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Û7È^Ð�Í�È^Ý�Ó�Ê�H3È^ÏyËËÈ^Ó�Í�ÉÈ5Û7Å7ËË�Ç,ÏVÎMâcÓ�Å7ÔGÑaÎMÏVÚ^Å�Ê�ÉÏVþªÎ3Ñ@Ó�ÊcÍ�È^ËÏVÎMÏVÚ^Å�Å�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@Ò7ãÝ�Ð�Í�Ë
Ñ@Ó�Ê ÎMâ�Å�ÉÅ¿Ç#Ñ@ÉÊ¶þvÝ�Ó�Û¿ÎMÈ^Ó

g(x) = (x+)γ , γ ≥ 1,
ÏyËcÑ@Ó�Ñ@ÒVÆ5å7Å7Ê�æJI�Ý�ÉqÏyÓGÎMÅ7ÉÅ7Ë�Î�ÏyÓ

ÎMâ�ÏyË±Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É·ÉÅ¿Ç#Ñ@ÉÊ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ç#Ñ@Ë�Ñ@ÉÏyËÅ7Ê´ÕGÆ ç ÒyÅ�
�Ñ@Ó�Ê�Å7É�#�È9Ú5ÏyÙ@È9ÚLK Ë�ÎsÑ@ÒyÙ½ÏyÓ
ÎMâ�Å·èTÆ5Ð�Í�È^ËÏyÝ�Ð È^ÓMI�Í�ÎMÏyÐrÑ@ÒBèTÎMÈ^Í�Í�ÏyÓ�Ô�Ç,ÏVÎMâ ç Í�Í�ÒyÏyÛ�ÑaÎMÏyÈ^Ó�Ë+â�Å7ÒyÊØÏyÓ�×ØÑ@Ó�Ûsâ�Å7Ë�ÎMÅ7É
ï^ï5æ E%ï^ò5æ ó æÃï@ì^ì^ë"� ó ò��<Ç,â�Å7ÉÅ0ÎMâ�Å�È^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô·Í�ÉÈ^Õ�ÒyÅ7Ð þvÈ^ÉzÎMâ�Å0ËMÑ@Ð�Å�ÉÅ¿Ç#Ñ@ÉÊ
þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë,Ñ@Ó�Ê�Ô^Å7Ó�Å7ÉMÑ@Ò�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËËÅ7Ë,ÇzÅ7ÉÅcÛ7È^Ó�ËÏyÊ�Å7ÉÅ7Ê�æ

N O ø$P�Q¿ý�R ý7öTS0ø-ý9PVUÀù�öXW�û�ö±÷ZY)ø-ù�ü[PVU\U]PVU
ÞBÅ¿Î

X = {Xt}
Õ�Å�Ñ�ÎMÉMÑ@Ó�ËÏyÅ7ÓGÎ�Ü�Ý�ÓGÎ�Í�ÉÈ5Û7Å7ËË±ÎsÑ@ÙTÏyÓ�Ô°Ú@Ñ@ÒyÝ�Å7Ë·ÏyÓ

R
Ö�Ç,â�Å7ÉÅ�ÇzÅ

È^Ð�ÏVÎ
t ≥ 0
ÏyÓ�ÎMâ�ÅlÓ�È@ÎsÑaÎMÏyÈ^Ó�Ö�Ñ@Ë#Ñ@ÒyÒ�ÎMâ�ÅlÛ7È^Ó�ËÏyÊ�Å7ÉÅ7Ê)Í�ÉÈ5Û7Å7ËËÅ7Ë,Ñ@ÉÅlÏyÓ�Ê�Å�
�Å7Ê)ÏyÓ�ÎMâ�Å

ËMÑ@Ð�Å0ËÅ¿Î�æ[�PÓ�Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É7Ö
X
ÏyË,Ñ�Ë�ÎMÉÈ^Ó�Ô%×ØÑ@ÉÙ@È9Ú�Í�ÉÈ5Û7Å7ËË7Ö^-TÝ�Ñ@ËÏ�ÒyÅ¿þªÎ,Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë

È^Ó
[0,+∞)

Ñ@Ó�Ê�ÎMâ�Å·ËMÑ@Ð�Í�ÒyÅcÍ�ÑaÎMâ�Ë�È@þ
X
Ñ@ÉÅ·ÉÏyÔ^âGÎlÛ7È^ÓGÎMÏyÓTÝ�È^Ý�ËlÇ,ÏVÎMâ�ÒyÅ¿þªÎ�ÒyÏyÐ�ÏVÎMË

�vËÅ7Å�Ä0Ý�Ó�ÏVÎsÑ�Ñ@Ó�ÊT� ÑaÎsÑ@Ó�Ñ@Õ�Å_� ó^ó �3Ñ@Ó�Ê` zÒyÝ�Ð�Å7ÓGÎMâ�Ñ@ÒBÑ@Ó�Ê�à0Å¿ÎMÈ5È^Éa� ï���Í�æEíTðb�\æ(.+â�Å
Ó�È@ÎsÑaÎMÏyÈ^Ó�Ë

Px
Ñ@Ó�Ê

Ex
Ñ@ÉÅzÝ�ËÅ7Ê·þvÈ^É3ÎMâ�Å#Í�ÉÈ^Õ�Ñ@Õ�ÏyÒVÎPÆqÐ�Å�Ñ@ËÝ�ÉÅ+Ñ@Ó�Ê�ÎMâ�Å#Å�
�Í�Å7Û¿ÎsÑaÎMÏyÈ^Ó

È^Í�Å7ÉMÑaÎMÈ^É7Ö�ÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^Å7ÒVÆ^Ö|Ñ@ËËÈ5Û7Ï®ÑaÎMÅ7Ê%Ç,ÏVÎMâ
X
Ç,â�Å7Ó

X0 = x.
.+â�ÅqÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ {Gr :

r ≥ 0} È@þ X ÏyË+Ê�Å¿ê�Ó�Å7Ê�Ú5Ï®Ñ

Gr(x,A) :=

∫ ∞

0

e−rt Px(Xt ∈ A) dt,
��ï5æ ó �

Ç,â�Å7ÉÅ
x ∈ R
Ñ@Ó�Ê

A
ÏyË�Ñc zÈ^ÉÅ7Ò5ËÝ�Õ�ËÅ¿Î�È@þ

R
æd�½Å+Ñ@ËËÝ�Ð�Å#Ñ@ÒyËÈ�ÎMâ�ÑaÎ-ÎMâ�Å7ÉÅ#Å�
�ÏyË�ÎMË�Ñ

Ê�Ý�Ñ@ÒBÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ {Ĝr : r ≥ 0} Ç,ÏVÎMâ�ÉÅ7ËÍ�Å7Û¿Î�ÎMÈ�ËÈ^Ð�Å σ �¾ê�Ó�ÏVÎMÅ@�vÊ�Ý�Ñ@ÒyÏVÎPÆe�EÐ�Å�Ñ@ËÝ�ÉÅ
m,
ÎMâ�ÑaÎ,ÏyË7Ö�þvÈ^É,Ñ@ÒyÒ

f, g ∈ Bo
Ñ@Ó�Ê

r ≥ 0
ÏVÎ,â�È^ÒyÊ�Ë

∫
m(dx) f(x)Grg(x) =

∫
m(dx) Ĝrf(x) g(x),

Ç,â�Å7ÉÅ Bo Ê�Å7Ó�È@ÎMÅ7Ë%ÎMâ�ÅØËÅ¿Î)È@þqÐ�Å�Ñ@ËÝ�ÉMÑ@Õ�ÒyÅØÕ�È^Ý�Ó�Ê�Å7Ê þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë�Ç,ÏVÎMâ Û7È^Ð�Í�Ñ@Û¿ÎËÝ�Í�Í�È^É�Î�æ ×�È^ÉÅ7È9Ú^Å7É7Ö�ÏVÎrÏyËrÑ@ËËÝ�Ð�Å7Ê�ÎMâ�ÑaÎ {Ĝr : r ≥ 0} ÏyËrÑ½ÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ)È@þqÑÎMÉMÑ@Ó�ËÏyÅ7ÓGÎ+Ü�Ý�ÓGÎ+Í�ÉÈ5Û7Å7ËË
X̂
ÎsÑ@ÙTÏyÓ�Ô�Ú@Ñ@ÒyÝ�Å7ËzÏyÓ

R.
'-ÏyÓ�Ñ@ÒyÒVÆ^Ö^ÇzÅ0ÏyÐ�Í�È^ËÅlÜ,Æ5Í�È@ÎMâ�Å7ËÏyË

�; ��EþvÉÈ^Ðf� ó^ó ��Í�æ�íg* & Ì
ñ



�
h1
�

Gr(x, dy) = Gr(x, y)m(dy),

�
h2
�

supx∈AG0(x,B) <∞ þvÈ^É,Ñ@ÒyÒ<Û7È^Ð�Í�Ñ@Û¿Î A Ñ@Ó�Ê B,
�
h3
�

x 7→ Ĝrf(x), f ∈ Bo,
ÏyË+Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë�Ñ@Ó�Ê�ê�Ó�ÏVÎMÅ@æ

.+â�Å)Ñ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó¶ÎMâ�ÑaÎ·ÎMâ�ÅrÊ�Ý�Ñ@ÒzÍ�ÉÈ5Û7Å7ËË·ÏyË·Ñ�Ü�Ý�ÓGÎ±Í�ÉÈ5Û7Å7ËË·ÏyÐ�Í�ÒyÏyÅ7Ë0ÎMâ�ÑaÎ
Ĝ
ÏyË

ÉÅ7Ô^Ý�Ò®Ñ@Éa�vËÅ7Å@� ó^ó �BÍ�æ�íg*@íh�\æ
�½ÅEÉÅ7ÐrÑ@ÉÙ�ÎMâ�ÑaÎ�Ç,â�Å7Ó

X
ÏyË3Ñ�ÞBß¿ÚTÆqÍ�ÉÈ5Û7Å7ËË�Ñ+Ê�Ý�Ñ@ÒTÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ�Ñ@ÒVÇ#Ñ�Æ5Ë3Å�
�ÏyË�ÎMË3Ñ@Ë

ÎMâ�ÅlÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ+È@þBÎMâ�ÅlÊ�Ý�Ñ@Ò�Í�ÉÈ5Û7Å7ËË
X̂ = {−Xt}

æ�Ü�Å7ÉÅ7ÕGÆrÎMâ�Å�ÞBÅ7Õ�Å7ËÔ^Ý�Å�Ð�Å�Ñ@ËÝ�ÉÅ
ËÅ7É�Ú^Å7Ë�Ñ@Ë#ÎMâ�ÅqÊ�Ý�Ñ@ÒyÏVÎPÆ%Ð�Å�Ñ@ËÝ�ÉÅ@�vËÅ7ÅqËÅ7Û¿ÎMÏyÈ^Ói�=�sæ ó ÏyÓj� ó �	�\æ
k�Ó�Ê�Å7É�ÎMâ�Å7ËÅ±Ñ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó�Ë�ÏVÎ�Û�Ñ@Ó�Õ�ÅcÍ�ÉÈ9Ú^Å7Ê�ÎMâ�ÑaÎ�ÎMâ�ÅcþvÝ�Ó�Û¿ÎMÏyÈ^Ó

Gr
Ô^ÏVÚ^Å7ÓØÏyÓ

�
h1
�+Û7È^Ó�Ë�ÎMÏVÎMÝ�ÎMÅ7Ë�Ñ�Í�È@ÎMÅ7ÓGÎMÏ®Ñ@ÒBÙ@Å7ÉÓ�Å7Ò��vÈ@þªÎMÅ7Ó�Û�Ñ@ÒyÒyÅ7Ê�Ñrà0ÉÅ7Å7ÓØÙ@Å7ÉÓ�Å7Ò	�#È@þ�Å�
�Í�È^Ó�Å7ÓGÎ

r
Ñ@ËËÈ5Û7Ï®ÑaÎMÅ7Ê)Ç,ÏVÎMâ�ÎMâ�ÅqÍ�Ñ@ÏyÉ

(X, X̂).
.+â�ÏyË,Ð�Å�Ñ@Ó�Ë+ÎMâ�ÑaÎ+þvÈ^É+Å�Ñ@ÛsâØÔ^ÏVÚ^Å7Ó

r ≥ 0
ÎMâ�Å

þvÝ�Ó�Û¿ÎMÏyÈ^Ó
(x, y) 7→ Gr(x, y)

ÏyË-ãÈ^ÏyÓGÎMÒVÆrÐ�Å�Ñ@ËÝ�ÉMÑ@Õ�ÒyÅ0Ñ@Ó�Ê�â�Ñ@Ë+ÎMâ�ÅqÍ�ÉÈ^Í�Å7É�ÎMÏyÅ7Ë
�
p1
�

Ĝr(y, dx) = Gr(x, y)m(dx),

�
p2
�

x 7→ Gr(x, y)
ÏyË
r
�PÅ�
�Û7Å7ËËÏVÚ^ÅqþvÈ^É

X
þvÈ^É+Å�Ñ@Ûsâ

y,

�
p3
�

y 7→ Gr(x, y)
ÏyË
r
�PÅ�
�Û7Å7ËËÏVÚ^ÅcþvÈ^É

X̂
þvÈ^É+Å�Ñ@Ûsâ

x.

ä,Å7Û�Ñ@ÒyÒ�ÎMâ�ÑaÎ±Ñ�Ó�È^Ó0�PÓ�Å7ÔGÑaÎMÏVÚ^ÅrÐ�Å�Ñ@ËÝ�ÉMÑ@Õ�ÒyÅ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó
f : R 7→ [0,+∞]

ÏyË�Û�Ñ@ÒyÒyÅ7Ê
r
�PÅ�
�Û7Å7ËËÏVÚ^ÅqþvÈ^É

X
ÏVþ3þvÈ^É,Ñ@ÒyÒ

x ∈ R

�
e1
�

e−rt Ex(f(Xt)) ≤ f(x)
þvÈ^É,Ñ@ÒyÒ

t ≥ 0,

�
e2
�

e−rt Ex(f(Xt)) → f(x)
Ñ@Ë
t→ 0.

#�È@ÎMÏyÛ7Å�ÎMâ�ÑaÎ
r
�PÅ�
�Û7Å7ËËÏVÚ^Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó�ËrÈ@þ

X
Ñ@ÉÅ�ì��PÅ�
�Û7Å7ËËÏVÚ^Å°þvÈ^É�ÎMâ�Å�Í�ÉÈ5Û7Å7ËË

XoÈ^Õ�ÎsÑ@ÏyÓ�Å7Ê)þvÉÈ^Ð
X
ÕGÆ�Å�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@ÒBÙTÏyÒyÒyÏyÓ�ÔcÇ,ÏVÎMâ�ÉMÑaÎMÅ

r
æ

'�ÉÈ^Ð ÎMâ�Å�Ñ@ËËÝ�Ð�Í�ÎMÏyÈ^Ól�
h1
��ÎMâ�ÑaÎ±ÎMâ�Å�ÉÅ7ËÈ^ÒVÚ^Å7ÓGÎrÙ@Å7ÉÓ�Å7Ò,È@þ

X
ÏyË�Ñ@Õ�ËÈ^ÒyÝ�ÎMÅ7ÒVÆ

Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë,ÏVÎ#þvÈ^ÒyÒyÈ9Ç,Ë#ÎMâ�ÑaÎ
r
�PÅ�
�Û7Å7ËËÏVÚ^ÅqþvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë�Ñ@ÉÅ0ÒyÈ9ÇzÅ7É,ËÅ7Ð�Ï��PÛ7È^ÓGÎMÏyÓTÝ�È^Ý�Ë7æ

.+â�Å)ä,ÏyÅ7Ëå�Ê�Å7Û7È^Ð�Í�È^ËÏVÎMÏyÈ^Ó¶È@þ+Å�
�Û7Å7ËËÏVÚ^Å)þvÝ�Ó�Û¿ÎMÏyÈ^Ó�ËcÏyË�È@þ+Ù@Å¿Æ½ÏyÐ�Í�È^É�ÎsÑ@Ó�Û7Å�ÏyÓ
È^Ý�É·Ñ@Í�Í�ÉÈGÑ@Ûsâ½ÎMÈ�È^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô�æi�½ÅrË�ÎsÑaÎMÅrÎMâ�Å%Ê�Å7Û7È^Ð�Í�È^ËÏVÎMÏyÈ^Ó¶ÉÅ7ÒVÆ5ÏyÓ�ÔØÈ^Ó
� ó^ó �d.+â�Å7È^ÉÅ7Ð ï±Í�æ�ð@ìGð�Ñ@Ó�ÊMH�ÉÈ^Í�È^ËÏVÎMÏyÈ^Ó ó ñ�æ ó Í�æ�ð^ï@ñ�æ��PÓ�Ê�Å7Å7Ê�Ö<ÏVÎ�â�È^ÒyÊ�Ë7Ö|Ý�Ó�Ê�Å7É
ÎMâ�ÅØÐrÑ@Ê�ÅØÑ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó�Ë7ÖzÎMâ�ÑaÎrÅ�Ñ@Ûsâ

r
�PÅ�
�Û7Å7ËËÏVÚ^ÅØþvÝ�Ó�Û¿ÎMÏyÈ^Ó

u
ÒyÈ5Û�Ñ@ÒyÒVÆ ÏyÓGÎMÅ7Ô^ÉMÑ@Õ�ÒyÅ

Ç,ÏVÎMâ ÉÅ7ËÍ�Å7Û¿Î�ÎMÈ)ÎMâ�Å�Ê�Ý�Ñ@ÒyÏVÎPÆ�Ð�Å�Ñ@ËÝ�ÉÅ
m
Û�Ñ@Ó¶Õ�Å�Ê�Å7Û7È^Ð�Í�È^ËÅ7Ê½Ý�Ó�Ï�-TÝ�Å7ÒVÆ°ÏyÓ°ÎMâ�Å

þvÈ^ÉÐ
u(x) =

∫

R

Gr(x, y) σu(dy) + hr(x),
��ï5æÃïb�

í



Ç,â�Å7ÉÅ
hr
ÏyË�Ñ@Ó

r
�Pâ�Ñ@ÉÐ�È^Ó�ÏyÛ±þvÝ�Ó�Û¿ÎMÏyÈ^Ó Ñ@Ó�Ê

σu
ÏyË�Ñ�ä�Ñ@Ê�È^Ó½Ð�Å�Ñ@ËÝ�ÉÅrÈ^Ó

R.
�½Å

ÉÅ7ÐrÑ@ÉÙrÎMâ�ÑaÎ+ÎMâ�Å�Ñ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó)ÎMâ�ÑaÎ,ÎMâ�ÅcÊ�Ý�Ñ@ÒBÍ�ÉÈ5Û7Å7ËË�ÏyË�Ñ�Ü�Ý�ÓGÎlÍ�ÉÈ5Û7Å7ËË�ÏyÐ�Í�ÒyÏyÅ7Ë
ÎMâ�ÑaÎ�Ñ@ÒyËÈlÎMâ�Å+ËÍ�Å7Û¿ÎMÉMÑ@Ò�Ð�Å�Ñ@ËÝ�ÉÅ

σu
ÏyË�Ý�Ó�Ï�-TÝ�Åa�vËÅ7Å�� ó^ó �^H�ÉÈ^Í�È^ËÏVÎMÏyÈ^Ó±ò5æ ó^ó Í�æ�ð@ì^ñg�\æ

ézÈ^ÓGÚ^Å7ÉËÏyÒVÆ��vËÅ7Å�� ó^ó �mH�ÉÈ^Í�È^ËÏVÎMÏyÈ^Ó%ò5æ ëcÍ�æ�ð@ì ó �\Ö5Ô^ÏVÚ^Å7Ó%Ñ�ä�Ñ@Ê�È^ÓrÐ�Å�Ñ@ËÝ�ÉÅ
σ
È^Ó

(R,B)
ÎMâ�Å0þvÝ�Ó�Û¿ÎMÏyÈ^Ó

v
Ê�Å¿ê�Ó�Å7Ê�Ú5Ï®Ñ

v(x) :=

∫

R

Gr(x, y) σ(dy)

ÏyË,Ñ@Ó
r
�PÅ�
�Û7Å7ËËÏVÚ^ÅcþvÝ�Ó�Û¿ÎMÏyÈ^Ón�vÏyÓ%þiÑ@Û¿Î�Ö|Ñ±Í�È@ÎMÅ7ÓGÎMÏ®Ñ@Ò	�\æ
ç Ó

r
�PÅ�
�Û7Å7ËËÏVÚ^Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

u
ÏyËzËMÑ@ÏyÊrÎMÈ

r
�Pâ�Ñ@ÉÐ�È^Ó�ÏyÛ,È^Ó)Ñ� zÈ^ÉÅ7Ò�ËÝ�Õ�ËÅ¿Î

A
È@þ

RÏVþ�þvÈ^É,Ñ@ÒyÒ�È^Í�Å7Ó�ËÝ�Õ�ËÅ¿ÎMË
Ac
È@þ
A
Ç,ÏVÎMâ�Û7È^Ð�Í�Ñ@Û¿Î,Û7ÒyÈ^ËÝ�ÉÅ

u(x) = Ex

(
e−rH(Ac) u(XH(Ac))

)
,

��ï5æ ñg�
Ç,â�Å7ÉÅ

H(Ac) := inf{t : Xt 6∈ Ac}.�PÓ±È^Ý�É�Û�Ñ@ËÅ��vËÅ7Å�� ó^ó �5H�ÉÈ^Í�È^ËÏVÎMÏyÈ^Ó±ë�æÃï�Í�æ�íg*b*g��ÏVÎ�â�È^ÒyÊ�Ë-ÎMâ�ÑaÎ�þvÈ^É�Å�Ñ@Ûsâ±êo
�Å7Ê
y ∈ RÎMâ�Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

x 7→ Gr(x, y)
ÏyË
r
�Pâ�Ñ@ÉÐ�È^Ó�ÏyÛ±È^Ó

R \ {y}. '�ÉÈ^Ðp��ï5æÃïb�0ÏVÎqþvÈ^ÒyÒyÈ9Ç,Ë
ÎMâ�ÑaÎcÏVþEÎMâ�Å7ÉÅ�Å�
�ÏyË�ÎMË�Ñ@Ó¶È^Í�Å7Ó½ËÅ¿Î

A
ËÝ�Ûsâ¶ÎMâ�ÑaÎqÎMâ�Å�ÉÅ7Í�ÉÅ7ËÅ7ÓGÎMÏyÓ�ÔØÐ�Å�Ñ@ËÝ�ÉÅ�Ê�È5Å7Ë

Ó�È@Î,Ûsâ�Ñ@ÉÔ^Å
A,
ÎMâ�Å7Ó�ÎMâ�Å0þvÝ�Ó�Û¿ÎMÏyÈ^Ó

u
ÏyË
r
�Pâ�Ñ@ÉÐ�È^Ó�ÏyÛlÈ^Ó

A
Ï�æ Å@æVÖ

σu(A) = 0 ⇒ u is r−harmonic on A.
��ï5æ íh�

�PÓØþiÑ@Û¿Î�Ö/��ï5æ íh�+ÏyËlÑ@ÓØÅ�-TÝ�ÏVÚ@Ñ@ÒyÅ7Ó�Û7Å�Ý�Ó�Ê�Å7ÉlÐ�ÏyÒyÊ�Ñ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó�Ë���þvÈ^É,ÎMâ�ÏyË�ËÅ7Å���Æ5Ó�ÙTÏyÓ
� ò��].+â�Å7È^ÉÅ7Ð ó ï5æ ó æ

q rsY)÷�ý�RtSaQuU�÷�ù�YTY�ý7öJv ù�w�W�û�ö±÷xY)ø-ù�ü[PVU\U]PVU
ÞBÅ¿Î

X
Õ�ÅcÑ�Ü�Ý�ÓGÎlÍ�ÉÈ5Û7Å7ËË�ËMÑaÎMÏyË�þªÆ5ÏyÓ�Ô±ÎMâ�ÅcÑ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó�Ë,ÐrÑ@Ê�Å0ÏyÓØè5Å7Û¿ÎMÏyÈ^Ó�ï5æC'�È^É

ËÏyÐ�Í�ÒyÏyÛ7ÏVÎPÆ%ÇzÅ±Û7È^Ó�ËÏyÊ�Å7É0Ó�È^Ó0�PÓ�Å7ÔGÑaÎMÏVÚ^Å·Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë0ÉÅ¿Ç#Ñ@ÉÊ°þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë7æa.+â�Å7Ó°ÎMâ�Å
ÉÅ¿Ç#Ñ@ÉÊ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

g
â�Ñ@Ë+ÎMâ�ÅqËÐrÑ@ÒyÒyÅ7Ë�Î+Å�
�Û7Å7ËËÏVÚ^Å�ÐrÑ9ãÈ^ÉMÑ@ÓGÎ

V
Ñ@Ó�Ê

V (x) = sup
τ∈M

Ex(e
−rτg(Xτ )),

�iñ�æ ó �
Ç,â�Å7ÉÅ M Ê�Å7Ó�È@ÎMÅ7Ë+ÎMâ�Å0ËÅ¿Î�È@þ-Ñ@ÒyÒ<Ë�ÎMÈ^Í�Í�ÏyÓ�Ô·ÎMÏyÐ�Å7Ë τ Ç,ÏVÎMâ)ÉÅ7ËÍ�Å7Û¿Î,ÎMÈ±ÎMâ�Å0Ó�ÑaÎMÝ�ÉMÑ@Òê�ÒVÎMÉMÑaÎMÏyÈ^Ó%Ô^Å7Ó�Å7ÉMÑaÎMÅ7Ê�ÕGÆ

X.
�PÓ�Û�Ñ@ËÅ

τ = +∞ ÇzÅqÊ�Å¿ê�Ó�Å

e−rτg(Xτ ) := lim sup
t→∞

e−rtg(Xt).

ð



.+â�Å%ÉÅ7ËÝ�ÒVÎT�iñ�æ ó �qÛ�Ñ@Ó Õ�Å�þvÈ^Ý�Ó�Ê�Ö�þvÈ^ÉcÏyÓ�Ë�ÎsÑ@Ó�Û7Å%ÏyÓ�è5â�ÏyÉ�ÆGÑ�Æ^Å¿Ú�� ï^ï���iÞBÅ7Ð�ÐrÑ�ñØÍ�æ
ó^ó�& Ñ@Ó�Ê�.+â�Å7È^ÉÅ7Ð ó Í�æ ó ïaíh�-Ñ@Ó�Ê±â�È^ÒyÊ�Ë�þvÈ^É�Ð�È^ÉÅ#Ô^Å7Ó�Å7ÉMÑ@Ò�Ë�ÎsÑ@Ó�Ê�Ñ@ÉÊr×ØÑ@ÉÙ@È9Ú±Í�ÉÈ��
Û7Å7ËËÅ7Ë7Ö-Ñ@Ó�Ê°þvÈ^ÉqÑ@ÒyÐ�È^Ë�Îy�D zÈ^ÉÅ7Ò-Ñ@Ó�Ê C0

�PÒyÈ9ÇzÅ7É�ËÅ7Ð�ÏyÛ7È^ÓGÎMÏyÓTÝ�È^Ý�Ë0ÉÅ¿Ç#Ñ@ÉÊ þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë7æ
�½Å%Û�Ñ@Ó Å�
�Í�ÉÅ7ËË±ÎMâ�ÏyË�ÉÅ7ËÝ�ÒVÎ·ÕGÆ ËMÑ�Æ5ÏyÓ�ÔØÎMâ�ÑaÎ·ÏyÓ�Ñ@Ó È^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô�Í�ÉÈ^Õ�ÒyÅ7Ð
ÎMâ�ÅEÚ@Ñ@ÒyÝ�ÅEþvÝ�Ó�Û¿ÎMÏyÈ^Ó±Ñ@Ó�Ê�ÎMâ�Å#ËÐrÑ@ÒyÒyÅ7Ë�Î3Å�
�Û7Å7ËËÏVÚ^Å,ÐrÑ9ãÈ^ÉMÑ@ÓGÎ�È@þ�ÎMâ�Å#ÉÅ¿Ç#Ñ@ÉÊ·þvÝ�Ó�Û¿ÎMÏyÈ^Ó
Û7È^ÏyÓ�Û7ÏyÊ�Å@æ
'�ÉÈ^Ðz�iñ�æ ó ��Ñ@Ó�Ê�ÎMâ�Å�ä,ÏyÅ7Ëå�Ê�Å7Û7È^Ð�Í�È^ËÏVÎMÏyÈ^Ó`��ï5æÃïb�-ÇzÅlÛ7È^Ó�Û7ÒyÝ�Ê�Å�ÎMâ�ÑaÎEÎMâ�Å�Í�ÉÈ^Õ0�

ÒyÅ7Ð È@þ�ê�Ó�Ê�ÏyÓ�Ô�ÎMâ�ÅqÚ@Ñ@ÒyÝ�Å0þvÝ�Ó�Û¿ÎMÏyÈ^ÓØÏyË,Å�-TÝ�ÏVÚ@Ñ@ÒyÅ7ÓGÎ,ÎMÈ�ÎMâ�ÅcÍ�ÉÈ^Õ�ÒyÅ7Ð�È@þ-ê�Ó�Ê�ÏyÓ�Ô�ÎMâ�Å
ÉÅ7Í�ÉÅ7ËÅ7ÓGÎMÏyÓ�Ô�Ð�Å�Ñ@ËÝ�ÉÅ°È@þcÎMâ�Å°ËÐrÑ@ÒyÒyÅ7Ë�Î%Å�
�Û7Å7ËËÏVÚ^Å¶ÐrÑ9ãÈ^ÉMÑ@ÓGÎj�vÝ�Í;ÎMÈ�â�Ñ@ÉÐ�È^Ó�ÏyÛ
þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë7�\æT'�Ý�É�ÎMâ�Å7ÉÐ�È^ÉÅ@Ö3Õ�Ñ@ËÅ7Ê È^Ó���ï5æ íh�\Ö-ÏVÎcÏyËqËÅ7Å7Ó�Ö�ÉÈ^Ý�Ô^â�ÒVÆ°ËÍ�Å�Ñ@ÙTÏyÓ�Ô�Ö3ÎMâ�ÑaÎ
ÎMâ�ÅlÛ7È^ÓGÎMÏyÓTÝ�ÑaÎMÏyÈ^Ó�ÉÅ7Ô^ÏyÈ^Ó�ÖGÎMâ�ÑaÎzÏyË7ÖTÎMâ�ÅlÉÅ7Ô^ÏyÈ^Ó�Ç,â�Å7ÉÅ�ÏVÎEÏyËEÓ�È@ÎzÈ^Í�ÎMÏyÐrÑ@Ò�ÎMÈ�Ë�ÎMÈ^Í�Ö5ÏyË
ÎMâ�ÅG{OÕ�ÏyÔ^Ô^Å7Ë�Îy|�ËÅ¿Î�Ó�È@Î,Ûsâ�Ñ@ÉÔ^Å7Ê�ÕGÆ%ÎMâ�ÅqÉÅ7Í�ÉÅ7ËÅ7ÓGÎMÏyÓ�ÔrÐ�Å�Ñ@ËÝ�ÉÅ

σV
È@þ
V.
�PÓ�Ëâ�È^É�Î�Ö

ÎMâ�Å�ÉÅ7Í�ÉÅ7ËÅ7ÓGÎMÏyÓ�Ô�Ð�Å�Ñ@ËÝ�ÉÅ0Ô^ÏVÚ^Å7ËzÎMâ�Å�Ú@Ñ@ÒyÝ�ÅlþvÝ�Ó�Û¿ÎMÏyÈ^ÓrÚ5Ï®ÑT��ï5æÃïb�EÑ@Ó�Ê)ÎMâ�Å�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô
ÉÅ7Ô^ÏyÈ^ÓØÏyË�ÕGÆ���ï5æ íh�#ÎMâ�Å·ËÝ�Í�Í�È^É�Î�È@þ�ÎMâ�Å�ÉÅ7Í�ÉÅ7ËÅ7ÓGÎMÏyÓ�Ô)Ð�Å�Ñ@ËÝ�ÉÅ@æG�PÓØÎMâ�ÅcþvÈ^ÒyÒyÈ9Ç,ÏyÓ�Ô
ÉÅ7ËÝ�ÒVÎ�ÇzÅ±Ý�ËÅ·ÎMâ�Å·Í�ÉÅ7Û7Å7Å7Ê�ÏyÓ�Ô)Û7È^Ó�ËÏyÊ�Å7ÉMÑaÎMÏyÈ^Ó�Ë�ÏyÓ�È^ÉÊ�Å7ÉlÎMÈ)Å�
�Í�ÉÅ7ËË0ÎMâ�Å·ËÈ^ÒyÝ�ÎMÏyÈ^Ó
È@þ�Ñ±Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@ÉzÎPÆ5Í�ÅqÈ@þ-È^Í�ÎMÏyÐrÑ@Ò<Ë�ÎMÈ^Í�Í�ÏyÓ�Ô�Í�ÉÈ^Õ�ÒyÅ7Ð�Ë
}�~\�h�^���0���!�;�5�T�C��� 19�;�h49:�<��cB � 8G2L: � 6747171 {Xt}

1�<,8;��1������ �0� 8	�54j<�1719B0?G2L8;� ��� 1?�<g�h4�� �M� 47698;� ���M�,� < �m���5�3� 4 � <,8;�	�,4�6 ��� 8;� � B � Bg1�:A49�C<,:=�G��B � 698;� ���
g
� < � �J<T�,��1 �

6 � B � 8C:=<,834
r ≥ 0

19B567�T8	�e<,8
Ex(sup

t≥0
e−rtg(Xt)) <∞.

�iñ�æÃïb�
� 1719B0?@4a8	�e<,8(8	�549:A4�4=�b��198	1�<���<g� ��� ?@4A<�19B0:A4

σ
�F�	8	�"19B�2g2 � :�8 ��� 8	�54c1�498

[x∗,∞)19B567�T8	�e<,8[8	�54F��B � 698;� ���

V (x) :=

∫

[x∗,∞)

Gr(x, y)σ(dy)
�iñ�æ ñg�

1�<,8;��1���471a8	�54(� � >	> � �F� �0� 6 ��� �,�	8;� ��� 1��
�iÑg�

V
��1�6 ��� 8;� � B � Bg1 �

�vÕ^�
V (x) → 0

�$�54 �
x→ −∞  

�vÛ��
V (x) = g(x)

�$�54 �
x ≥ x∗

�
�vÊ^�

V (x) ≥ g(x)
�$�54 �

x < x∗  

ë



¡\498
τ ∗ = inf{t ≥ 0: Xt ≥ x∗}. �iñ�æ íh�

¢!�54 �
τ ∗
��1�< �@� 2L8;�	?�<,>,198 � 2g2L� �0� 8;�	?@4�< � �

V
��1C8	�54C��<,>£B54^��B � 698;� ���@� �(8	�54 � 2L8;�	?�<,>

198 � 2g2L� �0� 2L: �b¤ >�49?l� � : {Xt}
�F�	8	�i8	�54�:A49�C<,:=�V��B � 698;� ���

g,
� �j� 8	�549:a� � :=��1 �

V (x) = sup
τ∈M

Ex

(
e−rτg(Xτ)

)
= Ex

(
e−rτ

∗

g(Xτ∗)
)
, x ∈ R.

¥[: ��� �   è5ÏyÓ�Û7Å V ÏyËlÑ@Ó r �PÅ�
�Û7Å7ËËÏVÚ^Å·þvÝ�Ó�Û¿ÎMÏyÈ^Ó��vËÅ7Å�ÎMâ�ÅcÊ�ÏyËÛ7Ý�ËËÏyÈ^Ó°ÑaþªÎMÅ7É,ÎMâ�Å·ä,ÏyÅ7ËåÊ�Å7Û7È^Ð�Í�È^ËÏVÎMÏyÈ^Ó¦��ï5æÃïb�=�)Ñ@Ó�Ê�Ö�þvÉÈ^Ð Û7È^Ó�Ê�ÏVÎMÏyÈ^Ó�Ëj�vÛ���Ñ@Ó�Ê§�vÊ^�\ÖqÑ´ÐrÑ9ãÈ^ÉMÑ@ÓGÎ�È@þ
g
Ö

ÏVÎ%þvÈ^ÒyÒyÈ9Ç,Ë)ÕGÆ)��Æ5Ó�ÙTÏyÓ!K Ë�Ûsâ�Ñ@ÉMÑ@Û¿ÎMÅ7ÉÏyå�ÑaÎMÏyÈ^Ó;È@þcÎMâ�Å°Ú@Ñ@ÒyÝ�Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó Ñ@Ë)ÎMâ�Å ÒyÅ�Ñ@Ë�Î
Å�
�Û7Å7ËËÏVÚ^Å�ÐrÑ9ãÈ^ÉMÑ@ÓGÎ�Ö�ÎMâ�ÑaÎ

V (x) ≥ sup
τ∈M

Ex

(
e−rτg(Xτ)

) �iñ�æÃðb�
�PÓ È^ÉÊ�Å7É�ÎMÈ�Û7È^Ó�Û7ÒyÝ�Ê�Å�ÎMâ�Å%Í�ÉÈ5È@þOÖ-ÇzÅ%Å7Ë�ÎsÑ@Õ�ÒyÏyËâ½ÎMâ�Å%Å�-TÝ�Ñ@ÒyÏVÎPÆ ÏyÓ)�iñ�æÃðb�sæ��PÓ�Ê�Å7Å7Ê�Ö
Û7È^Ó�ËÏyÊ�Å7É+þvÈ^É+Å�Ñ@Ûsâ

n ≥ 1
ÎMâ�ÅqË�ÎMÈ^Í�Í�ÏyÓ�Ô±ÎMÏyÐ�Å

τn = inf{t ≥ 0: Xt 6∈ (−n, x∗ − 1/n)}.
'�È^É

ω ∈ {τ ∗ <∞} Ê�Å¿ê�Ó�Å τ̄ = limn→∞ τn
æF�½Åqâ�Ñ�Ú^Å

τ1 ≤ τ2 ≤ · · · ≤ τ̄ ≤ τ ∗.

'�È^É
n
Ò®Ñ@ÉÔ^Å�Å7Ó�È^Ý�Ô^â�Ö

Xτn ≥ x∗−1/n
Ö@Ñ@Ó�Ê�ÖaÑ@ËBÎMâ�Å�Í�ÉÈ5Û7Å7ËË3ÏyË]-TÝ�Ñ@ËÏ��PÒyÅ¿þªÎ�Û7È^ÓGÎMÏyÓ�È^Ý�Ë7Ö

limn→∞Xτn = Xτ̄
Ö|Ñ@Ó�Ê�Ö�â�Å7Ó�Û7Å@Ö

Xτ̄ ≥ x∗
æ(.+â�ÏyË+Ô^ÏVÚ^ÅqÝ�Ë+ÎMâ�ÑaÎ

τ̄ = τ ∗
Ñ�æ Ë7æ

ç Ë
V
ÏyË
r
�PÅ�
�Û7Å7ËËÏVÚ^Å@Ö�ÎMâ�ÅcËÅ�-TÝ�Å7Ó�Û7Å {e−rτnV (Xτn)} ÏyË�Ñ�Ó�È^Ó�Ó�Å7ÔGÑaÎMÏVÚ^ÅqËÝ�Í�Å7ÉD�ÐrÑ@É�ÎMÏyÓ�ÔGÑ@ÒyÅ@Ö+Ñ@Ó�Ê�Ö�ÏyÓ;Û7È^Ó�ËÅ�-TÝ�Å7Ó�Û7Å@Ö0ÏVÎ%Û7È^ÓGÚ^Å7ÉÔ^Å7ËØÑ�æ Ë7æ ÎMÈ´Ñ ÉMÑ@Ó�Ê�È^Ð Ú@Ñ@ÉÏ®Ñ@Õ�ÒyÅ@æ

 zÅ7Û�Ñ@Ý�ËÅ
Xτn → Xτ∗

Ñ�æ Ë7æVÖ�Ñ@Ó�Ê
V
ÏyË�Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë7ÖqÇzÅ ÏyÊ�Å7ÓGÎMÏVþªÆ;ÎMâ�Å½ÒyÏyÐ�ÏVÎ�Ñ@Ë

e−rτ
∗

V (Xτ∗)
æ('�ÉÈ^Ð Ñ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó�Ë��iÑg�#Ñ@Ó�Ê��vÕ^�zÏVÎ+þvÈ^ÒyÒyÈ9Ç,ËzÎMâ�ÑaÎ

CV := sup
x≤x∗

V (x) <∞,

'�Ý�É�ÎMâ�Å7ÉÐ�È^ÉÅ@Ö�Ñ@Ë

e−rτnV (Xτn) = e−rτnV (Xτn)1{τn<τ∗} + e−rτ
∗

g(Xτ∗)1{τn=τ∗}

≤ CV + sup
t≥0

e−rtg(Xt)

ò



ÇzÅqÈ^Õ�ÎsÑ@ÏyÓ�Ö�ÏyÓ%Ú5ÏyÅ¿Ç È@þ3Û7È^Ó�Ê�ÏVÎMÏyÈ^Ój�iñ�æÃïb�sÖ�Ý�ËÏyÓ�Ô±ÎMâ�ÅqÞBÅ7Õ�Å7ËÔ^Ý�ÅqÊ�È^Ð�ÏyÓ�ÑaÎMÅ7Ê)Û7È^ÓGÚ^Å7ÉD�
Ô^Å7Ó�Û7Å0ÎMâ�Å7È^ÉÅ7Ð

Ex

(
e−rτn V (Xτn)

)
↓ Ex

(
e−rτ

∗

V (Xτ∗)
)

as n→ ∞.

'�Ý�É�ÎMâ�Å7ÉÐ�È^ÉÅ@ÖEÑ@Ë±ÎMâ�Å�ÉÅ7Í�ÉÅ7ËÅ7ÓGÎMÏyÓ�Ô½Ð�Å�Ñ@ËÝ�ÉÅ
σ
Ê�È5Å7Ë�Ó�È@Î�Ûsâ�Ñ@ÉÔ^Å)ÎMâ�Å�È^Í�Å7Ó´ËÅ¿Î

(−∞, x∗)
Ö|ÎMâ�ÅcþvÝ�Ó�Û¿ÎMÏyÈ^Ó

V
ÏyË�â�Ñ@ÉÐ�È^Ó�ÏyÛqÈ^ÓØÎMâ�ÑaÎlËÅ¿Î_�vÛ¿þOæ���ï5æ íh�=�\Ö�Ñ@Ó�Ê�Ö<Ñ@Ë

τn
Ñ@ÉÅ

Å�
�ÏVÎ+ÎMÏyÐ�Å7Ë#þvÉÈ^Ð ÎMâ�ÅqÈ^Í�Å7Ó�ËÅ¿ÎMË
(−n, x∗ − 1/n)

Ö�ÇzÅqÛ7È^Ó�Û7ÒyÝ�Ê�Å0ÎMâ�ÑaÎ

V (x) = E
(
e−rτn V (Xτn)

)
↓ E

(
e−rτ

∗

g(Xτ∗)
)
,

Ñ@Ó�Ê)ÎMâ�ÅqÍ�ÉÈ5È@þ-ÏyË+Û7È^Ð�Í�ÒyÅ¿ÎMÅ@æ
k�Ó�Ê�Å7É±ÎMâ�Å�Ñ@Ê�Ê�ÏVÎMÏyÈ^Ó�Ñ@ÒzÑ@ËËÝ�Ð�Í�ÎMÏyÈ^Ól�iñ�æ ëg�sÖ�Ú@Ñ@ÒyÏyÊ ÏyÓ�ÐrÑ@ÓGÆ Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É�Û�Ñ@ËÅ7Ë7Ö

ÇzÅ�Ûsâ�Ñ@ÉMÑ@Û¿ÎMÅ7ÉÏyå7Å�Ó�È9Ç ÎMâ�Å�È^Í�ÎMÏyÐrÑ@Ò�ÎMâ�ÉÅ7Ëâ�È^ÒyÊ
x∗
Ñ@Ë�Ñ°ËÈ^ÒyÝ�ÎMÏyÈ^Ó�Ö�Ç,ÏVÎMâ´Ñ Ý�ËÅ¿þvÝ�Ò

Ý�Ó�Ï�-TÝ�Å7Ó�Å7ËË0Í�ÉÈ^Í�Å7É�ÎPÆ^ÖBÈ@þEÑ@Ó�Å�-TÝ�ÑaÎMÏyÈ^Ó°Ê�Å7ÉÏVÚ^Å7Ê�þvÉÈ^Ð¨�iñ�æ ñg�\æ0ä,Å7Ð�Å7Ð·Õ�Å7É�ÎMâ�ÑaÎ0ÕGÆ
ÎMâ�Å·Ê�Å¿ê�Ó�ÏVÎMÏyÈ^ÓØÈ@þ�ÎMâ�Å�ËÝ�Í�Í�È^É�Î0È@þEÑ%ä�Ñ@Ê�È^Ó�Ð�Å�Ñ@ËÝ�ÉÅ@Ö�ÇzÅ±â�Ñ�Ú^Å

σ(A) > 0
þvÈ^É�Ñ@ÒyÒ

È^Í�Å7Ó�ËÝ�Õ�ËÅ¿ÎMË
A
È@þ

[x∗,∞)
�vËÅ7ÅqþvÈ^É+ÏyÓ�Ë�ÎsÑ@Ó�Û7ÅqÍ�Ñ@Ô^Åcï ó ð·ÏyÓi'�È^ÒyÒ®Ñ@Ó�ÊM� & �	�\æ

© �^���Lª;ª�«e��¬��!��!� ¡\498 {Xt}, g, V, σ,
< � �

x∗
¤ 4a<�1G� � ¢!�54 � :A49?s®  	¯g  � 1719B0?@4G8	�e<,8

Gr(x,B) :=

∫ ∞

0

e−rtPx(Xt ∈ B)dt > 0
�iñ�æ ëg�

� � :�<,>	>
x
< � � � 254 � 19B ¤ 1�498	1

B
� �

R.
¢!�54 � 8	�54�4A°�Be<,8;� ���

g(x) =

∫

[x,∞)

Gr(x, y)σ(dy)
�iñ�æÃòb�

�e<�1 �m� 1 � >£B08;� ���±¤ � ��� 49:8	�e< �
x∗.

¥[: ��� �   ézÒyÅ�Ñ@ÉÒVÆ^Ö�ËÏyÓ�Û7Å g(x∗) = V (x∗)
ÏVÎqÏyËqÏyÐ�Ð�Å7Ê�Ï®ÑaÎMÅcþvÉÈ^Ð²�iñ�æ ñg�lÎMâ�ÑaÎ

x∗
ÏyËcÑ

ËÈ^ÒyÝ�ÎMÏyÈ^Ó)È@þ��iñ�æÃòb�\æ�ÞBÅ¿Î,Ó�È9Ç
xo > x∗

Õ�ÅcÑ@Ó�È@ÎMâ�Å7É+ËÈ^ÒyÝ�ÎMÏyÈ^Ó)È@þ��iñ�æÃòb�\Ö�Ï�æ Å@æVÖ

g(xo) =

∫

[xo,∞)

Gr(xo, y)σ(dy).

'�ÉÈ^Ð³�iñ�æ ñg�EÇzÅqâ�Ñ�Ú^Å

g(xo) = V (xo) =

∫

[x∗,∞)

Gr(xo, y)σ(dy).

&



ézÈ^Ó�ËÅ�-TÝ�Å7ÓGÎMÒVÆ^Ö
∫

[x∗,xo)

Gr(xo, y)σ(dy) = 0.
�iñ�æ & �

 zÝ�Î�ÎMâ�Å)þvÝ�Ó�Û¿ÎMÏyÈ^Ó
y 7→ Gr(xo, y)

ÏyË±ÒyÈ9ÇzÅ7É�ËÅ7Ð�Ï��PÛ7È^ÓGÎMÏyÓTÝ�È^Ý�Ë7ÖzÑ@Ó�Ê�ÖEâ�Å7Ó�Û7Å@ÖzÎMâ�Å
ËÅ¿Î {y : Gr(xo, y) > 0} ÏyË�È^Í�Å7Ó�æ�'�ÉÈ^Ð´�iñ�æ & ��ÏVÎ�þvÈ^ÒyÒyÈ9Ç,ËlÎMâ�ÑaÎ

Gr(xo, ·) ≡ 0
È^Ó

(x∗, xo),
Õ�Ý�Î+ÎMâ�ÏyË+Ú5ÏyÈ^Ò®ÑaÎMÅ7Ëa�iñ�æ ëg�#Ñ@Ó�Ê�ÎMâ�ÅqÛ7Ò®Ñ@ÏyÐ ÏyË+Í�ÉÈ9Ú^Å7Ê�æ

.+â�Å%Í�ÉÅ7ËÅ7ÓGÎMÅ7Ê�Ð�Å¿ÎMâ�È5Ê¶ÇzÈ^ÉÙTË·ËÏyÐ�ÏyÒ®Ñ@ÉÒVÆØÇ,â�Å7Ó ÎMâ�ÅrË�ÎMÈ^Í�Í�ÏyÓ�ÔØÉÅ7Ô^ÏyÈ^Ó½ÏyË�Ó�È@Î
Ñ�â�Ñ@ÒVþ#ÒyÏyÓ�Å@Ö�Ï�æ Å@æ%Ç,â�Å7Ó½ÎMâ�Å�Í�ÉÈ^Õ�ÒyÅ7Ð ÏyËcÓ�È@Î·Ñ"{OÈ^Ó�Å��PËÏyÊ�Å7Ê0|�Í�ÉÈ^Õ�ÒyÅ7Ð�æ".+â�Å�þvÈ^ÉÐ
È@þcÎMâ�Å¶È^Í�ÎMÏyÐrÑ@ÒlË�ÎMÈ^Í�Í�ÏyÓ�Ô�ÎMÏyÐ�Å%�iñ�æ íh�%Ñ@Í�Í�Å�Ñ@ÉË)Ú^Å7É�Æ È@þªÎMÅ7Ó ÏyÓ ËÅ¿Ú^Å7ÉMÑ@ÒcÈ^Í�ÎMÏyÐrÑ@Ò
Ë�ÎMÈ^Í�Í�ÏyÓ�Ô�Í�ÉÈ^Õ�ÒyÅ7Ð�Ë7Ö�ÏyÓ�Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É#ÏyÓ�ÐrÑaÎMâ�Å7ÐrÑaÎMÏyÛ�Ñ@Ò|ê�Ó�Ñ@Ó�Û7Å@Ö�Ç,â�Å7ÉÅcÎMâ�ÏyË+ËÈ^É�Î�È@þ
ÎMâ�Å�Í�ÉÈ^Õ�ÒyÅ7Ð�ËqÑ@ÉÅ�ËÈ^Ð�Å¿ÎMÏyÐ�Å7ËqÓ�Ñ@Ð�Å7Ê�6A<,>	> � >£��µg4�Í�Å7ÉÍ�Å¿ÎMÝ�Ñ@Ò�Í�ÉÈ^Õ�ÒyÅ7Ð�ËqÈ^ÉqÈ^Í�ÎMÏyÈ^Ó�Ë
�vËÅ7Å#Å@æ Ô�æ�� ñ��	�\æ/'�Ý�É�ÎMâ�Å7ÉÐ�È^ÉÅ@Ö^Ñ@Ë�Å�
�Í�È^ËÅ7Ê±ÏyÓ·ËÅ7Û¿ÎMÏyÈ^Ó·í�Ö@È^Ó�Å#ËÏyÊ�Å7Ê·Í�ÉÈ^Õ�ÒyÅ7Ð�Ë-ÏyÓcÎMâ�Å
Û7È^ÓGÎMÅ�
5Î+È@þ�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËË+Ñ@Ê�Ð�ÏVÎMËEÑ�ÉÅ7Í�ÉÅ7ËÅ7ÓGÎsÑaÎMÏyÈ^Ó%ÏyÓ�ÎMÅ7ÉÐ�ËzÈ@þ�ÎMâ�ÅlÐrÑ�
�ÏyÐ·Ý�Ð È@þ
ÎMâ�ÅcÞBß¿ÚTÆ)Í�ÉÈ5Û7Å7ËË7æ
×�ÏyÓ�È^É�Ð�È5Ê�ÏVê�Û�ÑaÎMÏyÈ^Ó�Ë-ÏyÓ±ÎMâ�Å+Í�ÉÈ5È@þ�È@þm.+â�Å7È^ÉÅ7Ð ñ�æ ó Ô^ÏVÚ^Å#ÎMâ�Å#þvÈ^ÒyÒyÈ9Ç,ÏyÓ�Ô�ÉÅ7ËÝ�ÒVÎ�Ö

ÎMâ�ÑaÎ,Û�Ñ@Ó�Õ�ÅqÛ7È^Ó�ËÏyÊ�Å7ÉÅ7ÊØÑ@Ë�Ñ�{PÎPÇzÈ��PËÏyÊ�Å7Ê0|0È^Í�ÎMÏyÐrÑ@Ò<Ë�ÎMÈ^Í�Í�ÏyÓ�Ô�Í�ÉÈ^Õ�ÒyÅ7Ð�æ
}�~\�h�^���0���!���!�T�C��� 19�;�h49:�<��cB � 8G2L: � 6747171 {Xt}

1�<,8;��1������ �0� 8	�54j<�1719B0?G2L8;� ��� 1?�<g�h4�� �n� 47698;� ���j� < � �`< �m���5�3� 4 � <,8;�	�,4�6 ��� 8;� � B � Bg1�:A49�C<,:=���B � 698;� ���
g
� < � �`<

�,��1�6 � B � 8F:=<,834
r ≥ 0

� 19B567�J8	�e<,8�6 ��� �,�	8;� ��� �iñ�æÃïb�¶� � >·�   � 1719B0?@4a8	�e<,8(8	�549:A4�4=�b��198	1<�2 � 19�	8;�	�,4a��<g� ��� ?@4A<�19B0:A4
σ
�F�	8	�T19B�2g2 � :�8 ��� 8	�54a1�498

S = (−∞, x∗] ∪ [x∗,∞)19B567�T8	�e<,8[8	�54F��B � 698;� ���
V (x) :=

∫

S

Gr(x, y)σ(dy) =

∫

(−∞,x∗]

Gr(x, y)σ(dy) +

∫

[x∗,∞)

Gr(x, y)σ(dy)
�iñ�æ *g�

1�<,8;��1���471a8	�54(� � >	> � �F� �0� 6 ��� �,�	8;� ��� 1��
�iÑg�

V
��1�6 ��� 8;� � B � Bg1 �

�vÕ^�
V (x) = g(x)

�$�54 �
x ∈ S

�
�vÛ��

V (x) ≥ g(x)
�$�54 �

x /∈ S  ¡\498
τ ∗ = inf{t ≥ 0: Xt ∈ S}.¢!�54 �

τ ∗
��1�< �@� 2L8;�	?�<,>,198 � 2g2L� �0� 8;�	?@4�< � �

V
��1C8	�54C��<,>£B54^��B � 698;� ���@� �(8	�54 � 2L8;�	?�<,>198 � 2g2L� �0� 2L: �b¤ >�49?l� � : {Xt}

�F�	8	�i8	�54�:A49�C<,:=�V��B � 698;� ���
g
� � �n� 8	�549:a� � :=��1 �

V (x) = sup
τ∈M

Ex

(
e−rτg(Xτ)

)
= Ex

(
e−rτ

∗

g(Xτ∗)
)
, x ∈ R.

*
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ü[PVU\U]PVU

ç ËlÇzÅ±â�Ñ�Ú^Å±Ð�Å7ÓGÎMÏyÈ^Ó�Å7Ê�Ö�ÏyÓ�ËÅ¿Ú^Å7ÉMÑ@Ò�Í�Ñ@Í�Å7ÉË�Å�
�Í�ÒyÏyÛ7ÏVÎlËÈ^ÒyÝ�ÎMÏyÈ^Ó�Ë�ÎMÈ)È^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í0�
Í�ÏyÓ�ÔlÍ�ÉÈ^Õ�ÒyÅ7Ð�Ë�þvÈ^É3Ô^Å7Ó�Å7ÉMÑ@Ò�ÉMÑ@Ó�Ê�È^Ð Ç#Ñ@ÒyÙTË-È^É�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËË7ÖTÑ@Ó�Ê·ËÈ^Ð�ÅEÍ�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É
ÉÅ¿Ç#Ñ@ÉÊ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë�Û�Ñ@ÓØÕ�ÅcÅ�
�Í�ÉÅ7ËËÅ7Ê°ÏyÓ�ÎMÅ7ÉÐ�Ë�È@þ-ÎMâ�ÅcÐrÑ�
�ÏyÐ·Ý�Ð È@þ-ÎMâ�ÅcÍ�ÉÈ5Û7Å7ËË7Ö
ÙTÏyÒyÒyÅ7ÊrÑaÎ+ÑcÛ7È^Ó�Ë�ÎsÑ@ÓGÎ+ÉMÑaÎMÅ

r
ÖTÎMâ�Å�Ê�ÏyËÛ7È^Ý�ÓGÎ#ÉMÑaÎMÅlÈ@þ�ÎMâ�Å�Í�ÉÈ^Õ�ÒyÅ7Ð�æ$.+â�Å�Í�ÏyÈ^Ó�Å7Å7ÉzÉÅ��

ËÝ�ÒVÎMË3ÏyÓqÎMâ�ÏyË�Ê�ÏyÉÅ7Û¿ÎMÏyÈ^Ó�Ñ@ÉÅ�Û7È^ÓGÎsÑ@ÏyÓ�Å7Ê�ÏyÓqÎMâ�ÅzÍ�Ñ@Í�Å7É�È@þ^��Ñ@ÉÒyÏyÓ�Ô�ÖaÞBÏyÔ^Ô^Å¿Î3Ñ@Ó�Ê�.-Ñ�Æ5ÒyÈ^É
� ð���Ö^ÇzÅ7ÉÅ�ËÈ^ÒyÝ�ÎMÏyÈ^Ó�Ë�ÎMÈqÈ^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í�Í�ÏyÓ�ÔqÍ�ÉÈ^Õ�ÒyÅ7Ð�Ë�þvÈ^É�ÉÅ¿Ç#Ñ@ÉÊ�Ë

g(x) = (ex−1)+Ñ@Ó�Ê
g(x) = x+ Ñ@ÉÅcÈ^Õ�ÎsÑ@ÏyÓ�Å7Ê�ÏyÓ�ÎMâ�ÅqÇ,â�È^ÒyÅqÛ7Ò®Ñ@ËË,È@þ�ÉMÑ@Ó�Ê�È^Ð Ç#Ñ@ÒyÙTË7Ö|ÏyÓ�ÎMÅ7ÉÐ�Ë,È@þÎMâ�ÅrÐrÑ�
�ÏyÐ·Ý�Ð È@þ+ÎMâ�ÅrÉMÑ@Ó�Ê�È^Ð Ç#Ñ@ÒyÙ|æ`.+â�Å7ËÅ)ÉÅ7ËÝ�ÒVÎMË·Ñ@ÉÅrÔ^Å7Ó�Å7ÉMÑ@ÒyÏyå7Å7Ê½þvÈ^É�ÞBß¿ÚTÆ

Í�ÉÈ5Û7Å7ËË�ÕGÆ�×�È^ÉÊ�Å7ÛsÙTÏ|ÏyÓJ� ó ð��|Ñ@Ó�Êi� ó ë���Ö^Ç,â�Å7ÉÅ,ÏVÎ�ÏyË�Ñ@ÒyËÈ0È^Õ�ËÅ7É�Ú^Å7Ê�ÎMâ�ÑaÎ�ËÏyÐ�ÏyÒ®Ñ@É�ÉÅ��
ËÝ�ÒVÎMË�â�È^ÒyÊ±þvÈ^É�ËÈ^ÒyÝ�ÎMÏyÈ^Ó�Ë�È@þ<È^Í�ÎMÏyÐrÑ@Ò5Ë�ÎMÈ^Í�Í�ÏyÓ�ÔqÍ�ÉÈ^Õ�ÒyÅ7Ð�Ë�ÏyÓ±ÎMÅ7ÉÐ�Ë�È@þ�ÎMâ�Å,ÏyÓ�ê�Ð·Ý�Ð
È@þ#ÎMâ�Å%Í�ÉÈ5Û7Å7ËË�þvÈ^ÉqÎMâ�Å%Í�Ñ�Æ^È@á

g(x) = (1 − ex)+ æ� #Ñ@ËÅ7Ê�È^Ó¶ÎMâ�ÅrÎMÅ7Ûsâ�Ó�Ï�-TÝ�Å%È@þþiÑ@Û¿ÎMÈ^ÉÏyå�ÑaÎMÏyÈ^Ó�È@þ�Í�ËÅ7Ý�Ê�È��PÊ�ÏVá<Å7ÉÅ7ÓGÎMÏ®Ñ@Ò�È^Í�Å7ÉMÑaÎMÈ^ÉË7Öe zÈ9ÆGÑ@ÉÛsâ�Å7Ó�Ù@ÈrÑ@Ó�Ê)ÞBÅ¿Ú^Å7Ó�Ê�È^ÉËÙTÏ ã
�vËÅ7Åj� ñ���Ñ@Ó�Ê�ÎMâ�Å�ÉÅ¿þvÅ7ÉÅ7Ó�Û7Å7Ë�ÎMâ�Å7ÉÅ7ÏyÓ^�·È^Õ�ÎsÑ@ÏyÓ�ËÏyÐ�ÏyÒ®Ñ@ÉcÉÅ7ËÝ�ÒVÎMË7ÖEÏyÓ´Ñ°ËÝ�Õ�Û7Ò®Ñ@ËË�È@þ
ÞBß¿ÚTÆrÍ�ÉÈ5Û7Å7ËËÅ7Ë7Ö�Û�Ñ@ÒyÒyÅ7Ê�ÉÅ7Ô^Ý�Ò®Ñ@ÉzÑ@Ó�ÊrÈ@þBÅ�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@Ò|ÎPÆ5Í�Å_�iä�Þ\H(ÃC�\ÖTÇ,ÏVÎMâ�ÎMâ�ÅlÏyÐ��
Í�È^É�ÎsÑ@ÓGÎcþvÅ�ÑaÎMÝ�ÉÅ�ÎMâ�ÑaÎcÎMâ�Å7ÏyÉcÉÅ7ËÝ�ÒVÎMË·Ñ@ÉÅ�Ó�È@Î�Õ�Ñ@ËÅ7Ê È^Ó Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É0Í�ÉÈ^Í�Å7É�ÎMÏyÅ7ËcÈ@þ
ÎMâ�Å)ÉÅ¿Ç#Ñ@ÉÊ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

g
ÖEÑ@Ó�Ê�ÖEâ�Å7Ó�Û7Å@Özâ�È^ÒyÊ ÎMÉÝ�Å)ÏyÓ�Ñ°Û7Å7É�ÎsÑ@ÏyÓ�Û7Ò®Ñ@ËË±È@þ�ÉÅ¿Ç#Ñ@ÉÊ�Ë

þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë7æ½ä,Å7ËÝ�ÒVÎMË±ÏyÓ)� ñ��+ËÝ�Ô^Ô^Å7Ë�Î±ÎMâ�ÑaÎ�Ñ@ÓGÆ�È^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô°Í�ÉÈ^Õ�ÒyÅ7Ð þvÈ^É±Ñ
ÞBß¿ÚTÆ±Í�ÉÈ5Û7Å7ËË�Ç,ÏVÎMâ�Ñ@Ó�ÏyÓ�Û7ÉÅ�Ñ@ËÏyÓ�Ô0Í�Ñ�Æ^È@á�Û�Ñ@Ó�Õ�Å,Å�
�Í�ÉÅ7ËËÅ7Ê%ÏyÓ·ÎMÅ7ÉÐ�Ë�È@þ�ÎMâ�Å,ÐrÑ�
h�
ÏyÐ·Ý�Ð È@þ�ÎMâ�ÅØÍ�ÉÈ5Û7Å7ËË7æ ×�È^ÉÅØÉÅ7Û7Å7ÓGÎMÒVÆ^Ö¶#�È9Ú5ÏyÙ@È9Ú Ñ@Ó�Ê è5â�ÏyÉ�ÆGÑ@Å¿Ú�� ó�& �lÈ^Õ�ÎsÑ@ÏyÓ�Å7Ê
ÎMâ�Å�ËÈ^ÒyÝ�ÎMÏyÈ^Ó�È@þ�ÎMâ�Å�È^Í�ÎMÏyÐrÑ@ÒBË�ÎMÈ^Í�Í�ÏyÓ�Ô%Í�ÉÈ^Õ�ÒyÅ7Ð þvÈ^É�Ñ�Ô^Å7Ó�Å7ÉMÑ@Ò-ÉMÑ@Ó�Ê�È^Ð�Ç#Ñ@ÒyÙ|Ö�ÏyÓ
ÎMÅ7ÉÐ�ËcÈ@þ+ÎMâ�ÅrÐrÑ�
�ÏyÐ·Ý�Ð�ÖBÇ,â�Å7Ó ÎMâ�ÅrÉÅ¿Ç#Ñ@ÉÊ�ÏyË

g(x) = (x+)n
ÖV�iÑ@Ó�Ê�Ñ@ÒyËÈ�Ç,â�Å7Ó

g(x) = 1−e−x
+ �\æ$.+â�Å�ÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^Å,Ô^Å7Ó�Å7ÉMÑ@ÒyÏyå�ÑaÎMÏyÈ^Ó·È@þ�ÎMâ�ÏyË�Í�ÉÈ^Õ�ÒyÅ7ÐÿÎMÈ0ÎMâ�Å+þvÉMÑ@Ð�Å��

ÇzÈ^ÉÙ%È@þ�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËËÅ7Ëlâ�Ñ@Ë+Õ�Å7Å7ÓØÛ�Ñ@ÉÉÏyÅ7Ê�È^Ý�Î,ÕGÆ�Ä�Æ5Í�ÉÏ®Ñ@Ó�È^Ý�Ñ@Ó�ÊØè5Ý�É�ÆGÑ`� ó ï���æ
Ä¶ÅyÆ Ç�È!É�Ê½ËGÌeÍ�ÎmÏ]Ð0Ð0Ï]Ð
ÞBÅ¿Î

X = {Xt}
Õ�Å�Ñ Ü�Ý�ÓGÎ�Í�ÉÈ5Û7Å7ËË�Ç,ÏVÎMâ�ÏyÓ�Ê�Å7Í�Å7Ó�Ê�Å7ÓGÎrÑ@Ó�Ê´Ë�ÎsÑaÎMÏyÈ^Ó�Ñ@É�Æ½ÏyÓ�Û7ÉÅ��

Ð�Å7ÓGÎMË7Ö�Ï�æ Å@æ�Ñ�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËË7æF�½ÅqÊ�Å7Ó�È@ÎMÅ
E = E0

Ñ@Ó�Ê
P = P0

æ
�¾þ
v ∈ R

ÖzÞBß¿ÚTÆg�OÄ0â�ÏyÓ�Ûsâ�ÏyÓ�Å)þvÈ^ÉÐ·Ý�Ò®ÑØË�ÎsÑaÎMÅ7Ë
E(eivXt) = etψ(iv) Ö�Ç,â�Å7ÉÅ@ÖEþvÈ^ÉÛ7È^Ð�Í�ÒyÅ�


z = iv
ÎMâ�ÅqÛsâ�Ñ@ÉMÑ@Û¿ÎMÅ7ÉÏyË�ÎMÏyÛ0Å�
�Í�È^Ó�Å7ÓGÎlÈ@þ3ÎMâ�ÅqÍ�ÉÈ5Û7Å7ËË�ÏyË

ψ(z) = az +
1

2
b2z2 +

∫

R

(
ezx − 1 − zh(x)

)
Π(dx).

�ví�æ ó �
Ü�Å7ÉÅ�ÎMâ�Å�ÎMÉÝ�Ó�Û�ÑaÎMÏyÈ^Ó¶þvÝ�Ó�Û¿ÎMÏyÈ^Ó

h(x) = x1{|x|≤1}
ÏyËqêo
�Å7Ê�Ö�Ñ@Ó�Ê¶ÎMâ�ÅrÍ�Ñ@ÉMÑ@Ð�Å¿ÎMÅ7ÉË

Ûsâ�Ñ@ÉMÑ@Û¿ÎMÅ7ÉÏyå7ÏyÓ�Ô·ÎMâ�Å0Ò®Ñ�Ç È@þ�ÎMâ�Å0Í�ÉÈ5Û7Å7ËË�Ñ@ÉÅ@Ì�ÎMâ�ÅqÊ�ÉÏVþªÎ
a
Ö|Ñ@Ó�Ñ@ÉÕ�ÏVÎMÉMÑ@É�ÆrÉÅ�Ñ@Ò�ÓTÝ�Ð��

ó ì



Õ�Å7É��BÎMâ�Å±Ë�ÎsÑ@Ó�Ê�Ñ@ÉÊ¶Ê�Å¿Ú5Ï®ÑaÎMÏyÈ^Ó°È@þ�ÎMâ�Å�àqÑ@Ý�ËËÏ®Ñ@Ó Í�Ñ@É�Î0È@þEÎMâ�Å±Í�ÉÈ5Û7Å7ËË
b ≥ 0

�3Ñ@Ó�Ê
ÎMâ�ÅqÞBß¿ÚTÆcãÝ�Ð�Í)Ð�Å�Ñ@ËÝ�ÉÅ

Π
Ö�Ñ·Ó�È^Ó�Ó�Å7ÔGÑaÎMÏVÚ^Å�Ð�Å�Ñ@ËÝ�ÉÅ@Ö�Ê�Å¿ê�Ó�Å7Ê�È^Ó

R \ {0} ËÝ�ÛsâÎMâ�ÑaÎ ∫
(1 ∧ x2)Π(dx) < +∞ æ�lÅ7Ó�È@ÎMÅ%ÕGÆ

τ(r)
Ñ@Ó Å�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@ÒEÉMÑ@Ó�Ê�È^Ð Ú@Ñ@ÉÏ®Ñ@Õ�ÒyÅ±Ç,ÏVÎMâ½Í�Ñ@ÉMÑ@Ð�Å¿ÎMÅ7É

r > 0
Ö

ÏyÓ�Ê�Å7Í�Å7Ó�Ê�Å7ÓGÎ�È@þ+ÎMâ�Å%Í�ÉÈ5Û7Å7ËË
X
æ ç Ù@Å¿Æ ÉÈ^ÒyÅrÏyÓ½ÎMâ�ÏyË�ËÅ7Û¿ÎMÏyÈ^Ó�ÏyË�Í�Ò®Ñ�Æ^Å7Ê�ÕGÆ¶ÎMâ�Å

þvÈ^ÒyÒyÈ9Ç,ÏyÓ�Ô·ÉMÑ@Ó�Ê�È^Ð Ú@Ñ@ÉÏ®Ñ@Õ�ÒyÅ7Ë7Ì

Mr = sup
0≤t<τ(r)

Xt
Ñ@Ó�Ê

Ir = inf
0≤t<τ(r)

Xt
�ví�æÃïb�

Û�Ñ@ÒyÒyÅ7Ê�ÎMâ�Å_19B�2L:A49?�B0? Ñ@Ó�ÊØÎMâ�Å@� � �(?�B0?ÀÈ@þ�ÎMâ�Å�Í�ÉÈ5Û7Å7ËË7Ö�ÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^Å7ÒVÆ^Ö<ÙTÏyÒyÒyÅ7ÊØÑaÎ
ÉMÑaÎMÅ

r
æ
ç ÉÅ7ÒyÅ¿Ú@Ñ@ÓGÎ%ÏyÓ�Ë�ÎMÉÝ�Ð�Å7ÓGÎ�ÎMÈ¶Ë�ÎMÝ�Ê�Æ´ÎMâ�Å7ËÅØÉMÑ@Ó�Ê�È^Ð Ú@Ñ@ÉÏ®Ñ@Õ�ÒyÅ7Ë�ÏyË±ÎMâ�Åi� ÏyÅ7Ó�Å7ÉD�

Ü�È^Í�þÑ�Oä,È^Ô^È^å7ÏyÓrþiÑ@Û¿ÎMÈ^ÉÏyå�ÑaÎMÏyÈ^Ó�Ö�È^Õ�ÎsÑ@ÏyÓ�Å7Ê�ÕGÆ�ä,È^Ô^È^å7ÏyÓ±� ó *���Ö�ÎMâ�ÑaÎ,Ë�ÎsÑaÎMÅ7Ë
r

r − ψ(iv)
= E(eivMr)E(eivIr)

�ví�æ ñg�
�PÓ�È^Ý�É�ê�ÉË�Î±ÉÅ7ËÝ�ÒVÎ·ÇzÅ)Ô^ÏVÚ^Å%ËÈ^Ð�Å%ËÏyÐ�Í�ÒyÅ�ËÝoÒ�Û7ÏyÅ7ÓGÎ�Û7È^Ó�Ê�ÏVÎMÏyÈ^Ó�Ë�ÏyÓ È^ÉÊ�Å7É�ÎMÈ

âGÆ5Í�È@ÎMâ�Å7ËÏyË��iñ�æÃïb�EÎMÈ�â�È^ÒyÊ�æ
Ó �0���n«±Ô\�;�5� � 1719B0?@4a8	�e<,8�< �m���5�3� 4 � <,8;�	�,4/��B � 698;� ���

g
1�<,8;��1���471

g(x) ≤ A0 + A1e
αx,

�ví�æ íh�
� � : �m���5� 4 � <,8;�	�,4�6 ��� 198Õ< � 8	1

A0, A1, α   � 1719B0?@4(��B0:�8	�549:�? � :A4a8	�e<,8
E

(
eαX1

)
< er.

�ví�æÃðb�
¢!�54 �o� 6 ��� �,�	8;� ��� �iñ�æÃïb�G� � >·��1  
¥[: ��� �   ÞBÅ¿Î�Ý�Ëlê�ÉË�ÎlÚ^Å7ÉÏVþªÆ�ÎMâ�ÑaÎ�Ö�þvÈ^É r ≥ 0

Ö�ÎMâ�ÅcþvÈ^ÒyÒyÈ9Ç,ÏyÓ�Ô±ÎMâ�ÉÅ7Å·Ë�ÎsÑaÎMÅ7Ð�Å7ÓGÎMË0Ñ@ÉÅ
Å�-TÝ�ÏVÚ@Ñ@ÒyÅ7ÓGÎ�Ì
�iÑg�

E
(
eαX1

)
< er
æ

�vÕ^�
E

(
eαMr

)
<∞ æ

�vÛ��
E

(
supt≥0

(
eαXt−rt

))
<∞ æ

ó^ó



'-ÏyÉË�Î�Ö/�iÑg� ⇔ �vÕ^�+ÏyËlÞBÅ7Ð�ÐrÑ ó ÏyÓ�� ó ð���æG.+â�Å·Å�-TÝ�ÏVÚ@Ñ@ÒyÅ7Ó�Û7ÅJ�iÑg� ⇔ �vÛ��+ÏyË�Ñ�Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É
Û�Ñ@ËÅ�È@þ_�iÑg� ⇔ �vÕ^�\Ö�Ç,â�Å7Ó�Û7È^Ó�ËÏyÊ�Å7ÉÏyÓ�Ô°ÎMâ�Å�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËË {αXt − rt} Ö�ÎMâ�Å)ê�ÉË�ÎÛ7È^Ó�Ë�ÎsÑ@ÓGÎ�Å�-TÝ�Ñ@ÒBÎMÈ ó Ö�Ñ@Ó�Ê�ÎMâ�ÅqËÅ7Û7È^Ó�Ê�Ö�ÎMâ�ÅqÊ�ÏyËÛ7È^Ý�ÓGÎ,ÉMÑaÎMÅqÅ�-TÝ�Ñ@Ò�ÎMÈ

0
æC#�È9Ç

Ex(sup
t≥0

e−rtg(Xt)) ≤ E

(
sup
t≥0

e−rt
(
A0 + A1e

α(x+Xt)
))

≤ A0 + A1e
αx

E(sup
t≥0

e(αXt−rt)) <∞

Ñ@Ë,Û7È^Ó�Ê�ÏVÎMÏyÈ^Ój�iÑg� ⇒ �vÛ��\æ
Ö �0�n«e��×lÔ\��!���C��� �,�	8;� ��� �ví�æ íh�_��1@:A49>·<,8;�	�,49>£� � <,8;B0:=<,>F� ��� B0:"6 ��� 834=�b8  `Ø � :�� �5�198Õ< � 674 � � ��8	�54���B � 698;� ��� ��1M� � 69:A4A<�19� �0��� < � � ËÝ�Õ�Ð·Ý�ÒVÎMÏyÍ�ÒyÏyÛ�ÑaÎMÏVÚ^Å�ÙD<�1±�h4�� � 4A��� �
1�47698;� �����0Ú � ��ÛÕ� ¯yÜÕÝ �	8�<,B08 � ?�<,8;�Þ6A<,>	>£��1�<,8;��1���471 � B0:�4=�92 ��� 4 � 8;�;<,> � : � �F8	��6 ��� �,� �8;� ��� �ví�æ íh�  Jß 49�,49:�8	�549>�47171 � 8	�54�19B ¤ ?�B0>£8;� 2L>£�Þ6A<,8;�	�,4G2L: � 2549:�8;��� � 471 �m� 8�1�4749?f8 ��¤ 4<�2g2L: � 2L�;<,834$� � : � 2L8;�	?�<,>5198 � 2g2L� �0� 2L: �b¤ >�49?�1 � <�1

g(x) = x+ ��1 �m� 8$19B ¤ ?�B0>£8;� 2L>£�Þ6A< �8;�	�,4  �Ø B0:�8	�549:�? � :A4 � 6 ��� �,�	8;� ��� �ví�æÃðb�c��1 � 2L8;�	?�<,>m� � 8	�54F� � >	> � �F� �0� 1�4 � 1�4�� Ø � :c8	�54:A49�C<,:=�¶��B � 698;� ���
g(x) = (ex − 1)+ � � �

E
(
eX1

)
= er

� 8	�54 � 6 ��� �,�	8;� ��� �iñ�æÃïb��� � 471
�m� 8F� � >·� �[¤ <�1�4A� ��� �iÑg� ⇔ �vÛ��  
I�Ý�É)Ó�Å�
5Î�ÉÅ7ËÝ�ÒVÎ)ÉÅ7Í�ÉÅ7ËÅ7ÓGÎMË�ÎMâ�Å�Ú@Ñ@ÒyÝ�ÅØþvÝ�Ó�Û¿ÎMÏyÈ^Ó;È@þqÎMâ�Å°È^Í�ÎMÏyÐrÑ@Ò,Ë�ÎMÈ^Í�Í�ÏyÓ�Ô

Í�ÉÈ^Õ�ÒyÅ7Ð þvÈ^É+Ñ·ÞBß¿ÚTÆ%Í�ÉÈ5Û7Å7ËË+ÏyÓrÎMÅ7ÉÐ�Ë#È@þBÎMâ�Å0ÐrÑ�
�ÏyÐ·Ý�Ð È@þBÎMâ�Å0Í�ÉÈ5Û7Å7ËË,Ñ@Ó�Ê)ÏyË#Ñ
Û7È^Ó�ËÅ�-TÝ�Å7Ó�Û7Å�È@þ$.+â�Å7È^ÉÅ7ÐÀñ�æ ó æ
à ���^áF�Lâ�ã	ä�ã��LåsÔ\���!� � 1719B0?@4�8	�e<,8�8	�54j6 ��� �,�	8;� ��� 1 � �%¢!�54 � :A49?²®  	¯ � � >·� � < � � ���B0:�8	�549:�? � :A4 � 8	�e<,8 {Xt}

��1[� � ��<h698\<G¡\æ9���(2L: � 6747171   ¢!�54 �o� 8	�549:A4V4=�b��198	1V<$��B � 698;� ���
Q : [x∗,∞) → R

19B567�i8	�e<,8C8	�54���<,>£B54F��B � 698;� ���
V
� � �iñ�æ ñg�G1�<,8;��1���471

V (x) = Ex (Q(Mr) ; Mr ≥ x∗) , x ≤ x∗.

¥[: ��� �   .+â�Å°Ù@Å¿Æ ÏyÓ�Ô^ÉÅ7Ê�ÏyÅ7ÓGÎ%È@þqÎMâ�Å�Í�ÉÈ5È@þqÏyË�þvÈ^ÉÐ·Ý�Ò®Ñ��ví�æ ñg�\Ö+ÎMâ�ÑaÎ%Û�Ñ@Ó Õ�Å°Ñ@ÒyËÈÇ,ÉÏVÎÎMÅ7Ó�Ñ@Ë
Xτ(r) = Mr + Ĩr

�ví�æ ëg�
Ç,â�Å7ÉÅ

Mr
Ñ@Ó�Ê

Ĩr = Xτ(r) −Mr
Ñ@ÉÅ_� � �h43254 � �h4 � 8zÉMÑ@Ó�Ê�È^Ð Ú@Ñ@ÉÏ®Ñ@Õ�ÒyÅ7Ë7Ö

Mr
Ô^ÏVÚ^Å7Ó

ÏyÓn�ví�æÃïb�sÖ|Ñ@Ó�Ê
Ĩr
Ç,ÏVÎMâ)ÎMâ�ÅqËMÑ@Ð�Å0Ê�ÏyË�ÎMÉÏyÕ�Ý�ÎMÏyÈ^Ó�Ñ@Ë

Ir
ÏyÓn�ví�æÃïb�sæ

'�ÉÈ^Ð ÎMâ�ÅqÊ�Å¿ê�Ó�ÏVÎMÏyÈ^Ó�È@þ3ÎMâ�Å�à0ÉÅ7Å7Ó�Ù@Å7ÉÓ�Å7Ò���ï5æ ó �sÖ�ÏVÎ+ÏyË+Û7ÒyÅ�Ñ@É#ÎMâ�ÑaÎ
rGr(x, dy) = Px(Xτ(r) ∈ dy),

ó ï



Ñ@Ó�Ê�Ö�ÏyÓ%Ú5ÏyÅ¿Ç È@þ��ví�æ ëg�\Ö�Ñ@ËËÝ�Ð�ÏyÓ�Ô±ÎMâ�ÑaÎ
Mr
Ñ@Ó�Ê

Ir
â�Ñ�Ú^ÅcÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^ÅcÊ�Å7Ó�ËÏVÎMÏyÅ7Ë

fMÑ@Ó�Ê
fI
�vÈ^Ó�ÒVÆrþvÈ^É+ËÏyÐ�Í�ÒyÏyÛ7ÏVÎPÆ�È@þ-Å�
�Í�È^ËÏVÎMÏyÈ^Ó^�\Ö5ÇzÅcÈ^Õ�ÎsÑ@ÏyÓ%ÎMâ�ÑaÎ

rGr(x, y) =





∫ y−x

−∞
fI(t)fM(y − x− t)dt,

ÏVþ
y − x < 0,

∫ ∞

y−x
fM(t)fI(y − x− t)dt,

ÏVþ
y − x > 0.

�ví�æÃòb�

�¾þ�ÇzÅ�Í�ÒyÝ�Ô^Ô�ÏyÓ�ÎMâ�ÏyË,þvÈ^ÉÐ·Ý�Ò®Ñ·þvÈ^É+ÎMâ�Å±à0ÉÅ7Å7ÓØÙ@Å7ÉÓ�Å7Ò3ÏyÓ��iñ�æ ñg�\Ö�Ç,â�Å7Ó
x < x∗

Ö�Ñ@Ó�Ê�Ö
ÏyÓ�Û7È^Ó�ËÅ�-TÝ�Å7Ó�Û7Å@Ö|Ç,ÏVÎMâ

y > x
Ö�ÇzÅqÈ^Õ�ÎsÑ@ÏyÓ

V (x) =

∫ ∞

x∗
Gr(x, y)σ(dy)

= r−1

∫ ∞

x∗

[∫ ∞

y−x

fM(t)fI(y − x− t)dt

]
σ(dy)

= r−1

∫ ∞

x∗−x

fM(t)

[∫ x+t

x∗
fI(y − x− t)σ(dy)

]
dt

=

∫ ∞

x∗−x

fM(t)Q(x + t)dt = Ex (Q(Mr) ; Mr ≥ x∗) ,

Ç,â�Å7ÉÅ@Ö�þvÈ^É
z ≥ x∗
Ö�ÇzÅqÊ�Å7Ó�È@ÎMÅ

Q(z) = r−1

∫ z

x∗
fI(y − z)σ(dy).

�ví�æ & �
.+â�ÏyË+Û7È^Ó�Û7ÒyÝ�Ê�Å7Ë,ÎMâ�ÅqÍ�ÉÈ5È@þOæ
.+â�Å�þvÈ^ÒyÒyÈ9Ç,ÏyÓ�ÔqÉÅ7ËÝ�ÒVÎMËEÝ�ËÅ7Ë�.+â�Å7È^ÉÅ7Ð ñ�æ ñqÎMÈ�Í�ÉÈ9Ú5ÏyÊ�ÅlÑcÉÅ7Í�ÉÅ7ËÅ7ÓGÎsÑaÎMÏyÈ^Ó%È@þ<ÎMâ�Å

Ú@Ñ@ÒyÝ�Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó�ÏyÓ�ÎMÅ7ÉÐ�Ë,È@þ-Õ�È@ÎMâ�ÎMâ�ÅcËÝ�Í�ÉÅ7Ð·Ý�ÐÀÑ@Ó�Ê�ÎMâ�ÅqÏyÓ�ê�Ð·Ý�Ð È@þ-ÎMâ�ÅcÞBß¿ÚTÆ
Í�ÉÈ5Û7Å7ËË7æ
à ���^áF�Lâ�ã	ä�ã��LåMÔ\��Ô\� � 1719B0?@4G8	�e<,8d8	�546 ��� �,�	8;� ��� 1 � ��¢!�54 � :A49?s®   ®a� � >·� � < � ��8	�e<,8
{Xt}

��1�<_¡\æ9���2L: � 6747171   ¢!�54 �o� 8	�549:A4�4=�b��198C8;� � ��B � 698;� ��� 1
Q∗ : (−∞, x∗] → R, Q∗ : [x∗,∞) → R

19B567�T8	�e<,8[8	�54a��<,>£B54(��B � 698;� ���
V
� � �iñ�æ ñg�G1�<,8;��1���471

V (x) = Ex (Q∗(Ir) ; Ir ≤ x∗) + Ex (Q∗(Mr) ; Mr ≥ x∗) , x∗ ≤ x ≤ x∗.

ó ñ



¥[: ��� �   .+â�Å0Í�ÉÈ5È@þ�Û7È^Ó�ËÏyË�Î,ÏyÓ%ÉÅ¿Ç,ÉÏVÎMÏyÓ�Ô·Å�Ñ@Ûsâ�ËÝ�Ð�ÐrÑ@Ó�Ê%ÏyÓj�iñ�æ ñg��ÏyÓ%ÎMÅ7ÉÐ�Ë#È@þBÎMâ�ÅÐrÑ�
�ÏyÐ·Ý�Ð Ñ@Ó�Ê�ÏyÓ�ê�Ð·Ý�Ð È@þ�ÎMâ�Å�Í�ÉÈ5Û7Å7ËË7Ö�ÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^Å7ÒVÆ^æ(.+â�Å0ËÅ7Û7È^Ó�Ê�ÏyÊ�Å7ÓGÎMÏVÎPÆrâ�Ñ@Ë
Õ�Å7Å7Ó�È^Õ�ÎsÑ@ÏyÓ�Å7Ê�ÏyÓiH�ÉÈ^Í�È^ËÏVÎMÏyÈ^Ó)í�æ ñ�Ö�Ñ@Ó�Ê�Ë�ÎsÑaÎMÅ7Ë��ªÇ,ÏVÎMâ

Q∗ ÏyÓ�Ë�ÎMÅ�Ñ@Ê�È@þ Q �\Ö�ÎMâ�ÑaÎ
∫

[x∗,∞)

Gr(x, y)σ(dy) = Ex (Q∗(Mr) ; Mr ≥ x∗) ,

Ç,â�Å7ÉÅ
Q∗ ÏyËzÊ�Å¿ê�Ó�Å7Ê)ÏyÓM�ví�æ & �\æ/.+â�Ålê�ÉË�Î+È^Ó�ÅlÏyËEÈ^Õ�ÎsÑ@ÏyÓ�Å7ÊrþvÉÈ^Ð ÎMâ�ÏyËzÒ®Ñ@Ë�ÎzÅ�-TÝ�Ñ@ÒyÏVÎPÆ

Û7È^Ó�ËÏyÊ�Å7ÉÏyÓ�Ô±ÎMâ�ÅqÊ�Ý�Ñ@ÒBÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËË
X̂
Ö�Ñ@Ë+þvÈ^ÒyÒyÈ9Ç,Ë7Ì

∫

(−∞,x∗]

Gr(x, y)σ(dy) =

∫

[−x∗,∞)

Ĝr(−x, y)σ(−dy)

= Ê−x

(
Q̂∗(M̂r) ; M̂r ≥ −x∗

)
= Ex (Q∗(Ir) ; Ir ≤ x∗) ,

Ç,â�Å7ÉÅ

Q∗(z) = Q̂∗(−z) = r−1

∫ −z

−x∗

fbI(y + z)σ(−dy) = r−1

∫ x∗

z

fM(y − z)σ(dy),

Ñ@Ó�Ê)ÎMâ�ÅqÍ�ÉÈ5È@þ-ÏyË+Û7È^Ð�Í�ÒyÅ¿ÎMÅ@æ

ç è ü�S�U]PéU�÷3û�ú"À
ê ÅyÆ ë±ÌeÍ\ìuíGîDï(ífðñÍ/òoîDÍ(íóìuîÕòoôzÏmõ�Ë�Í(íGÏ]íCòoîDï(ö�÷høcð¦ËcÐ
Ü�Å7ÉÅ�ÇzÅqÏyÒyÒyÝ�Ë�ÎMÉMÑaÎMÅ,ÎMâ�ÅcÑ@ËËÝ�Ð�Í�ÎMÏyÈ^Ó�Ë#ÐrÑ@Ê�Å�ÏyÓ�è5Å7Û¿ÎMÏyÈ^ÓØï·Ñ@Ó�Ê�Ö�ÏyÓ)Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É7ÖTÎMâ�Å
Û7È^Ó�Û7Å7Í�ÎzÈ@þBà0ÉÅ7Å7Ó�Ù@Å7ÉÓ�Å7Ò�ÕGÆ·ÎsÑ@ÙTÏyÓ�Ô

X
ÎMÈqÕ�Å�Ñ� zÉÈ9Ç,Ó�Ï®Ñ@Ó�Ð�È@ÎMÏyÈ^Ó�Ç,ÏVÎMâ�Ê�ÉÏVþªÎEÑ@Ó�Ê

Û7È^Ð�Í�È^Ý�Ó�Ê�Å7Ê)Ç,ÏVÎMâ�ÎPÇzÈ��PËÏyÊ�Å7Ê�Å�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@ÒyÒVÆrÊ�ÏyË�ÎMÉÏyÕ�Ý�ÎMÅ7Ê�ãÝ�Ð�Í�Ë7æ
.3È)ÏyÓGÎMÉÈ5Ê�Ý�Û7Å

X
Ö<Û7È^Ó�ËÏyÊ�Å7É0ÑrË�ÎsÑ@Ó�Ê�Ñ@ÉÊ�� ÏyÅ7Ó�Å7É�Í�ÉÈ5Û7Å7ËË

W = {Wt : t ≥ 0} Ö
Nλ = {Nλ

t : t ≥ 0} Ñ@Ó�Ê Nµ = {Nµ
t : t ≥ 0} ÎPÇzÈuH3È^ÏyËËÈ^Ó;Í�ÉÈ5Û7Å7ËËÅ7Ë%Ç,ÏVÎMâÏyÓGÎMÅ7Ó�ËÏVÎMÏyÅ7Ë

λ
Ñ@Ó�Ê

µ
Ö�ÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^Å7ÒVÆ^Ö

Y α = {Y α
i : i = 1, 2, . . . } Ñ@Ó�Ê Y β = {Y β

i :
i = 1, 2, . . . } ÎPÇzÈqËÅ�-TÝ�Å7Ó�Û7Å7ËzÈ@þ�ÏyÓ�Ê�Å7Í�Å7Ó�Ê�Å7ÓGÎEÅ�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@ÒyÒVÆcÊ�ÏyË�ÎMÉÏyÕ�Ý�ÎMÅ7Ê�ÉMÑ@Ó�Ê�È^ÐÚ@Ñ@ÉÏ®Ñ@Õ�ÒyÅ7Ë�Ç,ÏVÎMâ½Í�Ñ@ÉMÑ@Ð�Å¿ÎMÅ7ÉË

α
Ñ@Ó�Ê

β
Ö3ÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^Å7ÒVÆ^æØ×�È^ÉÅ7È9Ú^Å7É7Ö

W,Nλ, Nµ, Y αÑ@Ó�Ê
Y β Ñ@ÉÅ Ñ@ËËÝ�Ð�Å7Ê ÎMÈ�Õ�Å�ÏyÓ�Ê�Å7Í�Å7Ó�Ê�Å7ÓGÎ�æ¦.+â�Å°Í�ÉÈ5Û7Å7ËË X = {Xt}

ÏyË%Ó�È9Ç
Ê�Å¿ê�Ó�Å7Ê�Ú5Ï®Ñ

Xt = at + bWt +

Nλ
t∑

i=1

Y α
i −

Nµ
t∑

i=1

Y β
i ,

��ð5æ ó �

ó í



Ç,â�Å7ÉÅ
a
Ñ@Ó�Ê

b ≥ 0
Ñ@ÉÅqÉÅ�Ñ@ÒBÍ�Ñ@ÉMÑ@Ð�Å¿ÎMÅ7ÉË7æEézÒyÅ�Ñ@ÉÒVÆ^Ö

X
ÏyË,Ñ�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËË�Ñ@Ó�Ê�ÏVÎMË

ÞBß¿ÚTÆg�OÄ0â�ÏyÓGÎMÛsâ�ÏyÓ�ÅqÉÅ7Í�ÉÅ7ËÅ7ÓGÎsÑaÎMÏyÈ^Ó�ÏyË+Ô^ÏVÚ^Å7Ó�ÕGÆ
E (exp(z Xt)) = exp(t ψ(z))

��ð5æÃïb�
Ç,ÏVÎMâ

ψ(z) = az +
1

2
b2z2 + λ

z

α− z
− µ

z

β + z
.

��ð5æ ñg�
�¾Î+ÏyËzÅ7Ó�È^Ý�Ô^â)þvÈ^ÉzÈ^Ý�É#Í�Ý�ÉÍ�È^ËÅ7Ë#ÎMÈ·ÎsÑ@Ù@Å0â�Å7ÉÅ7ÕGÆ

z
ÉÅ�Ñ@Ò�Ö�Ñ@Ó�Ê%ÎMâ�Å7Ó)ÎMâ�Å�ÉÅ7Í�ÉÅ7ËÅ7ÓGÎsÑ��

ÎMÏyÈ^Ó)ÏyÓn��ð5æÃïb�zâ�È^ÒyÊ�Ë#þvÈ^É
z ∈ (−β, α)

æ
#�Å�
5Î#ÇzÅlÛ7È^Ð�Í�Ý�ÎMÅ�ÎMâ�Å0à0ÉÅ7Å7Ó%Ù@Å7ÉÓ�Å7Ò<È@þ

X
Ç,â�Å7Ó)Ñ@ÒyÒ�ÎMâ�ÅlÍ�Ñ@ÉMÑ@Ð�Å¿ÎMÅ7ÉËEÏyÓM��ð5æ ñg�

Ñ@ÉÅ#Í�È^ËÏVÎMÏVÚ^Å@æ$�¾Î�ÏyË�Å�Ñ@ËÏyÒVÆ�ËÅ7Å7Ó�ÎMâ�ÑaÎ�þvÈ^É
r ≥ 0
ÎMâ�Å#Å�-TÝ�ÑaÎMÏyÈ^Ó

ψ(z) = r
â�Ñ@Ë�Å�
�Ñ@Û¿ÎMÒVÆ

þvÈ^Ý�É+ËÈ^ÒyÝ�ÎMÏyÈ^Ó�Ë
ρk, k = 1, 2, 3, 4.

.+â�Å7ËÅcËMÑaÎMÏyË�þªÆ
ρ1 < −β < ρ2 ≤ 0 < ρ3 < α < ρ4

��ð5æ íh�
Ñ@Ó�Ê

ψ′(ρ1) < 0, ψ′(ρ2) < 0, ψ′(ρ3) > 0, ψ′(ρ4) > 0.
��ð5æÃðb�

#�È@ÎMÏyÛ7Å�ÎMâ�ÑaÎ
ρ2 = 0

ÏVþ�Ñ@Ó�Ê%È^Ó�ÒVÆ�ÏVþ
r = 0,
ÏyÓrÇ,â�ÏyÛsâ%Û�Ñ@ËÅ0ÏVÎzÏyË#Ñ@ËËÝ�Ð�Å7Ê

ψ′(0) < 0ÏyÐ�Í�ÒVÆ5ÏyÓ�Ô
lim
t→∞

Xt = −∞ a.s.

k�ËÏyÓ�Ô�ÎMâ�ÅEÔ^Å7Ó�Å7ÉMÑ@Ò5Ê�Å¿ê�Ó�ÏVÎMÏyÈ^ÓcÈ@þ�ÎMâ�ÅzÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ�Ö^ËÅ7Åa��ï5æ ó �\ÖKÇzÅ#â�Ñ�Ú^ÅEþvÈ^É
z ∈ (ρ2, ρ3)

∫ ∞

−∞

ez xGr(0, dx) =

∫ ∞

0

dt e−rt E (exp(z Xt)) =
1

r − ψ(z)

=
ψ′(ρ1)

−1

ρ1 − z
+
ψ′(ρ2)

−1

ρ2 − z
+
ψ′(ρ3)

−1

ρ3 − z
+
ψ′(ρ4)

−1

ρ4 − z
.

ézÈ^Ó�ËÅ�-TÝ�Å7ÓGÎMÒVÆ^Ö|ÏyÓGÚ^Å7É�ÎMÏyÓ�Ô±ÎMâ�ÅqÉÏyÔ^âGÎ,â�Ñ@Ó�Ê�ËÏyÊ�Å0Æ5ÏyÅ7ÒyÊ�Ë

Gr(0, dx) =

{
−ψ′(ρ1)

−1e−ρ1xdx− ψ′(ρ2)
−1e−ρ2xdx, x < 0,

ψ′(ρ3)
−1e−ρ3xdx+ ψ′(ρ4)

−1e−ρ4xdx, x > 0.

��ð5æ ëg�

Ñ@Ó�Ê�Ö<â�Å7Ó�Û7Å@Ö�ÎMâ�Å·ÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ0ÏyË�Ñ@Õ�ËÈ^ÒyÝ�ÎMÅ7ÒVÆ�Û7È^ÓGÎMÏyÓTÝ�È^Ý�ËlÇ,ÏVÎMâ�ÉÅ7ËÍ�Å7Û¿Î0ÎMÈ)ÞBÅ7Õ�Å7ËÔ^Ý�Å
Ð�Å�Ñ@ËÝ�ÉÅ@æd� ÏVÎMâ�ËÒyÏyÔ^âGÎ�Ñ@Õ�Ý�ËÅ#È@þ|Ó�È@ÎsÑaÎMÏyÈ^Ó�ÖKÇzÅ#ÒyÅ¿Î

Gr(0, x)
Ê�Å7Ó�È@ÎMÅ+Ñ@ÒyËÈ�ÎMâ�Å+à0ÉÅ7Å7Ó

Ù@Å7ÉÓ�Å7Ò�Ö�Ï�æ Å@æVÖ+ÎMâ�Å�Ê�Å7Ó�ËÏVÎPÆ È@þ0ÎMâ�Å�ÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ
Gr
Ç,ÏVÎMâ ÉÅ7ËÍ�Å7Û¿Î�ÎMÈ½ÎMâ�Å°ÞBÅ7Õ�Å7ËÔ^Ý�Å

Ð�Å�Ñ@ËÝ�ÉÅ@æZ'�ÉÈ^Ð ÎMâ�Å¶ËÍ�ÑaÎMÏ®Ñ@Ò�â�È^Ð�È^Ô^Å7Ó�ÏyÅ¿ÎPÆ È@þ
X
ÏVÎ%þvÈ^ÒyÒyÈ9Ç,Ë%ÎMâ�ÑaÎ

Gr(x, 0) =
Gr(0,−x).

ó ð



.+â�Å�Ñ@Õ�ËÈ^ÒyÝ�ÎMÅ·Û7È^ÓGÎMÏyÓTÝ�ÏVÎPÆØÈ@þ�ÎMâ�Å±ÉÅ7ËÈ^ÒVÚ^Å7ÓGÎqÛ�Ñ@Ó Ñ@ÒVÎMÅ7ÉÓ�ÑaÎMÏVÚ^Å7ÒVÆ�Õ�Å�Ú^Å7ÉÏVê�Å7Ê ÕGÆ
Ûsâ�Å7ÛsÙTÏyÓ�Ô±ÎMâ�ÑaÎ#ÎMâ�Å0Û7È^Ó�Ê�ÏVÎMÏyÈ^ÓM�vÏyÏ	��ÏyÓJ.+â�Å7È^ÉÅ7Ðx�=�sæÃð5æ ó ë·ÏyÓJ zÅ7É�ÎMÈ^ÏyÓM� ó ��â�È^ÒyÊ�Ë�æ/�½Å
ÉÅ7Û�Ñ@ÒyÒ,Ñ@ÒyËÈ°ÎMâ�Å�Ô^Å7Ó�Å7ÉMÑ@Ò,ÉÅ7ËÝ�ÒVÎM�vËÅ7Ån� ó ��Í�æ ï^ðb��Ç,â�ÏyÛsâ�ËMÑ�Æ5Ë�ÎMâ�ÑaÎ�ÎMâ�ÅØÑ@Õ�ËÈ^ÒyÝ�ÎMÅ
Û7È^ÓGÎMÏyÓTÝ�ÏVÎPÆ)È@þ-ÎMâ�ÅcÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ�ÏyË,Å�-TÝ�ÏVÚ@Ñ@ÒyÅ7ÓGÎ,Ç,ÏVÎMâ�ÎMâ�ÅcÍ�ÉÈ^Í�Å7É�ÎPÆ)ÎMâ�ÑaÎ

x 7→ Grf(x)ÏyË+Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë+þvÈ^É,Ñ@ÒyÒ<Å7ËËÅ7ÓGÎMÏ®Ñ@ÒyÒVÆ)Õ�È^Ý�Ó�Ê�Å7Ê�Ð�Å�Ñ@ËÝ�ÉMÑ@Õ�ÒyÅ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó�Ë
f.ç ËcÇzÅ%â�Ñ�Ú^Å%Ó�È@ÎMÏyÛ7Å7Ê�Ö-ÎMâ�ÅrÍ�ÉÈ5Û7Å7ËË

X̂ = {−Xt}
ÐrÑ�Æ¶Õ�Å�Ú5ÏyÅ¿ÇzÅ7Ê�Ñ@Ë·Ñ�Ê�Ý�Ñ@Ò

Í�ÉÈ5Û7Å7ËË�Ñ@ËËÈ5Û7Ï®ÑaÎMÅ7Ê;Ç,ÏVÎMâ
X.
ÞBÅ¿Î

Ĝr
Ê�Å7Ó�È@ÎMÅ°ÎMâ�Å�ÉÅ7ËÈ^ÒVÚ^Å7ÓGÎ�È@þ

X̂
æ�.+â�Å7Ó;ÎMâ�Å

Ê�Ý�Ñ@ÒyÏVÎPÆrÉÅ7Ò®ÑaÎMÏyÈ^Ó�Ëâ�ÏyÍ
∫
dx f(x)Grg(x) =

∫
dx Ĝrf(x) g(x)

â�È^ÒyÊ�ËEÎMâ�Å�Ê�Ý�Ñ@ÒyÏVÎPÆ�Ð�Å�Ñ@ËÝ�ÉÅ�Õ�Å7ÏyÓ�ÔcÎMâ�Å0ÞBÅ7Õ�Å7ËÔ^Ý�Å0Ð�Å�Ñ@ËÝ�ÉÅ@æF.+â�Åcà0ÉÅ7Å7Ó)Ù@Å7ÉÓ�Å7Ò�È@þ
ÎMâ�ÅqÊ�Ý�Ñ@Ò�Í�ÉÈ5Û7Å7ËË�ÏyË+Ô^ÏVÚ^Å7Ó�ÕGÆ

Ĝr(x, y) = Gr(y, x).#�È@ÎMÏyÛ7Å�ÎMâ�ÑaÎ�ÎMâ�ÅrÚ@Ñ@ÒyÝ�ÅrÈ@þ
x 7→ Gr(0, x)

ÑaÎ±ìØÏyË�Ûsâ�È^ËÅ7Ó�ËÈ�ÎMâ�ÑaÎ�ÎMâ�Å%ÉÅ7ËÝ�ÒVÎMÏyÓ�Ô
þvÝ�Ó�Û¿ÎMÏyÈ^Ó�ÏyË�ÒyÈ9ÇzÅ7É�ËÅ7Ð�Ï��PÛ7È^ÓGÎMÏyÓTÝ�È^Ý�ËG�vËÏyÓ�Û7Å+ÎMâ�Ålà0ÉÅ7Å7Ó�Ù@Å7ÉÓ�Å7Ò|Ç,â�Å7ÓrÛ7È^Ó�ËÏyÊ�Å7ÉÅ7ÊrÑ@Ë
Ñ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó)È@þ�ÎMâ�Å0ËÅ7Û7È^Ó�Ê�Ñ@ÉÔ^Ý�Ð�Å7ÓGÎ+Ëâ�È^Ý�ÒyÊ)Õ�Å0Å�
�Û7Å7ËËÏVÚ^ÅqþvÈ^ÉzÎMâ�Å0Ê�Ý�Ñ@Ò<Í�ÉÈ5Û7Å7ËË7�\æ
.3È�Û7È^Ó�Û7ÒyÝ�Ê�Å°ÎMâ�Å Ñ@Õ�È9Ú^Å Ê�ÏyËÛ7Ý�ËËÏyÈ^Ó�Ö�ÇzÅ â�Ñ�Ú^Å°Ú^Å7ÉÏVê�Å7Ê Ü,Æ5Í�È@ÎMâ�Å7ËÏyËn�; ���ÏyÓ

� ó^ó ��Ö�ÎMâ�ÑaÎ+ÏyË7Ö
(h1), (h2)

Ñ@Ó�Ê
(h3)
ÏyÓ�è5Å7Û¿ÎMÏyÈ^Ó�ï�Ñ@ÉÅlþvÝ�ÒyÒVê�ÒyÒyÅ7Ê�æ�ézÈ^Ó�ËÅ�-TÝ�Å7ÓGÎMÒVÆ^Ö�Ñ@ÒyËÈ

(p1), (p2)
Ñ@Ó�Ê

(p3)
ÏyÓ è5Å7Û¿ÎMÏyÈ^Ó¶ï%Ñ@ÉÅcÚ@Ñ@ÒyÏyÊ�Ñ@Ó�Ê�ÎMâ�Å�ä,ÏyÅ7Ëå�Ê�Å7Û7È^Ð�Í�È^ËÏVÎMÏyÈ^Ó���ï5æÃïb�

â�È^ÒyÊ�Ë7æ·×�È^ÉÅ7È9Ú^Å7É7Ö3ÏVÎ�Û�Ñ@Ó Õ�Å±Í�ÉÈ9Ú^Å7Ê�Ö�Å@æ Ô�æ·Ý�ËÏyÓ�Ô%ÎMâ�Å�×ØÑ@É�ÎMÏyÓ°Õ�È^Ý�Ó�Ê�Ñ@É�ÆØÎMâ�Å7È^É�Æ^Ö
Ñ@Ë0Í�ÉÅ7ËÅ7ÓGÎMÅ7Ê ÏyÓ%� ó^ó ��ÖBÎMâ�ÑaÎ0ÎMâ�Å�â�Ñ@ÉÐ�È^Ó�ÏyÛ�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

hr
Ñ@Í�Í�Å�Ñ@ÉÏyÓ�Ô�ÏyÓ%��ï5æÃïb�lÏyË0È@þ

ÎMâ�Å0þvÈ^ÉÐ
hr(x) = c1 e ρ2x + c2 e ρ3x,Ç,â�Å7ÉÅ

c1
Ñ@Ó�Ê

c2
Ñ@ÉÅqÓ�È^Ó0�PÓ�Å7ÔGÑaÎMÏVÚ^Å0Û7È^Ó�Ë�ÎsÑ@ÓGÎMË7æ

�¾Î�ÏyËcÏyÓGÎMÅ7ÉÅ7Ë�ÎMÏyÓ�Ô�ÎMÈ�Ó�È@ÎMÅ�ÎMâ�ÑaÎqÇ,â�Å7Ó�Ð·Ý�ÒVÎMÏyÍ�ÒVÆ5ÏyÓ�Ô%Õ�È@ÎMâ½ËÏyÊ�Å7Ë�È@þ@��ð5æ ëg�0ÕGÆ
zÑ@Ó�Ê�ÒyÅ¿ÎÎMÏyÓ�Ô

z → ∞ ÇzÅcÈ^Õ�ÎsÑ@ÏyÓ�Ö�ÏyÓ�Û�Ñ@ËÅ b > 0
�vÛ¿þOæG��ð5æ ñg�=�\Ö

1

ψ′(ρ1)
+

1

ψ′(ρ2)
+

1

ψ′(ρ3)
+

1

ψ′(ρ4)
= 0,

Ç,â�ÏyÛsâ;ÏyÐ�Í�ÒyÏyÅ7Ë±ÎMâ�ÑaÎ%ÎMâ�Å à0ÉÅ7Å7Ó;Ù@Å7ÉÓ�Å7Ò�ÏyËrÛ7È^ÓGÎMÏyÓTÝ�È^Ý�Ë�ÑaÎ
x = 0
æ� zÝ�Î�Ö+Ç,â�Å7Ó

b = 0
Ö�ÎMâ�Å�à0ÉÅ7Å7Ó Ù@Å7ÉÓ�Å7Ò�ÐrÑ�ÆØÕ�Å±Ê�ÏyËÛ7È^ÓGÎMÏyÓTÝ�È^Ý�Ë7æ�.+â�ÏyË0â�Ñ@Í�Í�Å7Ó�Ë7ÖBþvÈ^É�ÏyÓ�Ë�ÎsÑ@Ó�Û7Å@Ö

Ç,â�Å7Ó
X
ÏyË�Ñ�Û7È^Ð�Í�È^Ý�Ó�Ê_H3È^ÏyËËÈ^Ó�Í�ÉÈ5Û7Å7ËË�Ç,ÏVÎMâ±Ó�Å7ÔGÑaÎMÏVÚ^Å#Ê�ÉÏVþªÎ�Ñ@Ó�Ê�Å�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@ÒyÒVÆ

Ê�ÏyË�ÎMÉÏyÕ�Ý�ÎMÅ7Ê�Í�È^ËÏVÎMÏVÚ^Å+ãÝ�Ð�Í�Ë7æ�×�È^ÉÅ·Í�ÉÅ7Û7ÏyËÅ7ÒVÆ^Ö<ÎsÑ@ÙTÏyÓ�Ô
b = µ = 0

ÖBÑ@Ó�Ê
a < 0
ÏyÓ

��ð5æ ó �EÎMâ�ÅqÛsâ�Ñ@ÉMÑ@Û¿ÎMÅ7ÉÏyË�ÎMÏyÛ0Å�
�Í�È^Ó�Å7ÓGÎlÉÅ7Ê�Ý�Û7Å7Ë,ÎMÈ
ψ(z) = az + λ

z

α− z
.

ó ë



#�È9Ç ÎMâ�Å7ÉÅcÑ@ÉÅqÈ^Ó�ÒVÆrÎPÇzÈ�ÉÈ5È@ÎMË
ρ1
Ñ@Ó�Ê

ρ2
Ñ@Ó�Ê�ÎMâ�Å7ËÅcËMÑaÎMÏyË�þªÆ

ρ1 ≤ 0 < ρ2.

ézÈ^Ó�ËÅ�-TÝ�Å7ÓGÎMÒVÆ^Ö
1

r − ψ(z)
=
ψ′(ρ1)

−1

ρ1 − z
+
ψ′(ρ2)

−1

ρ2 − z
,

��ð5æÃòb�
Ñ@Ó�Ê)ÇzÅcâ�Ñ�Ú^ÅqÎMâ�Å�à0ÉÅ7Å7Ó�Ù@Å7ÉÓ�Å7Ò

Gr(0, x) =

{
−ψ′(ρ1)

−1 e−ρ1x, x < 0,

ψ′(ρ2)
−1e−ρ2x, x ≥ 0.

��ð5æ & �

'�ÉÈ^Ð³��ð5æÃòb�zÏVÎ+ÏyË+ËÅ7Å7Ó�ÎMâ�ÑaÎ

ψ′(ρ1)
−1 + ψ′(ρ2)

−1 =
1

a
,

Ñ@Ó�Ê�Ö-â�Å7Ó�Û7Å@Ö
x 7→ Gr(0, x)

ÏyËqÊ�ÏyËÛ7È^ÓGÎMÏyÓTÝ�È^Ý�Ë·ÑaÎ·ì��vÕ�Ý�Î�ÒyÈ9ÇzÅ7ÉcËÅ7Ð�Ï��PÛ7È^ÓGÎMÏyÓTÝ�È^Ý�Ë
ËÏyÓ�Û7Å

a < 0
ÏyÐ�Í�ÒyÏyÅ7Ë −ψ′(ρ1) < ψ′(ρ2)

�\æ
ê ÅÞù ú�Ë¶òoîyðñï(öÐgòoÍFËGËcîDíGû�Í(ü�ËGÌeÍ�ÎmÏ]Ð0Ð0Ï]Ð�ìuîÕòoôsò,ìjÍ�Ð0îDýGÏ]ýZÏmõ�Ë�Í$þ

íGÏ]íCòoîDï(ö"ÿ�ÌeÏ]Ï]í��(Ï!ÌeíGÏ]ö
�½ÅzÛ7È^Ó�ËÏyÊ�Å7É-â�Å7ÉÅ#Ñ�ËÝ�Õ�Û7Ò®Ñ@ËË-È@þ|Í�ÉÈ5Û7Å7ËËÅ7Ë�ÏyÓGÎMÉÈ5Ê�Ý�Û7Å7Ê·ÏyÓ±è5Å7Û¿ÎMÏyÈ^Ó±ð5æ ó ÎMâ�Å#Ñ@ÏyÐ Õ�Å��
ÏyÓ�Ô0ÎMÈ·Ñ@Í�Í�ÒVÆ±ÉÅ7ËÝ�ÒVÎMËEÏyÓ_.+â�Å7È^ÉÅ7Ð ñ�æ ó Ñ@Ó�Ê%ñ�æ ñ�æ/�PÓ�Ê�Å7Å7Ê�Ö�ÒyÅ¿Î

X
Õ�Å�Ñ�ÞBß¿ÚTÆ�Í�ÉÈ5Û7Å7ËË

â�Ñ�Ú5ÏyÓ�Ô�Ñ�à0ÉÅ7Å7Ó�Ù@Å7ÉÓ�Å7ÒBÇ,ÏVÎMâ)ÎMâ�Å0þvÈ^ÒyÒyÈ9Ç,ÏyÓ�Ô·ËÏyÐ�Í�ÒyÅ�Å�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@ÒBË�ÎMÉÝ�Û¿ÎMÝ�ÉÅ@Ì

Gr(x) := Gr(0, x) =

{
−A1 e−ρ1 x, x < 0,

A2 e−ρ2 x, x ≥ 0,

��ð5æ *g�

Ç,â�Å7ÉÅ
ρ1,2
Ñ@ÉÅ0ÎMâ�ÅcÉÈ5È@ÎMË+È@þ3ÎMâ�ÅcÅ�-TÝ�ÑaÎMÏyÈ^Ó

ψ(z) = r
ËÝ�Ûsâ�ÎMâ�ÑaÎ

ρ1 ≤ 0 < ρ2
Ñ@Ó�Ê

A1,2 = 1/ψ′(ρ1,2).
�PÓ�ÎMâ�Å±Û�Ñ@ËÅ

r = 0
ÏVÎ�ÏyË�Ñ@ËËÝ�Ð�Å7Ê°ÎMâ�ÑaÎ�ÎMâ�Å·Í�ÉÈ5Û7Å7ËËqÊ�ÉÏVþªÎMË�ÎMÈ

−∞ Ñ@Ó�Ê�Ö�â�Å7Ó�Û7Å@Ö�ÇzÅcâ�Ñ�Ú^Å ρ1 = 0..+â�Å%à0ÉÅ7Å7Ó¶Ù@Å7ÉÓ�Å7Ò�È@þzþvÈ^ÉÐ´��ð5æ *g�0Ñ@Í�Í�Å�Ñ@ÉËqÏyÓ°ÎPÇzÈ�Õ�Ñ@ËÏyÛ�Û�Ñ@ËÅ7ËqÇ,â�ÏyÛsâ�Ö3Ý�ËÏyÓ�Ô
ÎMâ�ÅqÓ�È@ÎsÑaÎMÏyÈ^Ó)ÏyÓn��ð5æÃïb�#Ñ@Ó�Ên��ð5æ ñg�\Ö�Ñ@ÉÅ@Ì
• � ÏyÅ7Ó�Å7É,Í�ÉÈ5Û7Å7ËË,Ç,ÏVÎMâ�Ê�ÉÏVþªÎ�Ö�Ï�æ Å@æVÖ

b > 0, λ = µ = 0,

• Û7È^Ð�Í�È^Ý�Ó�ÊTH3È^ÏyËËÈ^Ó�Í�ÉÈ5Û7Å7ËË#Ç,ÏVÎMâ)Ó�Å7ÔGÑaÎMÏVÚ^Å�Ê�ÉÏVþªÎ+Ñ@Ó�Ê)Í�È^ËÏVÎMÏVÚ^ÅlÅ�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@ÒãÝ�Ð�Í�Ë7Ö�Ï�æ Å@æVÖ
a < 0, b = 0, λ > 0

Ñ@Ó�Ê
µ = 0.

ó ò



.+â�Å�Í�È^ÏyÓGÎ0ÇzÅ�Ç#Ñ@ÓGÎcÎMÈ�ÐrÑ@Ù@Å�â�Å7ÉÅ�ÏyË0ÎMâ�ÑaÎcÈ^Ý�ÉcÑ@Í�Í�ÉÈGÑ@Ûsâ ÎMÈ�È^Í�ÎMÏyÐrÑ@Ò-Ë�ÎMÈ^Í�Í�ÏyÓ�Ô
ÎMÉÅ�ÑaÎMË�ÎMâ�Å7ËÅ)Í�ÉÈ5Û7Å7ËËÅ7Ë�ËÏyÐ�ÏyÒ®Ñ@ÉÒVÆ^æØä,Å7Û�Ñ@ÒyÒ�ÎMâ�ÑaÎ±ÏyÓ½ÎMâ�Å)Û�Ñ@ËÅ)È@þ�� ÏyÅ7Ó�Å7É·Í�ÉÈ5Û7Å7ËË
Ý�ËÝ�Ñ@ÒyÒVÆ°ËÐ�È5È@ÎMâ¶Í�Ñ@Ë�ÎMÏyÓ�ÔØÏyËqÚ@Ñ@ÒyÏyÊ°Ç,â�Å7Ó Ð�È9Ú5ÏyÓ�Ô�þvÉÈ^Ð ÎMâ�Å�Û7È^ÓGÎMÏyÓTÝ�ÑaÎMÏyÈ^Ó½ÉÅ7Ô^ÏyÈ^Ó
ÎMÈcÎMâ�Å�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô�ÉÅ7Ô^ÏyÈ^Ó�Õ�Ý�ÎzÏyÓ�ÎMâ�Å�Û7È^Ð�Í�È^Ý�Ó�Ê"H3È^ÏyËËÈ^Ó%Û�Ñ@ËÅ�ÎMâ�Å7ÉÅ�ÏyË/{OÈ^Ó�ÒVÆg|,Û7È^Ó0�
ÎMÏyÓTÝ�È^Ý�Ë�Í�Ñ@Ë�ÎMÏyÓ�Ô�æ��PÓØÈ@ÎMâ�Å7É,ÇzÈ^ÉÊ�Ë7Ö<È^Ý�ÉlÑ@Í�Í�ÉÈGÑ@ÛsâØÊ�È5Å7ËlÓ�È@ÎlÝ�ËÅ�ËÐ�È5È@ÎMâ�Í�Ñ@Ë�ÎMÏyÓ�Ô
Ñ@Ë+Ñ�ÎMÈ5È^Ò�ÖTÕ�Ý�Î+ÎMâ�ÏyËzÍ�ÉÈ^Í�Å7É�ÎPÆ%Û�Ñ@Ó�Ö�È@þ�Û7È^Ý�ÉËÅ@Ö�Õ�Å�Ûsâ�Å7ÛsÙ@Å7Ê��ªÇ,â�Å7Ó)Ú@Ñ@ÒyÏyÊ^��þvÉÈ^Ð ÎMâ�Å
Û�Ñ@ÒyÛ7Ý�Ò®ÑaÎMÅ7Ê)Å�
�Í�ÒyÏyÛ7ÏVÎ#þvÈ^ÉÐ È@þ3ÎMâ�Å0Ú@Ñ@ÒyÝ�Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó�æ
à ���^áF�Lâ�ã	ä�ã��Lå��!�;�5� Ø � :�< � �	�,4 � x∗ ∈ R

>�498
σ
¤ 4�<"?@4A<�19B0:A4 ���

[x∗,+∞)
�F�	8	�

<J6 ��� 8;� � B � Bg19>£�"�,� �c49:A4 � 8;�;< ¤ >�4��h4 � 19�	8;�
σ′ ��� (x∗,+∞).

¢!�54 � 8	�54(��B � 698;� ���

V (x) :=

∫ ∞

x∗
Gr(y − x)σ(dy)

��1±8;� � 8;�	?@471�6 ��� 8;� � B � Bg19>£� �,� �c49:A4 � 8;�;< ¤ >�4 ���
D := {x ∈ R : x 6= x∗} < � �1�<,8;��1���471 ���

D
8	�54 � :=�,� � <,:��@�,� �c49:A4 � 8;�;<,>d4A°�Be<,8;� ��� Ù����
	 Ý

V ′′(x) − (ρ2 + ρ1)V
′(x) + ρ1ρ2V (x)

��ð5æ ó ìg�
= −(A2 + A1)σ

′′(x) + (ρ2A1 + ρ1A2)σ
′(x),

�$�549:A4
σ′′(x) = σ′(x) = 0

� � :
x ∈ (−∞, x∗).

¥[: ��� �   '�ÉÈ^Ð�ÎMâ�Å·Ê�Å¿ê�Ó�ÏVÎMÏyÈ^ÓØÈ@þ V Ö<ÎsÑ@ÙTÏyÓ�ÔrÏyÓGÎMÈ)Ñ@Û7Û7È^Ý�ÓGÎ�ÎMâ�Å�þvÈ^ÉÐÀÈ@þ�ÎMâ�Å±à0ÉÅ7Å7ÓÙ@Å7ÉÓ�Å7Ò�Ö�ÇzÅcâ�Ñ�Ú^Å0þvÈ^É
x > x∗

V (x) = −A1e
ρ1x

∫ x

x∗
e−ρ1yσ(dy) + A2e

ρ2x

∫ ∞

x

e−ρ2yσ(dy).

.+â�Å�ÉÏyÔ^âGÎzâ�Ñ@Ó�Ê)ËÏyÊ�ÅlÈ@þBÎMâ�ÏyËzÅ�-TÝ�ÑaÎMÏyÈ^Ó%Û�Ñ@Ó%Õ�Å�Ê�ÏVá<Å7ÉÅ7ÓGÎMÏ®ÑaÎMÅ7Ê�ÎPÇ,ÏyÛ7Å�Í�ÉÈ9Ú5ÏyÓ�Ô�ÎMâ�ÑaÎ
V ′′ Å�
�ÏyË�Î�ÏyÓ D, Ñ@Ó�Ê�ÎMâ�ÅqÛ7Ò®Ñ@ÏyÐ�Å7ÊiI�cÃ ÏyË+È^Õ�ÎsÑ@ÏyÓ�Å7ÊØÑaþªÎMÅ7É+ËÈ^Ð�ÅqË�ÎMÉMÑ@ÏyÔ^âGÎþvÈ^É�Ç#Ñ@ÉÊÐrÑ@Ó�ÏyÍ�Ý�Ò®ÑaÎMÏyÈ^Ó�Ë7æ
© �^���Lª;ª�«e��¬��!��!� ¡\498

X
¤ 4i<�J�Þ4 � 49:�2L: � 6747171J�F�	8	�%�,:�� ��8   ¢!�54 � 8	�54����
	s� �Ù Ú  	¯��7Ý 8Õ<�µg471a8	�54(� � :�?

b2

2
V ′′(x) + a V ′(x) − r V (x) = −(a2 + 2b2r) σ′(x).

��ð5æ ó^ó �
¥[: ��� �   .+â�Å�-TÝ�Ñ@ÓGÎMÏVÎMÏyÅ7Ë+Ó�Å7Å7Ê�Å7Ê�ÎMÈ�Ê�Å7ÉÏVÚ^Å@��ð5æ ó^ó �EþvÉÈ^Ð³��ð5æ ó ìg�#Ñ@ÉÅ

ρ1 = − 1

b2

(√
a2 + 2b2r + a

)
, ρ2 =

1

b2

(√
a2 + 2b2r − a

)

ó�&



Ñ@Ó�Ê
A1 = −

√
a2 + 2b2r, A2 =

√
a2 + 2b2r.�PÓ)Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É7Ö5Ó�È@ÎMÏyÛ7Å�ÎMâ�ÑaÎ

A2 +A1 = 0
Ç,â�ÏyÛsâ)ÉÅ���Å7Û¿ÎMË+ÎMâ�ÅlþiÑ@Û¿Î#ÎMâ�ÑaÎ#ÎMâ�Åqà0ÉÅ7Å7Ó

Ù@Å7ÉÓ�Å7Ò�ÏyË+Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë7æ
�PÓ@#�È9Ú5ÏyÙ@È9Ú�Ñ@Ó�Êrè5â�ÏyÉ�ÆGÑ�Æ^Å¿Úi� ó�& ��ÎMâ�Å+È^Í�ÎMÏyÐrÑ@Ò5Ë�ÎMÈ^Í�Í�ÏyÓ�ÔqÍ�ÉÈ^Õ�ÒyÅ7ÐÿþvÈ^É�Ñ0Ô^Å7Ó�Å7ÉMÑ@Ò

ÉMÑ@Ó�Ê�È^Ð Ç#Ñ@ÒyÙ�Ç,ÏVÎMâ ÉÅ¿Ç#Ñ@ÉÊ þvÝ�Ó�Û¿ÎMÏyÈ^Ó
max{0, xn} Ö n = 1, 2, . . .

ÖBÏyË0Û7È^Ó�ËÏyÊ�Å7ÉÅ7Ê�Ö
Ñ@Ó�Ê%ÎMâ�Å�ËÈ^ÒyÝ�ÎMÏyÈ^ÓrÏyËzÛsâ�Ñ@ÉMÑ@Û¿ÎMÅ7ÉÏyå7Å7Ê)Ú5Ï®ÑcÎMâ�Å ç Í�Í�Å7ÒyÒ�Í�È^ÒVÆ5Ó�È^Ð�Ï®Ñ@ÒyËEÑ@ËËÈ5Û7Ï®ÑaÎMÅ7ÊrÇ,ÏVÎMâ
ÎMâ�Å�Ê�ÏyË�ÎMÉÏyÕ�Ý�ÎMÏyÈ^Ó�È@þ�ÎMâ�Å�ÐrÑ�
�ÏyÐ·Ý�Ð È@þlÎMâ�Å�Í�ÉÈ5Û7Å7ËË7æ �PÓ�ÎMâ�Å�Ó�Å�
5ÎrÅ�
�Ñ@Ð�Í�ÒyÅ)ÇzÅ
Í�ÉÅ7ËÅ7ÓGÎ�Å�
�Í�ÒyÏyÛ7ÏVÎ�ÉÅ7Ý�ÒVÎMËBþvÈ^É3Ñ�Ð�È^ÉÅ�Ô^Å7Ó�Å7ÉMÑ@ÒTÉÅ¿Ç#Ñ@ÉÊcþvÝ�Ó�Û¿ÎMÏyÈ^Ó�ÖKÎMâ�ÑaÎ3ÏyË7Ö

max{0, xγ} Ö
γ ≥ 1,

Õ�Ý�Î,þvÈ^É,Ñ±Ð�È^ÉÅ0Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É+ÞBß¿ÚTÆ)Í�ÉÈ5Û7Å7ËË�Ë�ÎMÝ�Ê�ÏyÅ7Ê�ÏyÓ)ÎMâ�ÅqËÝ�Õ�ËÅ7Û¿ÎMÏyÈ^Ó�æ
��� «5�ná$ª����!���!� ÞBÅ¿Î

X
Ê�Å7Ó�È@ÎMÅ#Ñ�Û7È^Ð�Í�È^Ý�Ó�Ê�H3È^ÏyËËÈ^Ó�Í�ÉÈ5Û7Å7ËË-Ç,ÏVÎMâcÓ�Å7ÔGÑaÎMÏVÚ^ÅzÊ�ÉÏVþªÎ

Ñ@Ó�Ê Í�È^ËÏVÎMÏVÚ^Å±Å�
�Í�È^Ó�Å7ÓGÎMÏ®Ñ@Ò�ãÝ�Ð�Í�Ë7ÖBÏ�æ Å@æVÖ�ÎsÑ@Ù@Å
a < 0, b = 0

Ñ@Ó�Ê
µ = 0

ÏyÓ ��ð5æ ó �\æ
'�È^É+ËÏyÐ�Í�ÒyÏyÛ7ÏVÎPÆ^ÖGÇzÅcÛ7È^Ó�ËÏyÊ�Å7É,È^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô�Í�ÉÈ^Õ�ÒyÅ7Ð Ç,ÏVÎMâ�È^Ý�Î,Ê�ÏyËÛ7È^Ý�ÓGÎMÏyÓ�Ô�Ì

sup
τ∈M

Ex (g(Xτ)) ,

Ç,â�Å7ÉÅ
g(x) := max{0, xγ} Ç,ÏVÎMâ γ ≥ 1.

'�È^É
r = 0
ÎMâ�Å�à0ÉÅ7Å7Ó�Ù@Å7ÉÓ�Å7Ò�È@þ

X
ÏyË

G(x, 0) := G0(x, 0) =

{
A2 eρ x dx, x ≤ 0,

−A1, x > 0,

��ð5æ ó ïb�

Ç,â�Å7ÉÅ
ρ := ρ2 = α +

λ

a
> 0

��ð5æ ó ñg�
Ñ@Ó�Ê

A1 =
α

λ+ aα
< 0, A2 =

λ

a(λ+ aα)
> 0.

#�È@ÎMÏyÛ7Å�ÎMâ�ÑaÎ
ρ > 0
Ð�Å�Ñ@Ó�Ë+ÎMâ�ÑaÎ�Ñ�æ Ë7æ

limt→∞Xt = −∞.I�Ý�É�Ñ@ÏyÐ�ÏyË,ÎMÈrê�Ó�Ê°ÑrÐ�Å�Ñ@ËÝ�ÉÅ
σ
Ñ@Ó�Ê°Ñ�ÓTÝ�Ð·Õ�Å7É

x∗
ËÝ�Ûsâ�ÎMâ�ÑaÎlÎMâ�ÅcþvÝ�Ó�Û¿ÎMÏyÈ^Ó

V
Ê�Å¿ê�Ó�Å7Ê�Ú5Ï®Ñ

V (x) =

∫

[x∗,+∞)

G(x, y)σ(dy)
��ð5æ ó íh�

â�Ñ@Ë,Í�ÉÈ^Í�Å7É�ÎMÏyÅ7Ë��iÑg�\Ö\�vÕ^�\Öd�vÛ��+Ñ@Ó�Ên�vÊ^�#Ô^ÏVÚ^Å7Ó�ÏyÓT.+â�Å7È^ÉÅ7ÐÀñ�æ ó æ.3È%Õ�Å7Ô^ÏyÓØÇ,ÏVÎMâ�Ö�Û7È^Ó�ËÏyÊ�Å7É�Å�-TÝ�ÑaÎMÏyÈ^Ó���ð5æ ó ìg�+þvÈ^É
x > x∗

Ñ@Ó�Ê
V (x) = xγ ,

ÎMâ�ÑaÎ
ÏyË7Ö

−σ′′(x) + ασ′(x) = aγ(γ − 1)xγ−2 − (aα + λ) γxγ−1.

ó *



ç ËËÝ�Ð�ÏyÓ�Ô
limx→+∞ e−αx σ′(x) = 0

ÇzÅcÈ^Õ�ÎsÑ@ÏyÓ%ÎMâ�ÅqËÈ^ÒyÝ�ÎMÏyÈ^Ó

σ′(x) = −aγ xγ−1 − λeαx
∫ ∞

x

e−αyγ yγ−1 dy.

�¾þ
γ = 1

ÎMâ�Å7Ó
σ′(x) = −a − (λ/α) > 0.

'�È^É
γ > 1

ÏVÎ�ÏyË�Å�Ñ@ËÏyÒVÆ�ËÅ7Å7Ó�ÎMâ�ÑaÎ
σ′(0) < 0

Ñ@Ó�Ê
σ′(x) → +∞ Ñ@Ë x→ ∞..+â�ÅcÛ7Ò®Ñ@ÏyÐ ÏyË#ÎMâ�ÑaÎ+ÎMâ�ÅqÅ�-TÝ�ÑaÎMÏyÈ^Ó

σ′(x) = 0,
ÎMâ�ÑaÎ�ÏyË

xγ−1 =
λ

(−a) eαx
∫ ∞

x

e−αz zγ−1 dz,
��ð5æ ó ðb�

â�Ñ@ËqÑ%Ý�Ó�Ï�-TÝ�Å±ËÈ^ÒyÝ�ÎMÏyÈ^ÓØþvÈ^É
x > 0,

Ç,â�ÏyÛsâ°ÇzÅ±Ê�Å7Ó�È@ÎMÅ±ÕGÆ
x∗γ−1.

ÃF-TÝ�ÑaÎMÏyÈ^Ó%��ð5æ ó ðb�
ÏyË+Å�-TÝ�ÏVÚ@Ñ@ÒyÅ7ÓGÎ+ÎMÈ

F (x, γ − 1) = 1,
��ð5æ ó ëg�

ÏVþ�ÇzÅcÊ�Å¿ê�Ó�Å
F (x; u) :=

λ

(−a)

∫ ∞

0

e−αy
(
1 +

y

x

)u
dy.

��ð5æ ó òb�
�½ÅqÉÅ¿Ú5ÏyËÅqËÈ^Ð�Å0Í�ÉÈ^Í�Å7É�ÎMÏyÅ7Ë,È@þ3ÎMâ�Å0þvÝ�Ó�Û¿ÎMÏyÈ^Ó�ãÝ�Ë�Î�ÏyÓGÎMÉÈ5Ê�Ý�Û7Å7Ê�æ
Ó �0���n«��!��Ô\� ¢!�54���B � 698;� ���

F (x, u)
� � ��ð5æ ó òb�M�h4�� � 471M< � �	?G2L>£�Þ69�	8C��B � 698;� ���

ϕ : [1,∞) → R
19B567�M8	�e<,8

F (ϕ(u), u) = 1
� � :@4A<h67�

u ≥ 1  �Ø B0:�8	�549:�? � :A4 � 8	�54��B � 698;� ���
ϕ
��1�� � 69:A4A<�19� �0��� < � ��1�<,8;��1���471a8	�54�� � 4A°�Be<,>£�	8;�

ϕ(1) < ϕ(u) <
u

ρ
.

��ð5æ ó�& �
¥[: ��� �   �¾Î�ÏyË±Ó�È@Î�Ê�Ï·Ò�Û7Ý�ÒVÎ±ÎMÈ°Ú^Å7ÉÏVþªÆ½ÎMâ�ÑaÎ�Ö�þvÈ^É·êo
�Å7Ê u > 0

Ö�ÎMâ�Å%þvÝ�Ó�Û¿ÎMÏyÈ^Ó
F
ÏyË

Ê�Å7Û7ÉÅ�Ñ@ËÏyÓ�Ô�ÏyÓ
x
Ö�Ñ@Ó�Ê)ÎMâ�ÑaÎ

lim
x→0+

F (x, u) = ∞, lim
x→∞

F (x, u) =
λ

(−a)α < 1.

.+â�ÏyË-Ð�Å�Ñ@Ó�Ë3ÎMâ�ÑaÎ3þvÈ^É�Ñ@ÓGÆ
u ≥ 1
ÎMâ�ÅzÅ�-TÝ�ÑaÎMÏyÈ^Ó

F (x, u) = 1
â�Ñ@Ë�ÑlÝ�Ó�Ï�-TÝ�ÅzËÈ^ÒyÝ�ÎMÏyÈ^Ó

x := ϕ(u)
æ�'�Ý�É�ÎMâ�Å7ÉÐ�È^ÉÅ@ÖBÏVÎqÏyËqÑ@ÒyËÈ�Û7ÒyÅ�Ñ@É�ÎMâ�ÑaÎ�ÖBþvÈ^É�êo
�Å7Ê

x > 0
ÖBÎMâ�Å±þvÝ�Ó�Û¿ÎMÏyÈ^Ó

F (x, u)
ÏyË+ÏyÓ�Û7ÉÅ�Ñ@ËÏyÓ�Ô±ÏyÓ

u
æF.+â�ÏyË,Ð�Å�Ñ@Ó�Ë7Ö�ÎMâ�ÑaÎ

ϕ
ÏyË+ÏyÓ�Û7ÉÅ�Ñ@ËÏyÓ�Ô�Ö�Ñ@Ë

∂ϕ

∂u
= −∂F

∂x

(
∂F

∂u

)−1

> 0.

ï@ì



'-ÏyÓ�Ñ@ÒyÒVÆ^Ö5Ð·Ý�ÒVÎMÏyÍ�ÒVÆ5ÏyÓ�ÔcÎMâ�ÅqÏyÓ�Å�-TÝ�Ñ@ÒyÏVÎPÆ
(
1 + u

y

x

)
≤

(
1 +

y

x

)u
≤ euy/x

ÕGÆ
e−αy
Ñ@Ó�Ê�ÏyÓGÎMÅ7Ô^ÉMÑaÎMÏyÓ�Ô·ÇzÅcÈ^Õ�ÎsÑ@ÏyÓ%ÎMâ�ÑaÎ

F1(x, u) :=
λ

(−a)α
(
1 +

u

αx

)
< F (x, u) <

λ

(−a)
1

α− u/x
=: F2(x, u).

Ñ@Ó�Ê+��ð5æ ó�& �qþvÈ^ÒyÒyÈ9Ç,Ë·Ñ@Ë�ÎMâ�Å)Õ�È^Ý�Ó�Ê�Ë�Ñ@ÉÅrÎMâ�Å)ÉÅ7ËÍ�Å7Û¿ÎMÏVÚ^Å�ÉÈ5È@ÎMË·È@þ,ÎMâ�Å%Å�-TÝ�ÑaÎMÏyÈ^Ó�Ë
F1(x, u) = 1

Ö
F2(x, u) = 1

ÖGÑ@Ó�Ê�ÖGÏyÓ·Í�Ñ@É�ÎMÏyÛ7Ý�Ò®Ñ@É7ÖaÎMâ�Å+ÉÈ5È@Î
x1
È@þ|ÎMâ�Åzê�ÉË�Î�Å�-TÝ�ÑaÎMÏyÈ^Ó

ÏyË
x1 =

γλ

(−a)αρ,Ñ@Ó�Ê
x∗1 = −λ/aαρ æñ.+â�ÏyË)Ò®Ñ@Ë�Î%Ú@Ñ@ÒyÝ�Å�Û�Ñ@Ó Õ�Å°Û7È^Ð�Í�Ý�ÎMÅ7Ê;þvÉÈ^Ð ÎMâ�Å°Å�-TÝ�ÑaÎMÏyÈ^Ó

F (x, 1) = 1
Ö|Ñ@Ó�Ê�Ç#Ñ@Ë,þvÈ^Ý�Ó�Ê�ÏyÓj� ó í���æC.+â�ÏyË,Û7È^Ó�Û7ÒyÝ�Ê�Å7Ë+ÎMâ�ÅqÍ�ÉÈ5È@þ-È@þ-ÎMâ�ÅcÞBÅ7Ð�ÐrÑ�æ

I�Õ�ËÅ7É�Ú^Å�Ó�È9ÇÿÎMâ�ÑaÎ0þvÈ^É
x > x∗γ−1 =: xoγ

ÎMâ�Å·þvÝ�Ó�Û¿ÎMÏyÈ^Ó
σ′ ÏyÓ�Ê�Ý�Û7Å7ËqÑ%Í�È^ËÏVÎMÏVÚ^Åä�Ñ@Ê�È^Ó)Ð�Å�Ñ@ËÝ�ÉÅ0È^Ó

(xoγ,∞)
æ�Ü�È9ÇzÅ¿Ú^Å7É7Ö|ËÏyÓ�Û7Å@Ö�þvÈ^É+Ñ@ÓGÆ)Û7È^Ó�Ë�ÎsÑ@ÓGÎ

c,
ÎMâ�Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

xγ + c
ÏyÓ�Ê�Ý�Û7Å7Ë�ÎMâ�Å�ËMÑ@Ð�Å·Ð�Å�Ñ@ËÝ�ÉÅ�Ñ@Ë�ÎMâ�Å·þvÝ�Ó�Û¿ÎMÏyÈ^Ó

xγ
ÏVÎ0ÉÅ7ÐrÑ@ÏyÓ�ËlÎMÈ)ê�Ó�Ê�Ö�ÎMâ�Å

ËÝ�Í�Í�È^É�Î�È@þ
σ
È@þ3ÎMâ�Å0þvÈ^ÉÐ

(x∗,∞)
ËÝ�Ûsâ�ÎMâ�ÑaÎ+þvÈ^É,Ñ@ÒyÒ

x > x∗

xγ =

∫

[x∗,+∞)

G(x, y) σ′(y) dy.

.+â�Å7ÉÅ¿þvÈ^ÉÅ@Ö�Û7È^Ó�ËÏyÊ�Å7É
∫ ∞

x

G(x, y)σ(dy) = A2 eρx
∫ ∞

x

e−ρy σ′(y) dy

= γ A2 eρx
∫ ∞

x

e−ρy
(
−a yγ−1 − λeαy

∫ ∞

y

e−αz zγ−1dz

)
dy.

ç Í�Í�ÒVÆ5ÏyÓ�Ô_'�Ý�Õ�ÏyÓ�ÏÞK Ë#ÎMâ�Å7È^ÉÅ7Ð þvÈ^É#ÎMâ�ÅqÒ®ÑaÎÎMÅ7ÉzÎMÅ7ÉÐ Æ5ÏyÅ7ÒyÊ�Ë
∫ ∞

x

dy e(α−ρ)y

∫ ∞

y

dz e−αz zγ−1

=
1

α− ρ

(∫ ∞

x

e−ρz zγ−1 dz − e(α−ρ)x

∫ ∞

x

e−αz zγ−1 dz

)
.

ï ó



I�Õ�ËÅ7É�Ú5ÏyÓ�Ô�ÎMâ�ÑaÎ −a = λ/(α− ρ)
ÇzÅqâ�Ñ�Ú^Å

∫ ∞

x

G(x, y)σ(dy) =
α− ρ

ρ
eαx

∫ ∞

x

e−αz γ zγ−1 dz

ézÈ^Ó�ËÅ�-TÝ�Å7ÓGÎMÒVÆ^Ö�ÑaþªÎMÅ7É�Ñ@Ó�ÏyÓGÎMÅ7Ô^ÉMÑaÎMÏyÈ^Ó)ÕGÆ)Í�Ñ@É�ÎMË7Ö�ÎMâ�ÅqÅ�-TÝ�ÑaÎMÏyÈ^Ó

xγ =
α− ρ

ρ
eαx

∫ ∞

x

e−αz γ zγ−1 dz

ÏyË+ËÅ7Å7Ó�ÎMÈ�Õ�ÅqÅ�-TÝ�ÏVÚ@Ñ@ÒyÅ7ÓGÎ+Ç,ÏVÎMâ

xγ = (α− ρ) eαx
∫ ∞

x

e−αz zγ dz
��ð5æ ó *g�

Ç,â�ÏyÛsâ)Û7È^ÏyÓ�Û7ÏyÊ�Å7ËzÇ,ÏVÎMâ%Å�-TÝ�ÑaÎMÏyÈ^Ó±��ð5æ ó ðb��ÏVþBÎMâ�Å7ÉÅ7ÏyÓ
γ− 1
ÏyËzÛsâ�Ñ@Ó�Ô^Å7Ê)ÎMÈ

γ.
Ü�Å7Ó�Û7Å@Ö

Å�-TÝ�ÑaÎMÏyÈ^Ó`��ð5æ ó *g�3â�Ñ@ËEÑ0Ý�Ó�Ï�-TÝ�Å,ËÈ^ÒyÝ�ÎMÏyÈ^Ó·Ç,â�ÏyÛsâ�ÏyË7ÖGÝ�ËÏyÓ�Ô0ÎMâ�Å,Ó�È@ÎsÑaÎMÏyÈ^Ó±ÏyÓGÎMÉÈ5Ê�Ý�Û7Å7Ê
Ñ@Õ�È9Ú^Å@Ö

x∗γ .
ç Ë#ÎMâ�Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

x = ϕ(u)
ÏyË+ÏyÓ�Û7ÉÅ�Ñ@ËÏyÓ�Ô�Ö5ÇzÅ0ÙTÓ�È9Ç ÎMâ�ÑaÎ

xoγ = ϕ(γ −
1) < ϕ(γ) = x∗γ

æ
#�Å�
5Î�Ë�ÎMÅ7Í ÏyËrÎMÈ Ú^Å7ÉÏVþªÆ�ÎMâ�ÑaÎ%ÎMâ�Å�Ú@Ñ@ÒyÝ�ÅØþvÝ�Ó�Û¿ÎMÏyÈ^Ó È^Õ�ÎsÑ@ÏyÓ�Å7Ê þvÉÈ^Ð ��ð5æ ó íh��ÏyË

Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë#Ñ@Ó�Ê%ËMÑaÎMÏyË�ê�Å7Ë
V (x) > xγ

þvÈ^É
x < x∗γ .

.+â�Å7ÉÅ¿þvÈ^ÉÅ�Û7È^Ó�ËÏyÊ�Å7ÉEþvÈ^É
x < x∗γ

V (x) =

∫

[x∗γ ,+∞)

G(x, y)σ(dy) = eρ(x−x
∗

γ)(x∗γ)
γ .

��ð5æÃï@ìg�
ézÈ^Ó�ËÅ�-TÝ�Å7ÓGÎMÒVÆ^Ö

V
ÏyË,Û7È^ÓGÎMÏyÓTÝ�È^Ý�Ë�Ñ@Ó�Ê

V (x) > xγ ⇔ e−ρx
∗

γ (x∗γ)
γ > e−ρxxγ.

��ð5æÃï ó �
.+â�Å±ÉÏyÔ^âGÎ�â�Ñ@Ó�Ê ËÏyÊ�Å·È@þc��ð5æÃï ó ��â�È^ÒyÊ�Ë�ÏVþ

x 7→ G(x) := e−ρxxγ
ÏyË�ÏyÓ�Û7ÉÅ�Ñ@ËÏyÓ�ÔrþvÈ^É

x < x∗γ .
ézÒyÅ�Ñ@ÉÒVÆ^Ö

G′ ÏyË+Í�È^ËÏVÎMÏVÚ^Å0ÏVþ

−ρx + γ > 0,

Ñ@Ó�Ê)ÎMâ�ÏyË,â�È^ÒyÊ�Ë+ËÏyÓ�Û7Å
x∗γ < γ/ρ

ÕGÆ)ÎMâ�ÅqËÅ7Û7È^Ó�ÊØÏyÓ�Å�-TÝ�Ñ@ÒyÏVÎPÆrÏyÓn��ð5æ ó�& �sæ.3È�Û7È^Ó�Û7ÒyÝ�Ê�Å@Ö�ÎMâ�ÅqÈ^Í�ÎMÏyÐrÑ@Ò�Ë�ÎMÈ^Í�Í�ÏyÓ�Ô±ÎMÏyÐ�Å
τ ∗
ÏyË+Ô^ÏVÚ^Å7Ó�ÕGÆ

τ ∗ := inf{t : Xt ≥ x∗γ},
Ñ@Ó�Ê�ÎMâ�Å0Ú@Ñ@ÒyÝ�Å�þvÝ�Ó�Û¿ÎMÏyÈ^Ó

V
ÏyË+þvÈ^É

x < x∗γ
Ñ@Ë,ÏyÓn��ð5æÃï@ìg�\æEè5ÏyÓ�Û7Å

V ′(x∗γ−) = ρ(x∗γ)
γÑ@Ó�Ê

g′(x∗γ) = γ(x∗γ)
γ−1 ÎMâ�Å7ÉÅqÏyË+Ó�È�ËÐ�È5È@ÎMâ%ê�ÎlÑaÎ x∗γ æ

ï^ï



�½ÅrÛ7È^Ó�Û7ÒyÝ�Ê�Å�ÕGÆ½Í�ÉÅ7ËÅ7ÓGÎMÏyÓ�ÔØÎMâ�Å�þvÈ^ÒyÒyÈ9Ç,ÏyÓ�Ô)ÎsÑ@Õ�ÒyÅ±Ç,ÏVÎMâ½ËÈ^Ð�Å�ÓTÝ�Ð�Å7ÉÏyÛ�Ñ@Ò�ÉÅ��
ËÝ�ÒVÎMË7æF.+â�Å�Û7È^Ð�Í�Ý�ÎsÑaÎMÏyÈ^Ó�ËzÑ@ÉÅ�Ê�È^Ó�ÅlÇ,ÏVÎMâ�×ØÑaÎMâ�Å7ÐrÑaÎMÏyÛ�Ñ��PÍ�Ñ@ÛsÙaÑ@Ô^Å,Ç,â�Å7ÉÅ0È^Ó�ÅlÛ�Ñ@Ó
ê�Ó�Ê±ÑlËÝ�Õ�ÉÈ^Ý�ÎMÏyÓ�ÅEþvÈ^É-ÏyÓ�Û7È^Ð�Í�ÒyÅ¿ÎMÅ�ÔGÑ@Ð�ÐrÑ��¾þvÝ�Ó�Û¿ÎMÏyÈ^ÓcÑ@Ó�Ê·Í�ÉÈ^Ô^ÉMÑ@Ð�Ë�þvÈ^É3ÓTÝ�Ð�Å7ÉÏyÛ�Ñ@Ò
ËÈ^ÒyÝ�ÎMÏyÈ^Ó�Ë�È@þ<Å�-TÝ�ÑaÎMÏyÈ^Ó�ËEÕ�Ñ@ËÅ7ÊrÈ^Ó�Ë�ÎsÑ@Ó�Ê�Ñ@ÉÊ@#�Å¿Ç+ÎMÈ^Ó0�Oä�Ñ@Í�â�ËÈ^Ó!K ËzÐ�Å¿ÎMâ�È5Ê�Ñ@Ó�Ê�ÎMâ�Å
ËÅ7Û�Ñ@ÓGÎ�Ð�Å¿ÎMâ�È5Ê�æ ç Ô^È5È5Ê�Ë�ÎsÑ@É�ÎMÏyÓ�Ô�Ú@Ñ@ÒyÝ�Å0þvÈ^É¶#�Å¿Ç+ÎMÈ^Ó0�Oä�Ñ@Í�â�ËÈ^Ó!K ËlÐ�Å¿ÎMâ�È5Ê�ËÅ7Å7Ð�Ë
ÎMÈ¶Õ�Å

γ/ρ.
�¾ÎrÏyË�ÏyÓGÎMÅ7ÉÅ7Ë�ÎMÏyÓ�Ô¶ÎMÈ¶Ó�È@ÎMÏyÛ7Å�þvÉÈ^Ð ÎMâ�Å�ÎsÑ@Õ�ÒyÅ�ÎMâ�ÑaÎ�ÏVþ

ρ << α
ÎMâ�Å7Ó

x∗γ ' γ/ρ.
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α ρ −λ/a γ γ/ρ x∗γ xoγ

10 1 9 20 20 19.8896 18.8896

10 1 9 10 10 9.8902 8.8904

10 1 9 5 5 4.8915 3.8921

10 1 9 2.5 2.5 2.3939 1.3968

10 1 9 1 1 .9 −

10 9 1 20 2.2222 1.7613 1.6579

10 9 1 10 1.1111 .7511 .6547

10 9 1 5 .5555 .2881 .2045

10 9 1 2.5 .2789 .0917 .0319

10 9 1 1 .1111 .0111 −

1 .5 .5 20 40 38.1592 36.166

1 .5 .5 10 20 18.2726 16.2942

1 .5 .5 5 10 8.4369 6.5011

1 .5 .5 2.5 5 3.6529 1.8398

1 .5 .5 1 2 1 −
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