satisfies (POO) but
it is not a G-coboundary?
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