SINGULAR SETS OF PLANAR HYPERBOLIC BILLIARDS ARE
REGULAR
GIANLUIGI DEL MAGNO AND ROBERTO MARKARIAN

Abstract. Many planar hyperbolic billiards are conjectured to be ergodic.
This paper represents a first step towards the proof of this conjecture. The
Hopf argument is a standard technique for proving the ergodicity of a smooth
hyperbolic system. Under additional hypotheses, this technique applies as well
to certain hyperbolic systems with singularities, including hyperbolic billiards.
The supplementary hypotheses regard the subset of the phase space where the
system fails to be C 2 differentiable. In this work, we give a detailed proof of
one of these hypotheses for a large collection of planar hyperbolic billiards.
Namely, we prove that the singular set and each of its iterations consist of a
finite number of compact curves of class C 2 with finitely many intersection
points.

1. Introduction
A planar billiard is the mechanical system consisting of a point-particle moving
freely inside a domain Q ⊂ R2 with piecewise differentiable boundary, and being
reflected off ∂Q so that the angle of reflection equals the angle of incidence.
This paper concerns hyperbolic billiards, i.e., billiards without vanishing Lyapunov exponents. The study of hyperbolic billiards was started by Sinai. In his
seminal paper [21], he proved that if the boundary of a toral domain consists of
convex outward (dispersing) arcs, then the corresponding billiard is hyperbolic and
K-mixing. Later, Gallavotti and Ornstein showed that Sinai billiards enjoy the
Bernoulli property as well [14]. More or less at the same time, Bunimovich proved
that billiards in some domains with boundary formed by convex inward (focusing)
arcs and line segments are also hyperbolic [1, 2]. The most celebrated example of a
Bunimovich billiard is probably the stadium, the region bounded by two semi-circles
connected by two parallel segments. The only admissible focusing components in
Bunimovich billiards are the arcs of circles. This limitation was eventually overcome by Wojtkowski, Markarian, Donnay and Bunimovich. Using new techniques
for establishing the positivity of Lyapunov exponents [19, 23], they proved independently that many other focusing arcs can be used to construct hyperbolic billiards
[4, 13, 19, 23].
Besides Sinai and Bunimovich billiards, only special cases of the remaining hyperbolic billiards were proved to be ergodic [3, 9, 10, 11, 18, 20, 22]. Our long-term
goal is to demonstrate that many more planar hyperbolic billiards are ergodic.
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A central step in the proof of the ergodicity of a hyperbolic billiard is to show that
it is locally ergodic, i.e., all its ergodic components of positive measure are open
(mod 0). Results of this type are often called Local Ergodic Theorems (LET’s).
Their proofs usually rely on improved versions of the argument devised by E. Hopf
to demonstrate that a geodesic flow on a compact surface of negative curvature
is ergodic [15]. Sinai was the first to succeed in adapting the Hopf argument to
billiards [21]. To obtain a complete and rigorous proof that hyperbolic billiards are
locally ergodic, the plan is to use a LET for general hyperbolic simplectomorphisms
with singularities that we proved recently [12].
One of the hypotheses of our LET concerns the regularity of the singular set of
a billiard. The singular set of order k = ±1, ±2, . . . of a billiard in the domain Q
is the subset of the billiard phase space where the kth iterate of the billiard map
fails to be defined or C 2 differentiable. This subset corresponds to the trajectories
hitting a corner of ∂Q or having a tangential collision with ∂Q before the (|k|+ 1)th
collision in the past if k < 0, and in the future if k > 0. One of the hypotheses
of our LET requires that the singular sets of all orders be finite unions of compact
curves of class C 2 with finitely may intersections. This property of the singular sets
is called regularity. All the assumption in the regularity condition – the finiteness
of the number of curves and the intersections, the compactness of the curves and
their C 2 differentiability – are essential for the proof of LET. In this paper, we
provide a detailed proof of this condition for the billiards described in Section 5. A
complete proof of the local ergodicity of these billiards will appear in a forthcoming
paper.
It is worth mentioning that the regularity of the singular sets for planar billiards
is sometimes taken for granted in the literature. However, to the best of our knowledge, this property has been proved in detail only for dispersing billiards, certain
classes of semi-dispersing billiards and Bunimovich billiards [7, Sections 4.8 and
8.10]. In particular, no proof of the regularity of the singular sets has been given
for the billiards with focusing boundary components studied in [4, 13, 19].
The paper is organized as follows. Section 2 contains some background material
on billiards and the formulation of the main result of the paper. In Section 3, we
review the notion of focusing times and the definition of absolutely focusing arcs.
In Section 4, we provide the basic definitions concerning invariant cone fields, and
introduce a cone field for planar billiards. In Section 5, we first give a detailed
description of the billiard considered in this paper, and then prove that their cone
field is eventually strictly invariant. This property, which implies the hyperbolicity
of the billiards, is used to prove the regularity of the singular sets in Section 6.
Finally, the Appendix is devoted to the proof of some technical results extending
[13, Theorem 4.4] (see also Theorem 4.7 of this paper) to certain class arcs, including
those introduced by Wojtkowski [23] and Markarian [19].
2. Generalities and main result
1

Let S denote the unit circle of R2 . A subset Γ ⊂ R2 is called an arc of class
C with k ≥ 1 if Γ is the image of a C k embedding γ : [0, 1] → R2 . Given an arc
Γ, we define ∂Γ = γ(0) ∪ γ(1). A subset Γ ⊂ R2 is called a closed curve if Γ is
homemorphic to S 1 . A subset Γ ⊂ R2 is called a closed curve of class C 3 if Γ is
the image of a C 3 transformation γ : [0, 1] → R2 such that γ is injective on (0, 1),
γ 0 (t) 6= 0 for t ∈ [0, 1] and γ(0) = γ(1). Given a closed curve Γ of class C 3 , we
define ∂Γ = ∅ when Γ is C 3 diffeomorphic to S 1 , and ∂Γ = γ(0) otherwise.
Let Q be an open bounded connected subset of R2 . We assume that ∂Q is an
union of finitely many disjoint closed curves. When ∂Q consists of more than one
closed curve, the interior of one of these curves necessarily contains all the other
k
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curves, which can be thought of as the boundary of some obstacles contained in Q.
Furthermore, we assume that there exist n > 0 curves Γ1 , . . . , Γn that are closed
curves and arcs both of class C 3 such that
(1) the curvature of Γi is strictly negative, strictly positive or identically equal
to zero (with respect to the orientation of Γi chosen below),
(2) Γi ∩ ΓjS⊂ ∂Γi ∩ ∂Γj for i 6= j,
n
(3) ∂Q
Sn = i=1 Γi ,
(4) i=1 ∂Γi is set of points where ∂Q is not C 3 .
The arcs Γ1 , . . . , Γn are called the components of ∂Q. A component of ∂Q is
called dispersing, focusing or flat according as its curvature is negative, positive
or
Sn
zero. Note that a flat component is just a straight segment. A point of i=1 ∂Γi
is called a corner of ∂Q. Note that our assumptions imply that the curvature and
the length of every component of ∂Q are bounded.
The billiard in Q is the dynamical system generated by the uniform motion of a
point-particle inside Q with elastic reflection at ∂Q so that the angle of reflection
equals the angle of incidence. Such a system can be described either by a flow or a
map. In this paper, we will be concerned with the billiard map, whose definition is
given in the next sections. For the relationship between the ergodic properties of
the billiard map and the billiard flow, we refer the reader to the book [7].
2.1. Billiard map. Denote by |Γi | the length of the component Γi . Let Ii =
[0, |Γi |], and let γi : Ii → R2 be the parametrization of Γi by arc-length such that
the domain Q stays on the left of γi0 (s). If Γi is a closed curve, then γi (0) = γi (|Γi |).
For each i = 1, . . . , n, define
Mi = Ii × [0, π],
with the elements (0, θ) and (|Γi |, θ) identified for every θ ∈ [0, π] when Γi is C 3
diffeomorphic to S 1 . Hence, Mi is either a rectangle or a cylinder. Let M be the
disjoint union of M1 , . . . , Mn , i.e.,
M=

n
G

Mi .

i=1

Accordingly, an element x ∈ M is the ordered pair (i, (s, θ)) with 1 ≤ i ≤ n. The
set M is a smooth manifold with boundary. We define s(x) = s and θ(x) = θ for
x = (i, (s, θ)) ∈ M . An element x ∈ M will be often called a state or a collision.
We denote by M+ , M− , M0 the subsets of M obtained by taking the disjoint
unions of sets Mi with Γi being focusing, dispersing or flat, respectively.
Given x = (i, (s, θ)) ∈ M , let q(x) = γi (s) ∈ Γi , and let v(x) be the unit vector
of R2 such that the oriented angle between γi0 (s) and v(x) is equal to θ. Also, let
κ(x) be the curvature of Γi . Then r(x) = 1/|κ(x)| is the radius of curvature of Γi .
Next, for every x ∈ M and every τ > 0, denote by (q(x), q(x) + τ v(x)) the open
segment of R2 with endpoints q(x) and q(x) + τ v(x), and define
ρ(x) = {τ > 0 : (q(x), q(x) + τ v(x)) ⊂ Q}.
Define t : M → [0, +∞) and q1 : M → R2 as follows:
(
sup ρ(x) if ρ(x) =
6 ∅,
t(x) =
0
otherwise,
and
q1 (x) = q(x) + t(x)v(x).
Note that q1 (x) = q(x) whenever the following conditions are simultaneously satisfied: Γi is flat, q(x) ∈
/ ∂Γi and θ(x) ∈ {0, π}. Also, note that q1 (x) = q(x) whenever
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v(x) is pointing outside Q. Let
A1 = {x ∈ M : q(x) is a corner of ∂Q} ,
A2 = {x ∈ M : θ(x) ∈ {0, π}} ,
A3 = {x ∈ M : q1 (x) is a corner of ∂Q} .
Given x ∈ M \A3 , there exists a unique i1 (x) such that q1 (x) belongs to the interior
of Γi1 (x) . Let s1 (x) = γi−1
(q1 (x)), and define
1 (x)
v1 (x) = −v(x) + 2(γi01 (x) (s1 (x)) · v(x))γi01 (x) (s1 (x)).
Let θ1 (x) ∈ [0, π] be the oriented angle between γi01 (x) (s1 (x)) and v1 (x). The billiard
map T : M \ A3 → M for the domain Q is given by
T (x) = (i1 (x), (s1 (x), θ1 (x)))

for x ∈ M \ A3 .

The map T is not invertible, because there are pairs of points x = (i, (s, θ)) ∈
M \ A3 and y = (j, (s̄, θ̄)) ∈ M \ A3 with i 6= j and q(x) = q(y) being a corner of Q
such that T (x) = T (y). Note however that the restriction of T to M \ (A1 ∪ A3 ) is
invertible. Thus, even though T −1 is a multivalued transformation, the restriction
of T −1 to T (M \ (A1 ∪ A3 )) is a well defined transformation.
An important property of T is of being time reversible. This means that there
exists an involution I : M → M given by I(i, (s, θ)) = (i, (s, π − θ)) such that
I ◦ T = T −1 ◦ I on M \ (A1 ∪ A3 ). For notational purposes, we write −x instead
of I(x). Thus, if A is a subset of M , then −A will denote the set {−x : x ∈ A}.
Finally, let
A4 = {x ∈ M \ A3 : θ1 (x) ∈ {0, π}}.
2.2. Singular sets. The boundary of M is given by ∂M = A1 ∪ A2 . Let
S1+ = A3 ∪ A4

and

S1− = −S1+ .

Also, define
R1+ = ∂M ∪ S1+

and R1− = −R1+ .

Note that R1− = ∂M ∪ S1− . The sets S1+ , S1− , R1+ , R1− are all compact. Indeed, for
the billiards considered in this paper, the sets R1+ and R1− consist of finitely many
arcs [16, Theorem 6.1, Part V] (see also [7, Theorem 9.29]), and the transformation
T : M \ R1+ → M \ R1− is a C 2 diffeomorphism [16, Corollaries 4.1 and 4.4, Part V].
For every m ≥ 1, define
+
+
+
Rm+1
= Rm
∪ T −1 (Rm
)

−
−
−
and Rm+1
= Rm
∪ T (Rm
).

(1)

+
The set Rm
contains the points of M where the map T m is either not defined or
−
not differentiable. The same is true for Rm
with T m replaced by T −m . The sets
+
−
Rm
and Rm
are called the singular sets of T m and T −m , respectively. By the
−
+
+
−
time-reversibility of T , we have Rm
= −Rm
. It is easy to see that Rm
and Rm
are
compact.
It can be easily checked that A1 ∪ T (∂M ) = A1 ∪ S1− . Hence, ∂M ∪ T (∂M ) =
∂M ∪ S1− = R1− . Note that the analogous equality with T, S1− , R1− replaced by
T −1 , S1+ , R1+ does not hold, because the transformation T −1 is not defined on A1 .
If we define R0− = ∂M , then the relation on right-hand side of (1) holds for every
m ≥ 0. Iterating, we obtain
−
Rm
= ∂M ∪ T (∂M ) ∪ · · · ∪ T m (∂M ).

(2)
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2.3. Notation and differential of T . The transformation x 7→ (s(x), θ(x)) ∈ R2
is a coordinate map, and the pair (s, θ) ∈ R2 forms a system of local coordinates
for M . To simplify the notation, we identify each x ∈ M with the corresponding
pair (s, θ), hence dropping the index i from the representation x = (i, (s, θ)). When
we need to specify i, we will write ‘x ∈ Mi ’. Also, we identify the tangent space
Tx M with R2 so that if u ∈ Tx M , then u = (us , uθ ). Finally, we identify the
differential Dx T with the differential of the transformation (s, θ) 7→ (s1 , θ1 ). For
every x ∈ M \ R1+ , the matrix of the differential Dx T reads as [7]


κ(x)t(x) − sin θ(x)
t(x)

sin θ(T (x))
sin θ(T (x)) 
 . (3)
Dx T = 

 κ(T (x))κ(x)t(x) − κ(T (x)) sin θ(x)
κ(T (x))t(x)
− κ(x)
−1
sin θ(T (x))
sin θ(T (x))
2.4. Main result. Recall the notion of arc introduced at the beginning of this
section.
Definition 2.1. A set X ⊂ M is called regular if X is an union of finitely many
arcs of class C 2 that can intersect only at their endpoints. The collection of such
arcs is called a decomposition of X.
We now restrict our attention to a class of billiard domains characterized by
two conditions called B1 and B2. A detailed description of these conditions is
given in Section 5. Roughly speaking, they require the focusing components of
∂Q to be of a special type called absolutely focusing (see Definition 3.2), and the
distance between a focusing component and another boundary component to be
sufficiently large. Billiards satisfying conditions B1 and B2 have non-vanishing
Lyapunov exponents. This is proved for a subclass of these billiards in [13], but the
proof can be easily modified to cover the general case.
The following theorem is the main result of this paper. It concerns of the singular
+
−
.
and Rm
sets Rm
Theorem 2.2. Suppose that the domain Q satisfies Conditions B1 and B2. Then
+
−
of the billiard map T for the domain Q are regular
and Rm
the singular sets Rm
for every m > 0.
3. Focusing times and absolutely focusing arcs
We now introduce the concept of focusing times of an infinitesimal family of
trajectories. This notion is borrowed from geometrical optics, and permits to obtain
an intuitive and convenient description of the action of the derivative of the billiard
map on the projective line.
For notational purposes, given a submanifold A of M and a point x ∈ A, we
write Tx∗ A for Tx A \ {0}.
3.1. Focusing times. Consider a vector u ∈ Tx∗ M with x ∈ M , and let a 7→
ϕ(a) ∈ M be a differentiable curve such that ϕ(0) = x and ϕ0 (0) = u. We can
associate a family `+ of lines of R2 to ϕ by setting
a 7→ `+ (a) = {q(ϕ(a)) + tv(ϕ(a)) : t ∈ R}.
We can associate a second family `− of lines of R2 to ϕ by replacing the curve ϕ
in the definition of `+ with the curve I ◦ ϕ. In geometrical terms, the family `−
is obtained by reflecting the lines of `+ in the boundary ∂Q. All the lines `+ (`− )
around `+ (0)(`− (0)) intersect in linear approximation at a point q+ ∈ `+ (0)(q− ∈
`− (0)). If the derivative of v(ϕ(a)) at a = 0 vanishes, then the lines `+ (`− ) around
`+ (0)(`− (0)) are parallel in linear approximation, and we define both q+ and q−
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to be the point at infinity. Note that q+ and q− depend only on the vector u and
not on the choice of the curve ϕ. The point q+ (q− ) is called the forward(backward)
focal point of u. For more details, see [23, Section 2].
We denote the distance between q(x) and q+ (q− ) by τ + (x, u)(τ − (x, u)), and
called it the forward(backward) focusing time of u. Now, suppose that u = (us , uθ )
in coordinates (s, θ). Let m(u) = uθ /us ∈ R̂, where R̂ = R ∪ {∞} is the onepoint compactification of R. A straightforward computation (for example, see [23,
Section 2]) shows that
(
sin θ(x)
if m(u) 6= ∓κ(x),
±
(4)
τ (x, u) = κ(x)±m(u)
∞
otherwise.
Hence, τ + (x, ·) and τ − (x, ·) are functions from Tx∗ M to R̂. We can identify Tx∗ M
with R2 \ {0}. Since R2 \ {0} and R̂ are both identified with the real projective line
P(R2 ), we see that τ + (x, ·) and τ − (x, ·) are projective transformations for every
x∈
/ A2 .
Remark 3.1. Let Σ be a 1-dimensional differentiable submanifold of M , and
suppose that Σ 3 x 7→ u(x) ∈ R2 \ {0} is a non-zero continuous vector field.
Since the functions (x, u) 7→ τ + (x, u) and (x, u) 7→ τ − (x, u) are continuous on
(M \ A2 ) × (R2 \ {0}), it follows immediately that the Σ 3 x 7→ τ + (x, u(x)) and
Σ 3 x 7→ τ − (x, u(x)) are continuous at each point x ∈
/ A2 .
For the proof of the following properties of the focusing times, we refer the reader
to Wojtkowski’s paper [23]. The arithmetic involved in the formulae below is the
one of R̂.
Let d(x) = sin θ(x)/κ(x). The reciprocals of τ + (x, u) and τ − (x, u) are related
by the well known Mirror Equation from geometrical optics [7]
1
2
1
+
=
.
(5)
τ + (x, u) τ − (x, u)
d(x)
Many arguments regarding billiards simplify considerably if one considers the
projectivization of DT , i.e., the action of DT on the projective real line. Since
τ + (x, ·) is a projective transformation for x ∈
/ A2 , this action can be effectively
obtained by using the transformation
τ + (x, u) 7→ τ + (T (x), Dx T u)

for x ∈ M \ R1+ .

Using the fact that τ − (T (x), Dx T u) = t(x) − τ + (x, u) and the Mirror Formula, we
obtain
d(T (x))(t(x) − τ + (x, u))
τ + (T (x), Dx T u) =
for x ∈ M \ R1+ .
(6)
2(t(x) − τ + (x, u)) − d(T (x))
From (6), one can easily deduce that the focusing times of two tangent vectors
u1 , u2 ∈ Tx∗ M with x ∈ M \ R1+ satisfy the monotonicity relation:
− ∞ < τ + (x, u1 ) < τ + (x, u2 ) < t(x) −
⇐⇒

d(T (x))
2

d(T (x))
< τ + (T (x), Dx T u1 ) < τ + (T (x), Dx T u2 ) < +∞. (7)
2

3.2. Absolutely focusing arcs. As already mentioned, the billiards considered in
this paper are characterized by two conditions (Conditions B1 and B2 in Section 5).
The first condition requires the focusing components of ∂Q to be absolutely focusing
arcs. These arcs were introduced independently by Donnay and Bunimovich [4,
13]. The formulation of the absolutely focusing property presented here, it is a
rephrasing of Donnay’s definition in more quantitative terms.
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Definition 3.2. Suppose that Γi is a focusing arc of ∂Q. We say that Γi is absolutely focusing if there exists a function ζ : Mi → (0, 1) such that
Rl
(1) 0 κ(s)ds ≤ π,
(2) if {x, T (x), T 2 (x)} ⊂ Mi (i.e., if x, T (x), T 2 (x) are three consecutive collisions with Γi ), then
1
1
2
+
≤
,
(1 − ζ(x))t(x) ζ(T (x))t(T (x))
d(T (x))
(3) if {x, T (x)} ⊂ Mi , then


d(x)
d(T (x))
max
,
< t(x).
2ζ(x) 2(1 − ζ(x))
Condition (1) of Definition 3.2 means that the tangents to Γi at the endpoints of
Γi form an angle that is not larger than π. This implies that an absolutely focusing
component is never closed. The next lemma describes an important consequence
of Condition (1). For its proof, see [13, Lemma 1.1].
Lemma 3.3. Suppose that Γi is an absolutely focusing arc of ∂Q. With the possible
exception of the periodic trajectories connecting the endpoints of Γi , every trajectory
hitting Γi eventually leaves Γi .
The geometrical meaning of Conditions (2) and (3) is revealed in the following
lemma, which can be easily obtained from Conditions (2) and (3) of Definition 3.2
using relations (5) and (7).
Lemma 3.4. Let Γi be an absolutely focusing arc of ∂Q. If we assume that
{x, T (x), . . . , T n (x)} ⊂ Mi with n > 0, and u ∈ Tx Mi such that d(x)/2 < τ + (x, u) ≤
ζ(x)t(x), then
ζ(x)t(x)d(x)
≤ τ − (x, u) < +∞,
(8)
2ζ(x)t(x) − d(x)
d(T k (x))
< τ + (T k (x), Dx T k u) ≤ ζ(T k (x))t(T k (x))
for 1 ≤ k < n, (9)
2
d(T n (x))
< τ + (T n (x), Dx T n u)
(10)
2
d(T n (x))t(T n−1 (x))(1 − ζ(T n−1 (x)))
≤
< +∞.
2t(T n−1 (x))(1 − ζ(T n−1 (x))) − d(T n (x))

0<

Combining together Lemmas 3.3 and 3.4, we obtain the following corollary, which
gives a characterization of an absolutely focusing arc corresponding to that one in
[13].
Corollary 3.5. Any infinitesimal family F of parallel rays hitting an absolutely
focusing arc Γi and not being a variation of the periodic trajectory connecting the
endpoints of Γi has the following properties: i) F leaves Γi after a finite number
of collisions with Γi , and ii) F focuses in linear approximation between every two
consecutive reflections with Γi and after leaving Γi .
We now present two major examples of absolutely focusing arcs.
Definition 3.6. A focusing arc Γi of ∂Q is called a W-arc (or a convex scatterer)
if for every pair of consecutive collisions {x, T (x)} ⊂ Mi , we have
d(x) + d(T (x)) ≤ t(x).

(11)

It is easy to check that W-arcs satisfy Conditions (2) and (3) of Definition 3.2
with ζ(x) = d(x)/t(x). Arcs of this type were introduced by Wojtkowski, who also
showed that an arc of class C 4 is a W-arc if and only if d2 r/ds2 ≤ 0 [23]. Examples
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of W-arcs are arcs of circles, arcs of cardioids, arcs of logarithmic
spirals and the
√
elliptical arcs {(x, y) ∈ R2 : x2 /a2 + y 2 /b2 = 1 and |x| ≤ a/ 2} with a, b > 0.
Definition 3.7. A focusing arc Γi of ∂Q is called an M-arc if for every triple of
consecutive collisions {x, T (x), T 2 (x)} ⊂ Mi , we have
1
1
1
+
≤
,
(12)
t(x) t(T (x))
d(T (x))
and for every pair of consecutive collisions {x, T (x)} ⊂ Mi , we have
max{d(x), d(T (x))} < t(x).

(13)

M-arcs satisfy Conditions (2) and (3) of Definition 3.2 with ζ(x) = 1/2. M-arcs
were introduced by the second author of this paper [19]. Examples of M-arcs that
are not W-arcs are the arcs of ellipses {(x, y) ∈ R2 : x2 /a2 + y 2 /b2 = 1 and |x| ≥
b4 /(a2 + b2 )} with a, b > 0.
We mention that the set of W-arcs and M-arcs does not comprise all absolutely
focusing arcs. An example of an absolutely focusing arc that is not a W-arc or √
an
M-arc is the half-ellipse {(x, y) ∈ R2 : x2 /a2 + y 2 /b2 = 1 and x ≥ 0} with a/b < 2
[13, Theorem 7.1].
In this paper, we impose the condition that each focusing component of ∂Q has
to be an absolutely focusing arc of class C 6 or a arc of type W or M satisfying
Condition (1) of Definition 3.2. All these arcs share the following important property: if Γ is one of these arcs, then every family of parallel rays hitting Γ focuses
in linear approximation after leaving Γ at a distance from Γ that is bounded above
by a constant depending only on Γ (see Theorem 4.7 for absolutely focusing arcs of
class C 6 and Corollary A.8 for arcs of type W and M).
4. Cone fields
For the definition of a symplectic cone field and the associated quadratic form
for general symplectic maps with singularities, we refer the reader to [11, 18]. In
the 2-dimensional setting, the definitions reduce to the following.
Definition 4.1. Consider a 2-dimensional vector space V , and let X1 and X2 be
two linearly independent vectors of V .
• The set C(X1 , X2 ) = {a1 X1 + a2 X2 : a1 a2 ≥ 0} ⊂ V is called the cone
generated by X1 and X2 .
• The set int C = {a1 X1 + a2 X2 : a1 a2 > 0} ∪ {0} is called the interior of the
cone C(X1 , X2 ).
• The cone C 0 (X1 , X2 ) = C(X1 , −X2 ) is called the complementary cone of
C(X1 , X2 ).
A cone C can be identified with a closed interval I of the projective space P(V ).
Accordingly, int C and C 0 can be identified with the interior of I and the closed
interval P(V ) \ int I, respectively.
Definition 4.2. Let U be an open set of M , and let X1 and X2 be two measurable
vector fields on U such that X1 (x) and X2 (x) are linear independent for every
x ∈ U.
• A cone field C on U , which is denoted by (U, C), is a family of cones
{C(x)}x∈U given by C(x) = C(X1 (x), X2 (x)) ⊂ Tx M for every x ∈ U .
A cone field (U, C) is called continuous if the vector fields X1 and X2 are
continuous on U .
• A cone field (U, C) is called invariant if x ∈ U and T k (x) ∈ U with k > 0
implies that Dx T C(x) ⊂ C(T (x)). A cone field (U, C) is called eventually strictly invariant if it is invariant, and for almost every x ∈ U , there
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exists an integer k(x) > 0 such that T k(x) (x) ∈ U and Dx T k(x) C(x) ⊂
int C(T k(x) (x)).
Remark 4.3. Let C be a cone field on U ⊂ M \A2 . Since the focusing times τ + (x, ·)
and τ − (x, ·) are projective transformations for x ∈ U \ A2 , the cone C(x) ∈ Tx M
can be conveniently described as
C(x) = {u ∈ Tx∗ M : τ + (x, u) ∈ I+ (x)} ∪ {0}
or
C(x) = {u ∈ Tx∗ M : τ + (x, u) ∈ I− (x)} ∪ {0}
for proper closed intervals I− (x) and I+ (x) of R̂.
4.1. Cone fields for billiards. The cone fields described in this subsection play a
key role in the proof of the regularity of the singular sets. They also play a prominent role in the proof of other properties, like the hyperbolicity and the ergodicity.
We start this subsection with some preliminary definitions.
Definition 4.4. Given a curved component Γi of ∂Q, define
Ei = {x ∈ Mi : q1 (−x) ∈
/ Γi }
Since q1 (−x) ∈
/ Γi for every x ∈ Ei , we say that x is an entering state of Γi or
simply that x enters Γi . The union of all the sets Ei is denoted by E.
Definition 4.5. Suppose that Γi is a curved component Γi of ∂Q. For every x ∈
Mi \ A2 , the number
n(x) = max{k ≥ 0 : T j (x) ∈ Mi for 0 ≤ j ≤ k and q1 (T k (x)) ∈
/ Γi }
denotes the number of collisions of x with Γi before leaving Γi . If x ∈ Mi is a
periodic point of period two whose trajectory coincides with the segment joining the
endpoints of Γi , then we define n(x) = 1.
Remark 4.6. Note that Ei \ A2 is open, and that −Ei consists of states leaving
Γi . According to definition 4.5, we have n(x) = 0 whenever x ∈ −Ei .
Billiard cone fields are usually defined almost everywhere on the entire set M .
However, as it will be clear from our arguments, it suffices to define them only on the
set E. Accordingly, we will consider cone fields of the form (Ux , Cx ) with Ux ⊂ M
being a neighborhood of x ∈ E. To facilitate the comprehension of the geometrical
meaning of these cones, we provide several equivalent definitions, using the slope m
and the focusing times τ + and τ − of tangent vectors. We write Ux∗ = Ux \ A2 and
Cx∗ (y) = Cx (y) \ {0} for y ∈ Ux . To define the cone Cx (y), it is enough to define
Cx∗ (y).
4.1.1. Dispersing components. Suppose that Γi is a dispersing component of ∂Q.
Then, for every x ∈ E i , we choose Ux = Mi , and set

Cx∗ (y) = u ∈ Ty∗ Mi : m(u) ≤ κ(x)
for all y ∈ Ux .
Using relation (4), we see that if y ∈ Ux∗ , then Cx∗ (y) can be equivalently written as

Cx∗ (y) = u ∈ Ty∗ Mi : 0 ≤ τ − (y, u) ≤ +∞ ,
or

Cx∗ (y) = u ∈ Ty∗ Mi : d(y)/2 ≤ τ + (y, u) ≤ 0 .
This cone field (Ux , Cx ) is clearly continuous. From the geometrical point of view,
the cone Cx (y) consists of tangent vectors u focusing inside the osculating disk
with radius |r(y)|/4 of Γi at the point q(y). A similar cone fields for dispersing
components was first introduced in [23].
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4.1.2. Focusing components. The cone field (Ux , Cx ) for focusing components is
borrowed from [13]. Since its construction is very well detailed in Sections 4 and 5
of Donnay’s paper, we limit ourselves here to summarize its main properties in the
following theorem. Note that in this theorem, the focusing components are arcs of
class C 6 .
Theorem 4.7. Suppose that Γi is an absolutely focusing component of class C 6 .
Then there exist a family {(Ux , Cx )}x∈E i of continuous cone fields with Ux ⊂ Mi
being a neighborhood of x, a family {gx }x∈E i of continuous functions gx : Ux → R
+
and two positive constants t−
i and ti such that if x ∈ E i , then
(1) for every y ∈ Ux∗ , we have

Cx∗ (y) = u ∈ Ty∗ Mi : gx (y) ≤ m(u) ≤ κ(y) ,
(2) for every y ∈ Ux∗ , u ∈ Cx∗ (y) and 0 ≤ k < n(y), we have
d(T k (y))
d(T k+1 (y))
≤ τ + (T k (y), Dy T k u) < t(T k (y)) −
,
2
2
(3) we have
sup
inf∗ τ − (y, u) ≤ t−
i ,
y∈Ux∗ u∈Cx (y)

and
sup

sup τ + (T n(y) (y), Dy T n(y) u) ≤ t+
i .

y∈Ux∗ u∈Cx∗ (y)

Proof. We explain where the proof of the single conclusions can be found in [13].
The cone Cx (y) described in Part (1) of the theorem corresponds the cone defined
in (4.7) of [13]. The cone field Cx is constructed in [13, Theorem 4.4] (see also [13,
Lemma 5.9]). The continuity of the cone field Cx is not explicitly formulated in
Donnay’s paper, but it is an obvious consequence of its construction in the proof
of [13, Theorem 4.4], and it follows from the continuity of the function gx (called
ml by Donnay) on a sufficiently small neighborhood of x, which we denote by Ux .
Part (2) follows from the construction of Cx , namely from relations 4.3-4.5 and [13,
Proposition 4.1]. Part (3) is one of the conclusion of [13, Theorem 4.4].

Remark 4.8. The following remarks clarify the conclusion of Theorem 4.7.
• If y ∈ Ux∗ , then the cone Cx∗ (y) can be equivalently defined as

Cx∗ (y) = u ∈ Ty∗ Mi : d(y)/2 ≤ τ + (y, u) ≤ G+
x (y) ,
or

−
Cx∗ (y) = u ∈ Ty∗ Mi : G−
x (y) ≤ τ (y, u) ≤ +∞ ,
where

sin θ(x)
(κ(x) ± gx (y))
are the forward and backward focusing times of vectors of Cx∗ (y) with slope
gx (y). Note also that the forward and backward focusing times of the vectors
of Cx∗ (y) with slope κ(x) are d(y)/2 and ∞, respectively.
• Part (2) of the theorem means that each vector of Cx∗ (y) with y ∈ Ux∗ focuses
between two consecutive collisions of the trajectory of y along Γi .
• The two inequalities of Part (3) have the following interpretation. The
first inequality amounts to saying that every infinitesimal family of trajectories entering Γi with a backward focusing time equal to or greater than
t−
i corresponds to a tangent vector of the cone field (Cx , Ux ). The second
inequality can be rephrased by saying that each infinitesimal family of trajectories, specified by a tangent vector u ∈ Cx∗ (y) with y ∈ Ux , focuses is
G±
x (y) =
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linear approximation when it leaves the Γi , and its forward focusing time is
uniformly bounded above by a constant t+
i depending only on Γi .
+
• The constants t−
and
t
depend
continuously
on Γi in the C 6 topology (see
i
i
[13, Theorem 4.4]).
In Corollary A.8, we extend Theorem 4.7 to W-arcs and M-arcs.
5. Conditions on the billiard domains
In this section, we complete the description of the hypotheses of (i.e., Conditions B1 and B2) Theorem 2.2. We also show that under these hypotheses, the
cone fields introduced in Subsection 4.1 are strictly invariant along every piece of
orbits starting and ending at elements of E. This property is used in the proof of
Theorem 2.2.
B1 (Non-polygonal domains): The domain Q is not a polygon, and the components of ∂Q are of the following types: straight segments, dispersing arcs of class
C 3 , absolutely focusing arcs of class C 6 , W-arcs and M-arcs of class C 3 satisfying
Condition (1) of Definition 3.2.
B2 (Distance between boundary components): We assign a pair of numbers
(τi+ , τi− ) to each curved component Γi as follows: set τi+ = τi− = 0 when Γi is
−
−
+
−
dispersing, and τi+ = t+
i and τi = ti with ti and ti as in Theorem 4.7 when
Γi is absolutely focusing. Then, given two curved components Γi and Γj , denote
by tij ≥ 0 the infimum of the Euclidean length in R2 of all finite billiard orbits
{x0 , . . . , xn } with n > 0 such that x0 ∈ Mi and xn ∈ Mj . We assume that
(1) there exists a real τ > 0 such that if Γi and Γj are curved components, and
one of the them is focusing, then
tij ≥ τi+ + τj− + τ,
(2) the distance between every focusing component Γi and every corner of ∂Q
not belonging to Γi is greater than max{τi− , τi+ }.
Remark 5.1. Some comments on Conditions B1 and B2 are in order.
• Condition B2 has a couple of obvious consequences for the geometry of Q:
i) the internal angle between a focusing component and an adjacent curved
component is greater than π, and ii) the internal angle between a focusing
component and an adjacent flat component is greater than π/2.
• Conditions B1 and B2 allow ∂Q to have cusps formed by two dispersing
components or a dispersing and a flat component.
• If the focusing components are W-arcs or M-arcs, then the first part of
condition B2 has a simple geometric formulation in terms of the relative
position of the circles of semi-curvature of distinct focusing components
[2, 23], or in terms of the distance of the circles of curvature of the focusing
components from the other components [19].
• To our knowledge, all the 2-dimensional hyperbolic billiards constructed so
far satisfy these conditions with the exception of two cases [5, 6].
• We are not able to prove Theorem 2.2 without Part (2) of Condition B2.
This assumption is specifically used to prove that the tangent spaces of the
sets Rk− and Rk+ are contained inside the cones Cx and Cx0 , respectively.
This property is called alignment and permits to show that R1+ and Rk−
are transversal. The alignment it also one of the hypotheses of the Local
Ergodic Theorem [11, 18].
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In the next lemma, we show that the cone field {(Ux , Cx )}x∈E is strict invariant
along a piece of an orbit starting and ending at an element of E. This property
plays an important role in the proof of Proposition 6.2.
Lemma 5.2. Suppose that the billiard in Q satisfies Conditions B1 and B2. Also,
suppose that there exist x1 ∈ E i1 , x2 ∈ E i2 with i1 6= i2 , and y ∈ Ei1 ∩ Ux1 \ Rk+
for some k > 0 such that T k (y) ∈ Ei2 ∩ Ux2 . Then
Dy T k Cx1 (y) ⊂ int Cx2 (T k (y)).
Proof. Let u ∈ Cx1 (y). First, suppose that T j (y) ∈ M0 for every n(y) < j < k
whenever k − n(y) > 1. In this case, it is easy to see that T k (y) ∈ E and
τ − (T k (y), DT k (y) T k u) = l − τ + (T n(y) (y), Dy T n(y) u),
where l is the length of the piece of the billiard trajectory starting at T n(y) (y) and
ending at T k (y). Now, let Γi1 and Γi2 be the components of ∂Q such that x ∈ Mi1
and T k (x) ∈ Mi2 . Since τ + (T n(y) (y), DT n(y) (x) T n(y) u) ≤ τi+1 by the definition of
τi+1 , and inf u∈Cx∗ (T k (y)) τ − (T k (y), u) ≤ τi−2 < l − τi+1 by Condition B2, it follows
2
that
τ − (T k (y), DT k y T k u) = l − τ + (T (n(y)) (y), Dy T n(y) u)
≥ l − τi+1 > τi−2
≥

inf

u∈Cx∗ (T k (y))

τ − (T k (y), u).

2

k

Remembering the definition of Cx2 (T (y)), we can conclude that DT k y T k u ∈
int Cx2 (T k (y)). This clearly implies that
Dy T k Cx1 (y) ⊂ int Cx2 (T k (y)).

(14)

Next, we consider the alternative case when T j (y) ∈
/ M0 for some n(y) < j < k
whenever k − n(y) > 1, or equivalently when T j (y) ∈ E for some n(y) < j < k
whenever k − n(y) > 1. Let n(y) < k1 < · · · < kn = k be integers such that
T ki (y) ∈ E and T j (y) ∈
/ E for ki < j < ki+1 whenever ki+1 − ki > 1 and for
0 < i < n. Using conclusion (14) from the previous case, we obtain
• Dy T k1 Cx1 (y) ⊂ int CT k1 (y) (T k1 (y)),
• DT ki (y) T ki+1 −ki CT ki (y) (T ki (y)) ⊂ int CT ki+1 (y) (T ki+1 (y)) for 0 < i < n−1,
• DT kn−1 (y) T k−kn−1 CT kn−1 (y) (T kn−1 (y)) ⊂ int Cx2 (T k (y)).
From these chain of inequalities, we can easily conclude that
Dy T k Cx1 (y) ⊂ int Cx2 (T k (y)).

6. Regularity
This section is devoted to the proof of Theorem 2.2. From now on, we assume
that the billiard domain Q satisfies Conditions B1 and B2.
6.1. Outline of the proof of Theorem 2.2. Because of the generality of the
billiard domains considered, to prove Theorem 2.2, we have to analyze individually many different cases. As a consequence, the proofs of this theorem and its
preliminary results contained in this section are quite lengthy. To help the reader
understand the proof of Theorem 2.2, we briefly describe here its general structure.
First of all, we observe that it suffices to prove the theorem only for the sets
Rk− . Indeed, the theorem then extends automatically to the set Rk+ by the time
reversibility of T . The proof of Theorem 2.2 is by induction. Accordingly, we first
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assume that a given singular set Rk− is regular. Then, we show that the intersection
of the sets S1+ and Rk− consists of finitely many elements. This fact allows us to
write Rk− as a finite union of arcs Σ1 , . . . , Σn of class C 2 that can intersect each
other or S1+ only at their endpoints.
Since T is a C 2 transformation on M \ S1+ , it follows that each setST (Σi ) is a
n
curve of class C 2 . From this, we can easily conclude that T (Rk− ) = i=1 T (Σi )
2
consists of finitely many curves of class C . However, this does not complete the
proof, because we really need to show that the closure T (Σi ) of each curve T (Σi )
is an arc of class C 2 , and that the arcs T Σ1 , . . . , T Σn can only intersect each other
or ∂M at their endpoints. This would follow immediately if the restriction of T to
each connected component of M \ R1+ admitted a C 2 extension up to its boundary,
but the billiard map T does not have this property for every domains considered in
this paper. The central part of the proof of Theorem 2.2 consists exactly in proving
that the sets T Σ1 , . . . , T Σn have the property described above. This is achieved in
Propositions 6.4 and 6.7. The difficulty of the proof of Proposition 6.7 is due to
two main reasons: the unboundedness of the derivative of T near the set S1+ , and
the generality of the billiard domains considered.
An important part of the proof of Theorem 2.2 consists in showing that the set
Rk− ∩ S1+ is finite. This is obtained by proving that Rk− and S1+ are transversal.
The crucial step to prove this property is Proposition 6.2, where we show that the
singular sets Rk− and Rk+ are properly aligned with respect to the cone field (Ux , Cx )
introduced in Section 4.1.
6.2. Singular arcs. We now introduce the notion of a singular arc. Roughly
+
for some m > 0.
speaking, a singular arc is an arc of class C 2 contained in Rm
Definition 6.1. An arc Σ of class C 2 is called negatively singular if either Σ ⊂ ∂M
or there exist j > 0 arcs Σ0 , . . . , Σj−1 such that after defining Σj = Σ, we have
• Σ0 ⊂ ∂M ,
• Σi ∩ S1+ ⊂ ∂Σi for 0 ≤ i < j,
• int Σi+1 = T (int Σi ) for 0 ≤ i < j,
• Σi ∩ ∂M ⊂ ∂Σi for 1 ≤ i ≤ j.
A positively singular arc is defined similarly by replacing T with T −1 .
In the next lemma, we prove that under proper conditions the vectors tangent to
the negatively singular arcs and to the positively singular arcs are contained inside
the cones of the field (Ux , Cx ) and (Ux , Cx0 ), respectively.
Proposition 6.2. Suppose that Σ is a negatively singular arc such that Σ 6⊂ ∂M .
Then, for every z ∈ E and every y ∈ E ∩ Uz ∩ Σ \ A2 that is an accumulation point
of E ∩ Uz ∩ int Σ, we have
Ty Σ ⊂ int Cz (y).
A similar conclusion with Cz (y) replaced by Cz0 (y) holds under the same hypotheses
when Σ is a positively singular arc.
Proof. We limit ourselves to prove the proposition for a negatively singular arc Σ.
The other case can be proved in a similar fashion. Let Σ0 , . . . , Σj = Σ be the
arcs associated to Σ as in Definition 6.1, and let z ∈ E. Note that j > 0 because
Σ 6⊂ ∂M by assumption. First, we prove the proposition for y ∈ E ∩ Uz ∩ int Σ.
The assumption of the proposition is clearly satisfied for such an y. Since y ∈ int Σ,
there exist y0 , . . . , yj with yi ∈ int Σi for each 0 ≤ i ≤ j and yj = y such that
T (yi−1 ) = yi for each 1 ≤ i ≤ j. Note that yi ∈
/ ∂M , because Σi ∩ ∂M ⊂ ∂Σi for
each 1 ≤ i ≤ j. Let k be the smallest integer in {1, . . . , j} such that yk ∈ E. Such
a k exists because yj ∈ E by assumption. If y1 , . . . , yk−1 ∈ M0 , then define m = 0,
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otherwise, define m to be largest integer in {1, . . . , k − 1} such that ym ∈
/ M0 . Let
Γi1 and Γi2 be the components of ∂Q for which ym ∈ Mi1 and yk ∈ Mi2 . If m > 0,
then it is not difficult to see that Γi1 is focusing, that y1 , . . . , ym are consecutive
collisions with Γi1 , and that ym ∈ −E (i.e., the state y leaves a curved component
of ∂Q). From this observation, we deduce that i1 6= i2 for m > 0.
Next, we claim that
0 ≤ τ + (ym , Ty∗m Σm ) ≤ τi+1 .
(15)
This is obvious for m = 0. In fact, τ + (y0 , Ty∗0 Σ0 ) = 0 as a consequence of the fact
that Σ0 consists of states that are either emerging from the same endpoint of one
of the components of ∂Q or tangent to the same dispersing component of ∂Q. For
m > 0 instead, we have 0 < τ + (ym , Ty∗m Σm ) ≤ τi+1 by using Part (3) of Theorem 4.7
and inequality (7).
From the definitions of k and m, we see that ym+1 , . . . , yk−1 ∈ M0 whenever
k > m + 1. Therefore τ − (yk , Ty∗k Σk ) = l − τ + (ym , Ty∗m Σm ), where l is the length of
the piece of trajectory starting at ym and ending at yk . By (15) and Condition B2,
we obtain τ − (yk , Ty∗k Σk ) = l > τi−2 if m = 0, and τ − (yk , Ty∗k Σk ) ≥ l − τi+1 > τi−2
otherwise. Hence, in any case, we obtain τ − (yk , Ty∗k Σk ) > τi−2 , which, in view of
the definition of Cyk (yk ) and τi−2 , implies that Ty∗k Σk ⊂ int Cyk (yk ). By applying
Lemma 5.2 to yk , y ∈ E with x1 = yk and x2 = z, we can finally conclude that
Ty∗ Σ ⊂ int Cz (y).
We are now ready to prove the proposition in its full generality. So, let y ∈
E ∩ Uz ∩ Σ \ A2 be an accumulation point of E ∩ Uz ∩ int Σ. Then there exists
a sequence wn ∈ E ∩ Uz ∩ int Σ such that wn → y as n → +∞. Our previous
conclusion implies that Tw∗n Σ ⊂ int Cz (wn ) for n > 0. There two cases: Σ ⊂ M+
and Σ ⊂ M− . We discuss only the first case, because the second one can be studied
in a similar fashion. So, suppose that Σ ⊂ M+ . Then by Condition B2, it follows
immediately that
τ − (wn , Tw∗n Σ) ≥ τi− + τ
for n > 0,
(16)
where Γi is the focusing component such that Σ ⊂ Mi . Note that the focusing
time τ − (wn , Tw∗n Σ) is well defined because wn ∈
/ ∂M . By Remark 3.1, we have
τ − (y, Ty∗ Σ) = limn→+∞ τ − (wn , Tw∗n Σ). Taking the limit as n → +∞ on the left

hand-side in (16), we obtain τ − (y, Ty∗ Σ) > τi− , which gives Ty∗ Σ ⊂ int Cz (y).
6.3. Local coordinates for M . Suppose that Σ1 is a negatively singular arc such
that Σ1 ∩ S1+ ⊂ ∂Σ1 . In this case, each set q(Σ1 ) and q1 (int Σ1 ) is contained in a
single component of ∂Q. Let Γ1 and Γ2 be the boundary components containing
q(Σ1 ) and q1 (int Σ1 ), respectively. Since boundary components are compact, the
entire closure of q1 (int Σ1 ) is contained in Γ2 . Given z1 ∈ Σ1 , let p1 = q(z1 ), and
let p2 be the intersection point between Γ2 and the ray emerging from z1 having
the minimum distance from p1 .
To prove Theorem 2.2, we have to study the image of Σ1 under the billiard map T
for all possible choices of Γ1 and Γ2 . For computational purposes, it is convenient to
have an analytic description of the configuration formed by Γ1 and Γ2 in a proper
Cartesian coordinates system (X, Y ) for R2 . In doing so, we also obtain a new
system of local coordinates for M . We can choose the Cartesian coordinate system
(X, Y ) (see Fig. 1) so that
• p1 = (0, 0) and p2 = (X̄, 0) with X̄ ≤ 0 in coordinates (X, Y );
• there exist two closed intervals U1 and U2 of R with U1 containing 0 and
U2 containing X̄, and two C 3 functions f1 : U1 → R and f2 : U2 → R with
f1 (0) = f2 (X̄) = 0 such that Γ1 = graph f1 and Γ2 = graph f2 ; moreover,
we have either f100 ≡ 0 (Γ1 flat) or f100 > 0 on U1 (Γ1 curved), and either
f200 ≡ 0 (Γ2 flat) or |f200 | > 0 on U2 (Γ2 curved).
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Figure 1. Γ1 and Γ2 in the Cartesian coordinate system (X, Y )
Given x ∈ M1 ∪ M2 , let X be the X-coordinate of q(x), and let δ ∈ [0, 2π) be
the angle between the X-axis and the vector v(x). Recall that M1 ∪ M2 is equipped
with the local coordinates (s, θ). The pair (X, δ) forms another local coordinate
system on M1 ∪ M2 . In coordinates (X, δ), we clearly have z1 = (0, π). The relation
between (s, θ) and (X, δ) on M1 can be easily derived, and reads as follows
Z Xq
1 + f102 (X̃)dX̃
s=
0
(
(17)
δ − tan−1 f10 (X)
if f10 (X) ≥ 0,
θ=
−δ + tan−1 f10 (X) + 2π if f10 (X) < 0.
The transformation (s, θ) 7→ (X, δ) is a C 2 change of coordinates.
Since the arc Σ1 is an embedded closed interval, there exist a closed interval
I1 = [a1 , b1 ] with a1 < b1 and two C 2 functions X1 : I1 → R and δ1 : I1 → R
with (X10 (a), δ10 (a)) 6= (0, 0) for all a ∈ I1 such that γ1 := (X1 , δ1 ) : I1 → Σ1 is a
C 2 diffeomorphism. Choose ā ∈ [a1 , b1 ] so that γ1 (ā) = z1 . The value ā is fixed
throughout this entire section. By the choice of the coordinate system (X, Y ), it
follows that X1 (ā) = 0 and δ1 (ā) = π.
In the next lemma, we compute the forward focusing time of γ10 (a) in coordinates
(X, δ).
Lemma 6.3. We have

0
[tan δ (a) − f 0 (X (a))] cos δ (a) X1 (a)
1
1
1
1
+
0
0
δ1 (a)
τ (γ1 (a), γ1 (a)) =

∞

if δ10 (a) 6= 0,

(18)

if δ10 (a) = 0.

Proof. For every a ∈ I1 , denote by s1 (a) and θ1 (a) the components of γ1 (a) in the
coordinates (s, θ). From (17), we obtain
q
(19)
s01 (a) = X10 (a) 1 + f102 (X1 (a)),


00
0
f (X1 (a))X1 (a)
θ10 (a) = ± δ10 − 1
,
(20)
1 + f102 (X1 (a))
where the sign in (20) is positive if f10 (X1 ) ≥ 0 and negative otherwise. Note that
the curvature of Γ1 at the point q(γ1 (a)) is given by
κ(γ1 (a)) = ±

f100 (X1 (a))
3/2

[1 + f102 (X1 (a))]

,

(21)

where the sign follows the same rule as in (20). This rule agrees with our convention
on the curvature of the boundary components specified at the beginning of Section 2.
By replacing (19)-(21) in Formula (4), we finally obtain (18).


16

G. DEL MAGNO AND R. MARKARIAN

6.4. Diffeomorphic extension of T on singular arcs. It is not true in general
that a billiard map admits a homeomorphic extension up to the boundary of each
of its continuity domains. This can be already seen for the billiard map of the
Bunimovich’s stadium. But it is true that the map T admits a homeomorphic
extension along every singular arcs. This property is proved in the next lemma.
Proposition 6.4. Let Σ1 be a negatively singular arc such that Σ1 ∩ S1+ ⊂ ∂Σ1 .
There exist a unique curve Σ2 and a unique homeomorphism T̄ : Σ1 → Σ2 such that
Σ2 ∩ ∂M ⊂ ∂Σ2 and T̄ |int Σ1 = T |int Σ1 .
Proof. Since T is a continuous bijection on M \ S1+ , and Σ1 and M are compact, it
is enough to show that T |int Σ1 extends to a continuous bijection T̄ on the entire Σ1 .
This can be achieved by showing that limint Σ1 3z→z1 T (z) exists for all z1 ∈ ∂Σ1 .
Indeed, the existence of those limits implies at once that the transformation T̄ and
the set Σ2 defined by
(
T (z1 )
if z1 ∈ int Σ1 ,
T̄ (z1 ) =
limint Σ1 3z→z1 T (z) if z1 ∈ ∂Σ1 ,
and
Σ2 = T̄ (Σ1 )
have the wanted properties. The uniqueness of T̄ and Σ2 is a direct consequence of
their definitions. The inclusion Σ2 ∩ ∂M ⊂ ∂Σ2 holds, because T̄ z ∈ ∂M implies
z ∈ ∂Σ1 .
To complete the proof, it remains to prove that limint Σ1 3z→z1 T (z) exists for
every z1 ∈ ∂Σ1 . The only case when the existence of this limit is not trivial is
when q1 (int Σ1 ) belongs to a flat boundary component, and the flat component is
contained in the ray emerging from z1 ∈ ∂Σ1 . Therefore, the rest of this proof
is devoted to the study of that case. The remaining cases are trivial, and can be
studied similarly.
To deal with the case described above, we proceed as follows. Denote by Γ1
and Γ2 the boundary components containing q(Σ1 ) and q1 (int Σ1 ), respectively.
Suppose that z1 ∈ ∂Σ1 . Let p1 = q(z1 ), and denote by p2 the intersection point
between Γ2 and the ray emerging from z1 having minimum distance from p1 . The
possibility p1 = p2 may be ruled out, because by Condition B2 (see also the first
part of Remark 5.1), it can occur only if Γ1 and Γ2 are both either focusing or
dispersing. Since Σ1 is singular, we can also rule out the situation when z1 is a
tangent collision and Γ1 is focusing. This is so because otherwise the number of
consecutive collisions along Γ1 of the negative semi-orbit of an element z ∈ Σ1
would be unbounded for z sufficiently close to z1 , contradicting the fact that Σ1 is
a singular arc.
The situation above corresponds to the configuration with f2 ≡ 0 and ā = a1
described in Subsection 6.3. In the notation of that subsection, we write T (γ1 (a)) =
(X2 (a), δ2 (a)) for every a ∈ (a1 , b1 ). Clearly, we have
f1 (X1 (a))
,
tan δ1 (a)
δ2 (a) = π − δ1 (a).

X2 (a) = X1 (a) −

We immediately see that the limint Σ1 3z→z1 T (z) exists if and only if the lima→a+ X2 (a)
1
exists. Using l’Hôpital’s rule, we obtain
lim+ X2 (a) = −

a→a1

f10 (0)X10 (0)
∈ U2 .
δ10 (0)
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Indeed, X10 (0) and δ10 (0) cannot vanish simultaneously by assumption, and δ10 (0)
alone cannot vanish, because otherwise X2 would be unbounded in a neighborhood
of a1 , contradicting the fact that X2 (a) ∈ U2 for every a ∈ I1 . This completes the
proof.

The next lemma is a technical result used in the proofs of Proposition 6.7 and
Theorem 2.2.
Lemma 6.5. Suppose that Σ is a negatively singular arc such that Σ 6⊂ ∂M and
Σ ⊂ M+ . Then
τ + (y, Ty∗ Σ) < t(y)

for y ∈ Σ \ A2 .

(22)

Proof. Since Σ is a singular arc, there exist finitely many states y0 , . . . , yj with
yi ∈ Σi for each 0 ≤ i ≤ j and yj = y such that Ti−1 yi−1 = yi for each 1 ≤ i ≤ j.
Here Ti is the homeomorphic extension of T |int Σi to Σi as in Proposition 6.4. Also,
note that j > 0 because Σ 6⊂ ∂M by assumption.
We first suppose that Σ0 , . . . , Σj ⊂ Mk ⊂ M+ . In particular, this means that
y0 , . . . , yj are consecutive collisions with the focusing component Γk . To prove (29)
for this case, we argue similarly as in the proof of inequality (15). Namely, since
τ + (y0 , Ty∗0 Σ0 ) = 0, by using Part (2) of Theorem 4.7 and inequality (7), we obtain
an upper bound for τ + (y, Ty∗ Σ). We arrive at (29) by showing that this upper
bound is not greater than t(y). This can be done easily by using Parts (2) and (3)
of Theorem 4.7 and Condition B2.
Next, suppose that there exist an integer 0 < m ≤ j such that Σm−1 6⊂ Mk and
Σm , . . . , Σj ⊂ Mk . It is clear that ym ∈ E\A2 , and that ym is an accumulation point
of E ∩ Uym ∩ int Σm , where Uym is the neighborhood of ym as in Theorem 4.7. By
Proposition 6.2, we can then infer that Ty∗m Σm ⊂ int Cym (ym ). Using Parts (2) and
/ −E, and τ + (y, Ty∗ Σ) ≤ τk+
(3) of Theorem 4.7, we obtain τ + (y, Ty∗ Σ) < t(y) if y ∈
if y ∈ −E. To complete the proof of (29) for the case under consideration, we need
only to observe that τk+ < t(y) by Condition B2.

We now go back to the general situation described in Subsection 6.3. The notation here is as in that subsection. The relation between two consecutive collisions,
the first occurring at Γ1 and the second occurring at Γ2 , can be expressed as a
simultaneous zero of the functions F : M1 × M2 → R and G : M1 × M2 → R defined
by
F (X1 , δ1 , X2 , δ2 ) = f1 (X1 ) − f2 (X2 ) − tan δ1 · (X1 − X2 ),
G(X1 , δ1 , X2 , δ2 ) = δ1 + δ2 − 2α2 (X2 ) + π,
for every (X1 , δ1 , X2 , δ2 ) ∈ M1 × M2 . The function α2 denotes the angle formed
by the X-axis with the normal to Γ2 at (X2 , f2 (X2 )) pointing inside the billiard
domain Q. The relation F (X1 , X2 , δ1 , δ2 ) = 0 is the equation of the line having
slope equal to tan δ1 and passing through the points (X1 , f1 (X1 )) and (X2 , f2 (X2 )),
whereas the relation G(X1 , δ1 , X2 , δ2 ) = 0 describes the equality of the angles of
incidence and reflection at (X2 , f2 (X2 )).
Recall that I1 3 a 7→ (X1 (a), δ1 (a)) is a parametrization of the singular arc Σ1 .
Let F1 : M2 × I1 → R and G1 : M2 × I1 → R be the C 2 differentiable functions
given by
F1 (X2 , δ2 , a) = F (X1 (a), δ1 (a), X2 , δ2 ),
G1 (X2 , δ2 , a) = G(X1 (a), δ1 (a), X2 , δ2 )
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for every (X2 , δ2 , a) ∈ M2 × I1 . Also, define
D1 (X2 , δ2 , a) =

∂δ2 F1
∂δ2 G1

∂a F1
∂a G1

= [tan δ1 (a) − f10 (X1 (a))] X10 (a) +

δ10 (a)
(X1 (a) − X2 )
cos2 δ1 (a)

(23)

for every (X2 , δ2 , a) ∈ M2 × I1 . Note that D1 is well defined because, according to
our setting, we always have cos δ1 (a) 6= 0 for a sufficiently close to ā.
The next lemma elucidates the relation between D1 (X2 , δ2 , a) and several geometrical quantities associated to the collision γ1 (a). Recall that t(γ1 (a)) denotes
the length of the segment connecting q(γ1 (a)) to q1 (γ1 (a)).
Lemma 6.6. We have

0
[τ + (γ (a), γ 0 (a)) − t(γ (a))] δ1 (a)
1
1
1
cos δ1 (a)
D1 (X2 , δ2 , a) =

[tan δ1 (a) − f10 (X1 (a))] X10 (a)

if δ10 (a) 6= 0,

(24)

if δ10 (a) = 0.

Proof. We have
t(γ1 (a)) =

X2 − X1 (a)
.
cos δ1 (a)

To obtain Formula (24), we just need to rewrite (23) using (18) and (25).

(25)


The next proposition plays a key role in the proof of Theorem 2.2. Roughly
speaking, it states that although the map T is not differentiable everywhere on M ,
nevertheless it maps singular arcs into singular arcs. The assumption that the arcs
are singular is crucial, and we do not know whether it can be dropped.
Proposition 6.7. Under the same hypotheses of Proposition 6.4, the curve Σ2 is
a negatively singular arc.
Proof. We only need to show that the curve Σ2 is an arc. Indeed, from this fact and
the construction of Σ2 , it is a simple matter to see that Σ2 must be a negatively
singular arc. By Proposition 6.4, we already know that Σ2 is connected and compact. Hence, it remains to demonstrate that Σ2 is a 1-dimensional C 2 submanifold.
This amounts to showing that for every z2 ∈ Σ2 , there is a C 2 diffeomorphism γz2
from an interval Iz2 to a subarc of Σ2 containing z2 . We split the proof into three
cases:
(A) Γ1 and Γ2 disjoint and Γ2 curved,
(B) Γ1 and Γ2 intersecting and Γ2 curved,
(C) Γ2 flat.
Each of these cases is further split into several subcases. The proof for Case (A)
follows from Lemmas 6.8-6.12, the proof for Case (B) follows from Lemmas 6.136.15, and the proof for Case (C) follows from Lemma 6.16.

Throughout the rest of this subsection (including the proofs of Lemmas 6.8-6.16),
the notation is as in Subsection 6.3.
Let z1 ∈ Σ1 , and let z2 = T̄ z1 ∈ Σ2 , where T̄ is the homeomorphic extension of
T |int Σ1 as in Proposition 6.4. In the coordinates (X, δ), we have z1 = γ1 (ā) = (0, π)
and z2 = (X̄, δ̄) for some δ̄ ∈ [0, 2π). By the definition of z1 and z2 , we have
F1 (X̄, δ̄, ā) = G1 (X̄, δ̄, ā) = 0.
The strategy to prove Lemmas 6.8-6.12 is as follows. Suppose that we have
D1 (X̄, δ̄, ā) 6= 0. Then, we can use the Implicit Function Theorem to find three
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f1 (X1 )
δ

X2

X̄

0

X1

f2 (X2 )

Figure 2. Γ1 focusing and Γ2 dispersing

f1 (X1 )
X2

X̄

δ
0

X1

f2 (X2 )

Figure 3. Γ1 and Γ2 focusing
open intervals I2 , W1 , W2 containing X̄, δ̄, ā, respectively, and two C 2 real functions
φ1 : I2 → W1 and φ2 : I2 → W2 such that
F1 (X2 , φ1 (X2 ), φ2 (X2 )) = G1 (X2 , φ1 (X2 ), φ2 (X2 )) = 0

for X2 ∈ I2 .

If we define
I3 = {X2 ∈ I2 : (X2 , f2 (X2 )) ∈ Σ2 },
then the wanted curve γz2 is given by γz2 (X2 ) = (X2 , φ1 (X2 )) for all X2 ∈ I3 .
Case (A) splits further into several subcases as described in Lemmas 6.8-6.12.
To prove these lemmas, we show that D1 (X̄, δ̄, ā) 6= 0 for each particular subcase.
Lemma 6.8. Suppose that the boundary components Γ1 and Γ2 are disjoint, and
that Γ1 is focusing and Γ2 dispersing (see Fig. 2). Then under the same hypotheses
of Proposition 6.4, the curve Σ2 is a negatively singular arc.
Proof. Note first that the ray emerging from z1 cannot be tangent to Γ1 , because
otherwise the number of consecutive collisions of the negative semi-orbit of γ1 (ā)
with Γ1 would be unbounded for a sufficiently close to ā, contradicting the fact that
Σ1 is a singular arc. So z1 6∈ A2 , and Lemma 6.5 implies that τ + (γ1 (ā), γ10 (ā)) <
t(z1 ). From (18), we then see that δ10 (ā) 6= 0. These two facts together with Formula
(24) give D1 (X̄, δ̄, ā) 6= 0.

Lemma 6.9. Suppose that the boundary components Γ1 and Γ2 are disjoint, and
that Γ1 and Γ2 are both focusing (see Fig. 3). Then under the same hypotheses of
Proposition 6.4, the curve Σ2 is a negatively singular arc.
Proof. The proof is exactly as the one of Lemma 6.8.



Lemma 6.10. Suppose that the boundary components Γ1 and Γ2 are disjoint, and
that Γ1 and Γ2 are both dispersing (see Figs. 4a and 4b). Then under the same
hypotheses of Proposition 6.4, the curve Σ2 is a negatively singular arc.
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Proof. The only difference between this configuration and Configuration 1 is that
f10 (0) = 0 is now allowed. When f10 (0) 6= 0 (see Fig. 4a), to prove that D1 (X̄, δ̄, ā) 6=
0, we can argue as in the proof of Lemma 6.8. Note however that this time, we
have τ + (γ10 (ā)) < 0, which follows from Proposition 6.2 and the definition of the
cone field Cx on M− .
Now suppose that f10 (0) = 0. A direct inspection of Fig. 4b reveals that
tan δ1 (a) ≥ f10 (X1 (a))

for a ∈ I1 .

(26)

Indeed, if this was not the case, the ray emerging from γ1 (a) would enter the
component Γ1 rather than leaving it. Without loss of generality, we can assume
that X10 (ā) ≥ 0. Since δ1 (ā) = π and X1 (ā) = 0, from (26), we easily obtain δ10 (ā) ≥
f100 (0)X10 (ā). Suppose that δ10 (ā) = 0. Since f100 > 0, it follows that X10 (ā) = 0, and
so γ10 (ā) = (0, 0), which is contradiction. Therefore, we must have δ10 (ā) 6= 0. Since
f10 (0) = 0, Formula (18) implies that τ + (γ10 (ā)) = 0. Finally, using the fact that
t(γ1 (ā)) > 0 and Formula (24), we conclude again that D1 (X̄, δ̄, ā) 6= 0.

Lemma 6.11. Suppose that the boundary components Γ1 and Γ2 are disjoint, and
that Γ1 is dispersing and Γ2 is focusing (see Fig. 5). Then under the same hypotheses of Proposition 6.4, the curve Σ2 is a negatively singular arc.
Proof. The proof of this case is exactly as the one of Lemma 6.10.



Lemma 6.12. Suppose that the boundary components Γ1 and Γ2 are disjoint, and
that Γ1 is flat and Γ2 is curved (see Fig. 6). Then under the same hypotheses of
Proposition 6.4, the curve Σ2 is a negatively singular arc.
Proof. Suppose first that Σ1 ⊂ A2 . This means that Σ1 consists of vectors leaving
from an endpoint of Γ1 . In this case, we can take X1 (a) = 0 and δ1 (a) = π − a
with ā = 0 and b1 =  for some  > 0 sufficiently small. It follows that X10 (ā) = 0,
δ10 (ā) = 1 and τ + (γ10 (ā)) = 0. By Formula (18), we obtain D1 (X̄, δ̄, ā) = t(γ1 (ā)) 6=
0.
Now, suppose that Σ1 is not contained in A2 . We claim that this case can be
reduced to the previous case or to one of the cases considered in Lemmas 6.8-6.11.
Indeed, by the definition of a singular arcs, there exist an integer k > 0 and a
singular arc Λ contained in M− ∪ M+ ∪ A2 such that T̄ i Λ ⊂ M0 for every 0 < i < k
and T̄ k Λ = Σ1 , where T̄ i denotes the homeomorphic extension of T i |int Λ to Λ for
every 1 ≤ i ≤ k guaranteed by Proposition 6.4. Now, instead of Σ1 and the map T ,
we can consider the singular arc Λ and the map T k , which is either one of the cases
considered in Lemmas 6.8-6.11 or the previous case considered in this lemma. 

f1 (X1 )
X̄

X2

X1

X̄

X2
0

0
f1 (X1 )
f2 (X2 )

f2 (X2 )
(a) tan δ̄ 6= f10 (0)

(b) tan δ̄ = f10 (0)

Figure 4. Γ1 and Γ2 dispersing
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Figure 5. Γ1 dispersing and Γ2 focusing
We now deal with Case (B) of the proof of Proposition 6.7. This case is split into
three subcases analyzed in Lemmas 6.13-6.15. To prove the second lemma, we use
a result by Lazutkin, whereas to prove the first and the third lemma, we proceed
in the following way.
For the general Case (B), we have X̄ = 0, and so t(z1 ) = 0. We can assume that
D1 (X̄, δ̄, ā) = 0, otherwise the Implicit Function Theorem would immediately imply
the conclusion as explained in Case (A). Since the function F1 does not depend on
δ2 , we consider F1 as a function of X2 and a alone. The point (X̄, ā) is therefore a
zero and a critical point of F1 . Now, we assume that (X̄, ā) is non-degenerate (i.e.,
det Hess F1 (X̄, ā) 6= 0). Then, by Morse Lemma, there exist two open intervals J1
and J2 of the origin, a neighborhood V ⊂ R2 of (X̄, ā) and a C 2 diffeomorphism
Φ : J1 × J2 → V such that F1 (Φ(α, β)) = α2 − β 2 for all (α, β) ∈ J1 × J2 . Write
Φ(α, β) = (φ1 (α, β), φ2 (α, β)), and define ψi± (α) = φi (α, ±α) for every α ∈ J1 and
each i = 1, 2.
The previous observation tells us that if (X̄, ā) is a non-degenerate critical
point of F1 , then the zeros of F1 contained in the neighborhood V are given by
(ψ1+ (α), ψ2+ (α)) and (ψ1− (α), ψ2− (α)) for all α ∈ J1 . Now, note that G1 (X2 , δ2 , a) =
0 if and only if δ2 = −δ1 (a) + 2α2 (X2 ) − π, and let ϕ± (α) = −δ1 (ψ2± (α)) +
2α2 (ψ1± (α)) − π for every α ∈ J1 . Putting all together, we then see that the
simultaneous zeros of F1 and G1 in V are given by (ψ1+ (α), ϕ+ (α), ψ2+ (α)) and
(ψ1− (α), ϕ− (α), ψ2− (α)) for all α ∈ J1 . If we set J ± = {α ∈ J1 : ψ2± (α) ≥ ā}, then in
coordinates (X, δ), the wanted curve γz2 is given by either γz2 (α) = (ψ1+ (α), ϕ+ (α))
for all α ∈ J + , or by γz2 (α) = (ψ1− (α), ϕ− (α)) for all α ∈ J − .
To finish, it remains to show that γz0 2 (α) 6= 0 for every α. To prove this property,
we make another assumption (the first one was det Hess F1 (X̄, ā) 6= 0), namely that
δ10 (ā) 6= 0. By possibly shrinking the interval J + , we can assume without loss of
generality that δ10 (ψ2+ (α)) 6= 0 for every α ∈ J + . Now, suppose that γz0 2 (α) =
0
0
0
(ψ1+ (α), ϕ+ (α)) = (0, 0) for some α ∈ J + . It is easy to check that ϕ+ (α) = 0
0
0
implies that δ10 (ψ2+ (α))ψ2+ (α) = 0. But δ10 (ψ1+ (α)) 6= 0 so that ψ2+ (α) = 0. Hence,
0
0
we have ψ1+ (α) = ψ2+ (α) = 0. However, this cannot happen, because Φ is a
diffeomorphism. Hence, γz2 (α) 6= 0 for every α.

f2 (X2 )

X2 X̄

0

X1

Figure 6. Γ1 flat and Γ2 curved
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f1 (X1 )

0

X2
X1
f2 (X2 )

Figure 7. Γ1 and Γ2 dispersing
The proof of the next lemmas consists precisely in showing that the assumptions
δ10 (ā) 6= 0 and det Hess F1 (X̄, ā) 6= 0 of the argument just described are satisfied for
the subcases of Case (B).
Lemma 6.13. Suppose that the boundary components Γ1 and Γ2 intersect, and
that Γ1 and Γ2 are both dispersing (see Fig. 7). Then under the same hypotheses
of Proposition 6.4, the curve Σ2 is a negatively singular arc.
Proof. First note that we must have f200 (0) < 0 and f10 (0) = 0, because if f10 (0) > 0,
then z1 would leave the table. Next, we have δ1 (ā) = π by construction (see
Subsection 6.3), but one may wonder whether the possibility δ1 (ā) = 0 should be
considered as well. This possibility can be ruled out. In fact, it implies that the
rays emerging from Σ1 leave the corner formed at the origin by Γ1 and Γ2 , and since
in a neighborhood of z1 , there are vectors with negative semi-trajectory having an
arbitrarily large number of collisions before reversing their direction of motion and
escaping from the corner (see [8, Section 3]), we obtain the contradictory conclusion
that Σ1 is not a singular arc.
Now, since Σ1 is not contained in ∂M and δ1 (ā) = π, it is not difficult to see that
x must come out from a corner formed by two dispersing boundary components or
by a dispersing component and a flat component. Arguing exactly as in the second
part of the proof of Lemma 6.10, we obtain δ10 (ā) ≥ f100 (0)X10 (ā), X10 (ā) ≥ 0 and
δ10 (ā) > 0. Hence,
2
∂X
F (X̄, ā) = −f200 (0) > 0,
2 X2 1
2
∂X
F (X̄, ā) = δ10 (ā) > 0,
2a 1
2
∂aa
F1 (X̄, ā) = (f100 (0)X10 (ā) − 2δ10 (ā)) X10 (ā) ≤ 0,

and so det Hess F1 (X̄, ā) < 0.



Lemma 6.14. Suppose that the boundary components Γ1 and Γ2 intersect, and
that Γ1 and Γ2 are both focusing (see Fig. 8). Then under the same hypotheses of
Proposition 6.4, the curve Σ2 is a negatively singular arc.
Proof. We must have f2 ≡ f1 . We can assume without loss of generality that
f10 (0) = 0. The proof for this case is a direct consequence of a general result by
Lazutkin stating that T̃ , the restriction of the map T to the set of the collisions of
M1 that do not leave M1 , is at least a C 3 diffeomorphism [17, Proposition 14.2].
In virtue of Lazutkin’s result, the wanted curve γz2 is given by γz2 = T̃ ◦ γ1 .

Lemma 6.15. Suppose that the boundary components Γ1 and Γ2 intersect, and
that Γ1 is flat and Γ2 is focusing (see Fig. 9). Then under the same hypotheses of
Proposition 6.4, the curve Σ2 is a negatively singular arc.
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Proof. We consider separately the two cases: Σ1 ⊂ A1 and Σ1 6⊂ A1 . In the first
case, we can proceed as in the proof of Lemma 6.12. We then obtain X10 (ā) = 0
and δ10 (ā) 6= 0, and therefore det Hess F1 (X̄, ā) = −δ102 (ā) 6= 0. The second case
can be reduced to the previous case or to one of those studied in Lemmas 6.13 and
6.14.

The next lemma takes care of Case (C) of Proposition 6.7.
Lemma 6.16. Suppose that the boundary components Γ2 is flat (see Fig. 10). Then
under the same hypotheses of Proposition 6.4, the curve Σ2 is a negatively singular
arc.
Proof. We have three possibilities: i) Γ1 and Γ2 disjoint and Γ1 curved, ii) Γ1 and
Γ2 intersecting and Γ1 dispersing (Γ1 cannot be focusing by Condition B2), and
iii) Γ1 is flat and Σ1 6⊂ A1 . For these possibilities, the condition δ10 (ā) 6= 0 can be
proved by arguing as in Lemma 6.8, Lemma 6.13 and Lemma 6.12, respectively.

Since f200 ≡ 0, it follows immediately that det Hess F1 (X̄, ā) = −δ12 (ā) 6= 0.
6.5. Proof of Theorem 2.2. We begin with some technical propositions.
Proposition 6.17. Suppose that Ω 6⊂ ∂M and Ξ 6⊂ ∂M are singular arcs contained
in Rk− ∩ M− for some k ≥ 1 and R1+ ∩ M− , respectively. Then the set Ω ∩ Ξ is
finite.
Proof. Case Ω ⊂ M− and Ξ ⊂ M− . Since M− ⊂ E, Part (1) of Proposition 6.2
implies that
Ty∗ Ω ⊂ int Cy (y)

for y ∈ int Ω,

Ty∗ Ξ

for y ∈ int Ξ.

⊂

int Cy0 (y)

(27)

From the definition of the cone field Cy for y ∈ M− , we see that, in coordinates
(s, θ), the arc Ω is a strictly decreasing, and the arc Ξ is strictly increasing. We
deduce that the intersection Ω ∩ Ξ cannot contain more than one point.

Proposition 6.18. Suppose that Ω 6⊂ ∂M and Ξ 6⊂ ∂M are singular arcs contained
in Rk− ∩ M+ for some k ≥ 1 and R1+ ∩ M+ , respectively. Then the set Ω ∩ Ξ is
finite.
Proof. Case Ω ⊂ M+ and Ξ ⊂ M+ . We claim that the set Ω ∩ Ξ does not intersect
A2 . Suppose instead, that y ∈ Ω ∩ Ξ ∩ A2 6= ∅. Since y is tangent to Γi1 , we must
have T (y) = y or T −1 (y) = y. If T (y) = y, then it is not difficult to see that in
order for Ξ to be an arc (and so int Ξ 6= ∅) contained in R1+ but not in ∂M , the
boundary ∂Q must have a component that is tangent to Γi1 at q(y). In order words,
∂Q has a cusp at q(y) formed by Γi1 and a dispersing component with the vector
y directed inside the billiard domain. In this situation, the function associating
to each element of int Ω sufficiently close to y the number of consecutive collisions
required to leave the cusp along its negative semi-trajectory is unbounded. Hence,

f1 (X2 )
f1 (X1 )
X2

X1

Figure 8. Γ1 and Γ2 focusing
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f2 (X2 )
X2

X1

X̄ = 0

Figure 9. Γ1 flat and Γ2 focusing
Ω cannot be contained in Rk− , and we obtain a contradiction1 It remains to consider
the case T −1 y = y and T (y) 6= y. This case corresponds to a state y attached at one
endpoint of the focusing component Γi1 and leaving Γi1 . Also in this case, it is fairly
easy to see that the number of collisions required by elements of int Ω sufficiently
close to y to leave the cusp along their negative semi-trajectories is unbounded.
Hence, we obtain a contradiction again, and we can conclude that Ω ∩ Ξ ∩ A2 = ∅.
Let y ∈ Ω ∩ Ξ. Since Ξ consists of states whose next collision with ∂Q takes
place at the same endpoint of one of the component of ∂Q or is tangent to the same
dispersing component of ∂Q. As a consequence, we have
τ + (y, Ty∗ Ξ) = t(y).

(28)

τ + (y, Ty∗ Ω) < t(y).

(29)

Next, by Lemma 6.5, we have
Comparing (28) and (29), we see that the tangent spaces Ty Ω and Ty Ξ are linear
independent. Since this property holds for every y ∈ Ω ∩ Ξ, we conclude that Ω
and Ξ are transversal. This fact together with the compactness of Ω and Ξ implies
that the set Ω ∩ Ξ is finite.

Proposition 6.19. Suppose that Ω 6⊂ ∂M and Ξ 6⊂ ∂M are singular arcs contained
in Rk− ∩ M0 for some k ≥ 1 and R1+ ∩ M0 , respectively. Then the set Ω ∩ Ξ is finite.
Proof. Case Ω ⊂ M0 and Ξ ⊂ M0 . As for the case Ω ⊂ M+ and Ξ ⊂ M+ , it is
enough to prove that Ω and Ξ are transversal. Again, we start by showing that
the set Ω ∩ Ξ does not intersect A2 . The proof is similar to the one for the case
Ω ⊂ M+ and Ξ ⊂ M+ . Suppose that y ∈ Ω ∩ Ξ ∩ A2 6= ∅. Then, as before, it
follows that T (y) = y or T −1 (y) = y. The case T (y) = y can be studied exactly as
for Ω ⊂ M+ and Ξ ⊂ M+ so that we turn to the case T −1 (y) = y and T (y) 6= y.
This case corresponds to a state y attached to one endpoint of the flat component
Γi1 and leaving Γi1 . In order for Ξ to be an arc contained in R1− but not in ∂M ,
we see that q(Ξ) must be contained in a component of ∂Q meeting Γi1 at q(y).
But then Ω and Ξ do not belong to Mi1 , obtaining a contradiction. We can then
conclude that Ω ∩ Ξ ∩ A2 = ∅. The fact that y ∈
/ A2 implies immediately that
τ + (y, Ty∗ Ξ) = t(y) > 0.
1An alternative way to obtain a contradiction would have been to observe that a billiard domain
with a boundary ∂Q with a cusp formed by a focusing and a dispersing component is forbidden
by Condition B2.

f2 (X2 )

X2

f1 (X1 )
X̄

0

X1

Figure 10. Γ1 focusing and Γ2 flat
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Now, since Ω is a singular arc, we can find y0 , . . . , yj ∈ M with yi ∈ Ωi for each
0 ≤ i ≤ j and yj = y such that Ti−1 yi−1 = yi for each 1 ≤ i ≤ j, where Ti is the
extension of T as in Proposition 6.4. Note that j > 0 because Ω 6⊂ ∂M . First,
suppose that the sets Ω1 , . . . , Ωj are all contained in M0 . Then, it is clear that
τ + (y, Ty∗ Ω) = −l < 0 with l being the length of the piece of the trajectory starting
at y0 and ending at y. Hence, Ω and Ξ are transversal at y. Now, suppose that
there exists 0 < k < j such that Ωk 6⊂ M0 and Ωk+1 , . . . , Ωj ⊂ M0 . Clearly, we
have yk ∈ −E. If Ωk ⊂ M+ , then exactly as we have proved τ + (y, Ty∗ Ω) ≤ τi+1 when
y ∈ −E for the case Ω ⊂ M+ and Ξ ⊂ M+ , we can show that τ + (yk , Ty∗k Ωk ) ≤ τi+2 ,
where Γi2 is the focusing component such that Ωk ⊂ Mi2 . By Condition B2, we
obtain τ + (y, Ty∗ Ω) < t(y). If Ωk ⊂ M− , then we can find a sequence wn ∈ int Ω
such that wn → y as n → +∞. From the definition of a singular arc, it follows that
T k−j (wn ) ∈ int Ωk for every n > 0. By Proposition 6.2, we have TT∗ k−j (wn ) Ωk ⊂
int CT k−j (wn ) (T k−j (wn )) for every n > 0, and so τ + (T k−j (wn ), TT∗ k−j wn Ωk ) < 0 for
every n > 0. Using relation (6), we see that
τ + (wn , Tw∗n Ω) < 0

for every n > 0.

(30)

We know that τ + (wm , Tw∗n Ω) → τ + (y, Ty∗ Ω) as n → +∞ by Remark 3.1. Thus,
passing to the limit on the left hand-side of (30), we obtain τ + (y, Ty∗ Ω) < 0. Thus,
the tangent spaces Ty Ω and Ty Ξ are linear independent. We can then conclude
that Ω and Ξ are transversal.

We are finally ready to prove Theorem 2.2.
Proof of Theorem 2.2. We will prove that the sets Rk− and Rk+ have a property that
is stronger than the one formulated in the statement of the theorem. Namely that
Rk− and Rk+ are regular, and admit a decomposition consisting of singular arcs.
This property will called Property S. It is enough to prove this property just for
the sets Rk− , because it is then automatically true for the sets Rk+ as well, in virtue
of the fact that Rk+ = −Rk− .
We argue by induction. The sets R0− = R0+ clearly satisfy Property S. Next, fix
k > 0, and assume that all the sets R1− , . . . , Rk− satisfy Property S. By the timereversal symmetry of the billiard dynamics, the same is true for the sets R1+ , . . . , Rk+ .
Now, consider the sets Rk− and R1+ , and choose a decomposition consisting of singular arcs for Rk− and another one for R1+ . Let Ω be an element from the chosen
decomposition of Rk− , and let Ξ 6⊂ ∂M be an element from the chosen decomposition of R1+ . Clearly, if q(Ω) and q(Ξ) do not belong to the same component of
∂Q, then Ω ∩ Ξ is empty. Hence, we can assume without loss of generality that
Ω, Ξ ⊂ Mi1 for some i1 .
Our first task is to show that the set Ω ∩ Ξ is finite (possibly empty). This is
achieved by studying several cases. First, we consider the case Ω ⊂ ∂M . From the
definition of a singular arc and the assumption Ξ 6⊂ ∂M , it follows immediately
that Ω ∩ Ξ ⊂ ∂Ξ. Thus the set Ω ∩ Ξ cannot contain more than two elements. The
remaining cases to analyze are the following: i) Ω, Ξ ⊂ M− , ii) Ω, Ξ ⊂ M+ and iii)
Ω, Ξ ⊂ M0 . The finiteness of Ω ∩ Ξ for these cases follows from Propositions 6.17,
6.18 and 6.19, respectively.
Now, note that the set S1+ introduced in Section 2 coincides with the union of
the arcs not contained in ∂M from a decomposition of R1+ formed by singular arcs.
Hence, the set Rk− can be written as the union of finitely many arcs Ω1 , . . . , Ωm ,
which are necessarily singular, with the following properties
• Ωi ∩ Ωj if i 6= j,
• Ωi ∩ S1+ ⊂ ∂Ωi for every 1 ≤ i ≤ m.
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It is clear that the arcs Ω1 , . . . , Ωm and the transformation T |int Ωi satisfy the
hypotheses of Proposition 6.7. Accordingly, the restriction T |int Ωi admits a homeomorphic extension Ti to the entire arc Ωi , and Σi := Ti Ωi is a singular
Sm arc with
the property that Σi ∩ ∂M ⊂ ∂Σi . Since T is a homeomorphism on i=1 int Ωi and
Ωi ∩ Ωj ⊂ S
∂Ωi whenever S
i 6= j, we conclude that Σi ∩ Σj ⊂ ∂Σi whenever i 6= j.
m
m
Therefore, i=1 T (Ωi ) = i=1 Σi .
Sm
Sm
−
Since T (Rk ) = i=1 T (Ωi ), we have T (Rk− ) = i=1 Σi . It follows that T (Rk− ) is
a regular set with a decomposition consisting of singular arcs, i.e, T (Rk− ) satisfies
Sm
−
−
Property S. From Rk+1
= ∂M ∪ T (Rk− ) (see (2)), we obtain Rk+1
= ∂M ∪ i=1 Σi .
−
Since Σi ∩ ∂M ⊂ ∂Σi , it is easy to see that Rk+1
satisfies the property S as well.
This completes the proof.

Appendix A
In this appendix, we prove that Theorem 4.7 extends to some absolutely focusing
arcs, including W-arcs and M-arcs.
Suppose that Γi is an absolutely focusing arc, and let ζ be the function associated
to Γi as in Definition 3.2. In this appendix, our main assumption is Condition A
below. It is precisely this condition that allows us to extend Theorem 4.7 to Γi
even when Γi is not C 6 .
Condition A: There exist θ̄ ∈ (0, π/2) and two constants a1 and a2 such that
1/4 < a1 ≤ ζ(x) ≤ a2 < 3/4
for every x ∈ Mi with θ(x) ∈ (0, θ̄) ∪ (π − θ̄, π).
We start by defining the cone fields {(Ux , Cx )}x∈Ēi for Γi as in Theorem 4.7. It
suffices to specify the neighborhood Ux and the function G+
x (see Remark 4.8). Let
x ∈ Ēi . First, suppose that x ∈ A1 or n(x) ≥ 2. Let Ux to be any neighborhood of
x in Mi such that n(y) ≥ 1, and define G+
x (y) = ζ(y)t(y) for every y ∈ Ux . Now,
suppose that x ∈
/ A1 and n(x) ≤ 1. Let Ux to be any neighborhood of x in Mi such
that n(y) ≤ n(x) for every y ∈ Ux . Then define
(
d(x)
if n(x) = 0,
G+
x (y) =
ζ(x)t(x) if n(x) = 1.
Remark A.1. The situation when x ∈ Ēi is one of the two periodic points corresponding to the periodic trajectory joining the two endpoints of Γi belongs to the
case n(x) = 1 by definition. Also, note that we can choose Ux as explained in virtue
of [13, Proposition 3.6], which remains valid in our setting.
Remark A.2. We observe that G+
x (y) = ζ(y)t(y) corresponds to the function
gx (y) = sin θ(y)/(ζ(y)t(y)) − κ(y) as in Theorem 4.7. Also, we observe, that the
cone field (Ux , Cx ) coincides with the one introduced in [19, 20] for n(x) ≥ 2, but it
does not for the remaining values of x ∈ Ēi .
Denote by wy the vector of Cx (y) with forward focusing time τ + (y, wy ) = G+
x (y).
Lemma A.3. We have
inf

u∈Cx∗ (y)

τ − (y, u) = τ − (y, wy ),

sup τ + (T n(y) (y), Dy T n(y) u) = τ + (T n(y) (y), Dy T n(y) wy ).
u∈Cx∗ (y)

Proof. The two equalities are direct consequences of the definition of the cone field
(Ux , Cx ) and the monotonicity relation (7).
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Lemma A.4. The functions y →
7
τ − (y, wx ) and y 7→ τ + (y, Dy T l wx ) for l =
∗
0, . . . , n(y) are continuous on Ux for every x ∈ Ēi .
Proof. The claim follows from the continuity of τ − (·, u) and τ + (·, u) for m(u) 6= κ
and m(u) 6= −κ, the continuity of D· T l u, and the upper semi-continuity of n. 
−
+
+
Let u+
x (respectively, ux ) be the vector of Tx Mi such that τ (x, ux ) = ζ(x)t(x)
−
−
−1
−1
(respectively, τ (x, ux ) = (1−ζ(T (x))t(T x)) for every x ∈ Mi with n(−x) > 0
(respectively, n(x) > 0). Also, let ri = maxMi r(x), and denote by |Γi | the length
of Γi .
+
Lemma A.5. There exists two positive constants b−
i and bi only depending on
−
+
−
+
Γi such that τ (x, ux ) ≤ bi for x ∈ Mi with n(x) > 0, and τ + (x, u−
x ) ≤ bi for
x ∈ Mi with n(−x) > 0.

Proof. From the Mirror Formula (5), we obtain
τ − (x, u+
x) =

d(x)
,
d(x)
2−
ζ(x)t(x)

(31)

and

d(x)
.
(32)
d(x)
2−
[1 − ζ(T −1 (x))]t(T −1 (x))
Since d(x) ≤ ri , it is enough to show that the denominators of the expressions on
the right hand-side (31) and (32) are both uniformly bounded away from zero.
Choose  < min{3/2 − 2a2 , 2a1 − 1/2}. Then there exists 0 < θ̄ < π/2 such that
1/2 −  ≤ d(x)/t(x) ≤ 1/2 +  and 1/2 −  ≤ d(x)/t(T −1 (x)) = d(x)/t(−x) ≤ 1/2 + 
for every x ∈ Mi with θ(x) ∈ (0, θ̄) ∪ (π − θ̄, π) (see [19, Section 3]). This together
Condition A and the choice of  gives
τ + (x, u−
x)=

2−

2a1 − 1/2 − 
d(x)
≥
> 0,
ζ(x)t(x)
a1

and

d(x)
3/2 − 2a2 − 
≥
> 0.
(1 − ζ(T −1 (x))t(T −1 (x))
1 − a2
To complete the proof, we observe that by Part (3) of Definition 3.2, the denominators are greater than some constant c > 0 for every x ∈ Mi with θ(x) ∈ [θ̄, π− θ̄]. 
2−

+
Proposition A.6. There exist two positive constants t−
i and ti such that for every
x ∈ Ēi , we have
sup inf∗ τ − (y, u) ≤ t−
i ,
y∈Ux∗ u∈Cx (y)

and
sup
y∈Ux∗

sup τ + (T n(y) (y), Dy T n(y) u) ≤ t+
i .

u∈Cx∗ (y)

Proof. By Lemma A.3, it suffices to prove the proposition for
sup τ − (y, wy )

y∈Ux∗

and

sup τ + (T n(y) (y), Dy T n(y) wy ).

y∈Ux∗

The first inequality follows from Lemma A.5 and a trivial computation when n(x) =
0.The second inequality follows from Lemmas A.4-A.5 when n(x) = 1, and from
(10) and Lemma A.5 when n(x) ≥ 2.

Corollary A.7. Theorem 4.7 extends to every absolutely focusing arc satisfying
Condition A.
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Proof. Part (2) of Theorem 4.7 follows by the properties of {(Ux , Cx )}x∈Ēi , whereas
Part (3) is Proposition A.6.

Corollary A.8. Theorem 4.7 extends to W-arcs and M-arcs.
Proof. For M-arcs, we have ζ ≡ 1/2. For W-arcs, we have
2/5 ≤ ζ(x) = d(x)/t(x) ≤ 2/3
for θ(x) sufficiently close to 0 or π, which follows from the computations in the
proof of Lemma A.5.
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